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Why we need tensor?

Modern data is inherently multi-dimensional

Neural Networks Method of Moment
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Why do we need tensor contraction?

* Physics
* Chemistry
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Why do we need tensor contraction?

* Deep Learning
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- Learning latent variable model with tensor decomposition

Example: Topic modeling O
Topic yian ]
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h = i with prob. w; Ixture

A: Topic-word matrix
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Why do we need tensor contraction?

* Deep Learning
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- Learning latent variable model with tensor decomposition

Example: Topic modeling O
Topic yian ]

h: Proportion of topics in a document

h = i with prob. w; Ixture

A: Topic-word matrix
Y1 Y2 Y3 Ya

A(i,J) = P(xm = ilym = Jj) A A A
Third order moment: 1 To T3 T4
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Tensor Contraction-Motivation
What are the limitations?

- Explicit permutation takes long time in current tensor libraries:

Consider Cmnp = AkmBpkn

1

Akm — Amk. 0.8 S 0.8
Cmnp _> Cmpn >

0.4 S
Cmpn — Amk kan- g

0.2 > 0.2

0 100 200 300 400 500

n

N M\f\/\\vﬂ\ﬁ
0.4

Figure: The fraction of time spent in copies/transpositions when computing
Cmnp = AmkBpkn . Lines are shown with 1, 2, 3, and 6 total transpositions
performed on either the input or output. (Left) CPU. (Right) GPU.
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Overview

* Propose tensor operation kernel: StridedBatchedGEMM
» Library-based approaches that avoid memory movement
» Constant-strided BatchedGEMM that has more
optimization opportunities

* Provide evaluation strategies for tensor contractions
* Apply to tensor decomposition

* Introduce TensorLy: Tensor learning in python
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BLAS Operations

BLAS(Basic Linear Algebra Subprograms): Low-level routines
for performing common linear algebra operations.

Level 1 Level 2 Level 3
yax+y y<+aop(A)x+ By C <+ aop(A)op(B)+ BC

Example:
GEMM(ORDER, TRANSA, TRANSB, M, N, K, &, A, LDA, B, LDB, 3,C, LDC)

Stride
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Extended BLAS Operator

Focusing: one-index contraction

Extended BLAS Kernel for tensor one-index contraction

C = aop(A)op(B) + BC

Cmnp = A X B

@ If fixing indices of C, there are total 3x2x 3 x2 x 1 =36 cases.
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Case

Contraction

Kernell

Kernel2

Kernel3

1.1

Amk Bknp

Con(

np

) = Amk B

np)

Crnp] = Amk Bin[p]

Cm[n]p = Anmk Bk[n]p

Table: Example: possible mappings to Level 3 BLAS routines
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Case | Contraction Kernell Kernel2 Kernel3
1.1 Ak Bknp Cm(
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Table: Example: possible mappings to Level 3 BLAS routines
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Extended BLAS Operator

Case | Contraction Kernell Kernel2 Kernel3

L1 | AmkBrop | Cim(np) = AmkBi(np) | Cimnlp] = AmkBrnfp) | Cminlp = AmkBinlp

Table: Example: possible mappings to Level 3 BLAS routines

StridedBatched GEMM(ORDER, TRANSA, TRANSB, M, N, K, @, A, LDA, LOA, B, LDB,
LOB, 3, C, LDC, LOC, P)

: Stride
Stride
i e

A
4[2]3 Asops



Example

Case | Contraction Kernell Kernel2 Kernel3 Case | Contraction Kernell Kemel2

L1 | AmkBinp | Cm(np) = AmkBi(np) | Cmnlp) = AmkBrnfp] | Cminlp = AmkBinlp || 41 | AknBimp | Crnis] = By Akn

1.2 Amk:kan Cm'n,[p] = Akak[p]n Cm[n]p = Amk:ka[n] 4.2 Akanpm Cmn[p] = B]:_[p]mAkn

L3 | AmkBnkp | Cmnlp) = Aka;k[p] 43 | AknBmkp | Cmnlp] = Bmk[p|Akn

14 | Ak Bpkn | Cmnlp = Aka;_k[n] 4.4 | AgnBprm TRANS(AZnB;k[m]) Clm]inlp = Bpk[m]Ak[n]
1.5 | AmkBnpk | Crm(np) = Aka(Tn )k Crnlp) = AkaI[p]k 4.5 | AknBmpk | Cmnlp] = Bm[pkAkn

1.6 | AmkBpnk | Cminlp = Aka;'[n] X 4.6 | AgnBpmk TRANS(A;CranT[m] ) | Cimiinlp = Bp[mkAk|n]
2.1 | AkmBinp | Crm(np) = A;crmBk(np) Crmnlp] = A;crmBkn[p] Crmlnlp = AkTmBk[n]p 5.1 | ApkBkmn | Clmn)p = BI:—(mn)A;)rk Crmlnlp = Bl;rm[n]A;Ik
22 | AkmBipn | Cmnlp) = AkTmBk[p]n Cminlp = A;crmka[n] 52 | ApkBknm | Cmnlp = B]:-[n]mA;-k

2.3 | AkmBnkp Cmnlp] = A;crmB;l-k[p] 5.3 | ApkBmkn Cmlnlp = Bmk[n]A;_k

24 | AkmBpkn | Crmnlp = A{mB;k[n] 54 | ApkBnkm | TRANS(BpiimAsk) | Clminip) = BrkimAplk
2.5 | AkmBnpk | Crm(np) = AkmBlopyk | Crmnlp) = Akm Bk 5.5 | ApkBmnk | Cimnyp = Bmn)kApk | Cminlp = BminjkApk
2.6 | AkmBpnk | Crnlp = A;{mB;[n] X 5.6 | ApkBnmk | TRANS(BpimikApk) | Ciminip] = BrimikApplk
3.1 | AnkBimp | Crmnlp] = Bimip) Ank 6.1 | AkpBrmn | Cimn)p = Bi(mn)Akp | Crminlp = BrmnAks
32 | AnkBipm | Crmnjp) = B,j[p]mA,Ik 6.2 | AkpBinm | Cmfnlp = B,;r[n]mAk,,

33 | AnkBmkp | Crmnjp] = Bmkip) Ank 6.3 | AkpBmkn | Crminlp = Bmkin] Akp

34 | AnkBpkm | TRANS(AnkB 1) | Cimiinlp = Bpkim) Afnlk 6.4 | AkpBrkm | TRANS(Bnkim)Akp) | Clminip] = Bnk[m]Akp)
3.5 | AnkBmpk | Cmnlp] = BmiplkAny 6.5 | AkpBmnk | C(mn)p = Bimn)kAkp |  Cminlp = BmnlkAkp
3.6 | AnkBpmk TRANS(AnkB;[m]k) Clmnlp = Bpmlk Aln)k 6.6 | AkpBrmi | TRANS(BimjkAkp) | Clminip) = Bn[mikAk[p]




Example

Case | Contraction Kernell Kernel2 Kernel3 Case | Contraction Kernell Kernel2

L1 | AmkBinp | Cm(np) = AmkBi(np) | Crmnip] = AmkBrnlp] | Crminlp = AmkBinlp || 41 | AknBimp | Crnip] = Bypn(p Akn

1.2 Amk:kan Cmn[p] = Akak[p]n Cm[n]p = Akakp[n] 4.2 Akanpm Cmn[p] = B;—[p]mAkn

1.3 | AmkBnkp Cmn[p] = Akaer[p] 4.3 | AgnBmkp Cmn[p] = Bmk:[p]Akn

1.4 | AmkBpkn C’m[n]p = Aka;_k[n] 4.4 | AgnBprm TRANS(A;nB;k[m]) C[m][n]p = Bpk:[m]Ak[n]
L5 | AmkBrpk | Crm(np) = Amk B | Crmnlp] = Amk B, 4.5 | AknBmpk | Cmn[p] = Bmip|kAkn

1.6 | AmkBpnk | Cmnlp = Amk Bk 4.6 | AknBpmk | TRANS(AL, B, 1x) | Clmiinlp = BpimlkAk[n]
2.1 | AkmBinp | Crn(np) = A;crmBk(np) Crmnlp] = A;crmBkn[p] Crmnlp = A;crmBk[n]p 5.1 | ApkBrmn | Clmn)p = B;;r(mn)A;k Crmnlp = Bi;rm[n]A;k
22 | AkmBipn | Cmnlp) = A;crmBk[p]n Cminlp = A;crmBk:p[n] 52 | ApkBknm | Cmnlp = Bl:_[n]mA;—k

2.3 | AkmBnkp Cmnlp] = A;crmB:),-k[p] 5.3 | Apk Bmkn Cmlnlp = Bmk[n]A;_k

24 | AkmBpkn | Crmnlp = A,ij;k[n] 54 | ApkBnkm | TRANS(BpiimAsk) | Clminip) = BrkimAplk
25 | AkmBrpk | Cr(np) = ApmBpye | Crmnls) = Akm Bl 5.5 | ApkBmnk | Clmn)p = Bmn)kApi | Crminlp = BminkAp
2.6 | AkmBpnk | Crnlp = A;{meT[n]k 5.6 | ApkBnmk | TRANS(BpimikApk) | Ciminip] = BrimikApplk
3.1 | AnkBimp | Crmnlp] = Bimip) Ank 6.1 | AkpBrmn | Cimnyp = Bi(mn)Akp | Crminlp = Bimm)Aks
32 | AnkBipm | Crnjp] = B;[p]mAIk 6.2 | AkpBinm | Cmfnlp = BkT[n]mAkp

33 | AnkBmkp | Crmnjp] = Bmkip) Ank 6.3 | AkpBmkn | Crminlp = Bmkin] Akp

34 | AnkBpkm TRANS(AnkB;_k[m]) Cim]inlp = Bpkim]An)k 6.4 | AkpBnikm TRANS(Bnk[m]Akp) Clmin[p] = Bnk[m]Ak[p]
35 | AnkBmpk | Cmnlp] = BmiplkApnk 6.5 | AkpBmnk | C(mn)p = B(mn)kAkp |  Cmin]p = Bm[n)kAkp
3.6 | AnkBpmik TRANS(AnkBpT[m]k) Cim)nlp = BpmkAnk 6.6 | AxpBrmk TRANS(Bn[m]kAkp) Ciminlp)] = Bnim]kAk[p]

Table: List of 36 possible single mode contraction operations between a second-order
tensor and a third-order tensor and possible mappings to Level-3 BLAS routines




Analysis

Flatten v.s. SBGEMM

Case | Contraction Kernell

Kernel2

Kernel3

V)

Flattening Speedup
(Batch / Flat)
(N
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X X X 1 X

+ Case 1.1 [n]
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o O Case 1.5 [p]
AN A Case 6.1 [n]
D
R

500
n

Prefer flatten than SBGEMM

1.1 Amk:Bknp Cm(np) = Amk:Bk(np) Cmn[p] = Amk:Bk:n[p] C'm[n]p = Akak:[n]p

J J J J J
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Analysis

Batching in last mode v.s. middle mode

Case | Contraction Kernell Kernel2 Kernel3

1.1 Amk:Bk:np Cm(np) = Akak:(np) Cm'n,[p] = Akak:n[p] Cm[n]p = Akak:[n]p

L S S I

| 2.1 | AkmBinp | Cm(np) = Al Bi(np) | Crmnlp) = AgmBinlp] | Cminlp = A Biinlp

X ! X

1.2 b +Casé 1.1 |
oCase 2.1

1.1 1

p—
(N

1.1

vg‘!i'-.--
A

Last Mode Speedup
([n] 7 [pD

l + l

l l l l

l l
0 100 200 300 400 500 0 100 200 300 400 500

n n

On CPU, it’s better to batch in last mode when tensor size is small/moderate
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Tmnp — GijkAmi an Cpk
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Application: Tucker Decomposition

Tmnp — GijkAmi an Cpk

K Main Steps:
A
3 o = T
Pig o Yok = TrnBly
t+1
’ -  Yink = TrmnpAny C,;k
T 6 Yip = TmnpBL 1AL
@ Viip = I'mnpBp;i Ay,




Application: Tucker Decomposition

109 |
TensorToolbox
—o— BTAS
104 —o—  Cyclops .
—E— CPU Batched
—&4— GPU Batched

Time (sec)
el
-
(\V)
\

Figure: Performance on Tucker decomposition.



Conclusion

- StridedBatchedGEMM for generalized tensor contractions.
» Avoid explicit transpositions or permutations.
- 10x(GPU) and 2x(CPU) speedup on small and moderate sized tensors.

 Available in CuBLAS 8.0.
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Introduction of TensorlLy

by Jean Kossaifi, Imperial College London
Yannis Panagakis, Imperial College London

. Open source Anima Anandkumar, Caltech
Homepage: http://tensorly.org/dev/ é
Github: https://github.com/tensorly/tensorly Qj
CI1S
Suitable for academic / industrial applications or Y
'

- Reliability and easy to use
Depends only on NumPy, SciPy [Optionally Matplotlib, MXNet and PyTorch]
Exhaustive documentation, Unit-testing for all functions

Fast



User-friendly API

TensorLy

Tensor decomposition Tensor regression Deep learning

Basic tensor operations

Unified backend




TensorLy Operators

Kronecker
Khatri-rao
Hadamard products

Tensor unfolding/folding/vectorization

N-mode product

CANONICAL-POLYADIC (CP)
Non-negative CP Tucker (HO-SVD)

Non-negative Tucker
Robust Tensor PCA

mode dot (tensor, matrix_or_vector, mode)

proximal.procrustes (matrix)

inner (tensorl, tensor2[, n_modes])

khatri rao (matrices[, skip_matrix, reverse]) Khatri-Rao product of a list of matrices

kronecker (matrices[, skip_matrix, reverse]) Kronecker product of a list of matrices

n-mode product of a tensor and a matrix or vector at
the specified mode

multi mode dot (tensor, matrix_or_vec_list[, ...]) n-mode product of a tensor and several matrices or

vectors over several modes

proximal.soft thresholding (tensor, threshold) Soft-thresholding operator

proximal.svd_thresholding (matrix, threshold) Singular value thresholding operator

Procrustes operator

Generalised inner products between tensors

parafac (tensor, rank[, n_iter_max, init, ...])

non negative parafac (tensor, rank], ...])

tucker (tensor[, rank, ranks, n_iter_may, ...])

partial tucker (tensor, modes|, rank, ...])

non negative tucker (tensor, rank[, ...])

robust pca (X[, mask, tol, reg_E, reg_J, ...])

CANDECOMP/PARAFAC decomposition via alternating least
squares (ALS)

Non-negative CP decomposition

Tucker decomposition via Higher Order Orthogonal Iteration
(HOI)

Partial tucker decomposition via Higher Order Orthogonal
Iteration (HOI)

Non-negative Tucker decomposition

Robust Tensor PCA via ALM with support for missing values




TensorLy Example

from tensorly.decomposition import parafac

factors = parafac(image, rank=50, init='random')
cp reconstruction = tl.kruskal to tensor(factors)

from tensorly.decomposition import tucker

core, factors = tucker(image, ranks=(50, 50, 3), init='random')
tucker reconstruction = tl.tucker to tensor(core, factors)

original Tucker




TensorLy Backend

tl.set_backend(‘numpy’) # or ‘mxnet’ or ‘pytorch’

import tensorly as tl

T = tl.tensor([[1, 2, 3], [4,
tl.tenalg.kronecker ([T, T])
tl.clip(T, a min=2, a max=5)

tl.set backend( 'mxnet')
T = tl.tensor([[1l, 2, 3],

tl.set backend( 'pytorch')

T = tl.tensor([[1, 2, 3], [4,

=y

=y

6] ]y NumPy ndarray

[4, 5, 6]])4— MXNet NDArray

6]] )44 PyTorch FloatTensor




TensorLy Example

Back-propagate through tensor operations with PyTorch

import tensorly as tl
from tensorly.random import tucker tensor

tl.set backend(‘pytorch’)

core, factors = tucker tensor((5, 5, 5),
rank=(3, 3, 3))

core = Variable(core, requires grad=True)

optimiser = torch.optim.Adam([core]t+factors, lr=1r)
for 1 in range(l, n iter):

optimiser.zero grad()
rec = tucker to tensor(core, factors)

loss = (rec - tensor).pow(2).sum()
for £ in factors:
loss = loss + 0.01*f.pow(2).sum()

loss.backward()
optimiser.step()

¢t Py Torch FloatTensor

4—\\/e can attach gradients

factors = [Variable(f, requires grad=True) for f in factors]

4— Penalty on the factors




Contribute to TensorLy

Contributions welcome!

- If you have a cool tensor method you want to add

* If you spot a bug




Thank you!

Questions?



