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Machine Learning Model
Problem Formulation

Model for Small Sample Size

• Binary Classification → X - input (all the data points), y - output {−1, 1}
• Learning Model → Support Vector Machine (SVM)
• Nonlinear Boundary → projection onto higher-dimensional space

Support Vector Machine

Figure: Non-linear(kernel) and linear SVM.
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Machine Learning Model
Support Vector Machine I [C. Cortes; V. Vapnik, 1995]

SVM: It is a discriminative classifier formally defined by a separating hyperplane.
Generally, this hyperplane has a margin from both side of the labeled data.

• X - input (all the data points),
• y - output {−1, 1},
• L - hyperplane,

we initialize w ⊥ L and sign(〈 x ,w〉) helps in classification. The hypothesis is,

hw (x) =
{
〈 x ,w〉+ b = 0, y = 1,
〈 x ,w〉+ b 6= 0, y = −1.

Taking maximum margin to the nearest point for selecting w , b and L.

max
w

min
xi
|〈 xi ,

w
||w || 〉+ b|

subject to sign(〈 xi ,w〉+ b) = sign(yi ).
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Machine Learning Model
Support Vector Machine II

Linear Boundary Optimization for SVM

min
w,b,ξ

J(w , b, ξ) = 1
2 ||w ||

2 + C
N∑

i=1

ξi

subject to yi (wT xi + b)︸ ︷︷ ︸
L

≥ 1− ξi , ξi ≥ 0, i = 1, . . . ,N.

(Dual) Linear Boundary Optimization for SVM

max
α1,...,αN

N∑
i=1

αi −
1
2

N∑
i,=1

αiαjyiyj〈xi , xj〉

subject to 0 ≤ αi ≤ C ,
N∑

i=1

αiyi = 0, i = 1, . . . ,N.

Kirandeep Kour, kour@mpi-magdeburg.mpg.de Optimization of Tensor Train Canonical Decomposition in the Support Tensor Machine 5/18

mailto:kour@mpi-magdeburg.mpg.de


Machine Learning Model
Support Vector Machine II

Linear Boundary Optimization for SVM

min
w,b,ξ

J(w , b, ξ) = 1
2 ||w ||

2 + C
N∑

i=1

ξi

subject to yi (wT xi + b)︸ ︷︷ ︸
L

≥ 1− ξi , ξi ≥ 0, i = 1, . . . ,N.

(Dual) Linear Boundary Optimization for SVM

max
α1,...,αN

N∑
i=1

αi −
1
2

N∑
i,=1

αiαjyiyj〈xi , xj〉

subject to 0 ≤ αi ≤ C ,
N∑

i=1

αiyi = 0, i = 1, . . . ,N.

Kirandeep Kour, kour@mpi-magdeburg.mpg.de Optimization of Tensor Train Canonical Decomposition in the Support Tensor Machine 5/18

mailto:kour@mpi-magdeburg.mpg.de


Machine Learning Model
Feature Mapping I

Projection onto higher-dimensional space

Figure: Nonlinear classification of data in (R2). Figure: Linear classification in higher-dimension (R3).

Non-linear Boundary Optimization for SVM

max
α1,...,αN

N∑
i=1

αi −
1
2

N∑
i,j=1

αiαjyiyj〈φ(xi), φ(xj)〉

subject to 0 ≤ αi ≤ C ,
N∑

i=1

αiyi = 0, i = 1, . . . ,N.
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Machine Learning Model
Feature Mapping II

Feature map: φ : X (input) −→ V (feature space) 〈φ(x), φ(x ′)〉 = k (x , x ′)

Non-linear Boundary Optimization for SVM

max
α1,...,αN

N∑
i=1

αi −
1
2

N∑
i,j=1

αiαjyiyjk(xi, xj)

subject to 0 ≤ αi ≤ C ,
N∑

i=1

αiyi = 0, i = 1, . . . ,N.
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Including Multi-dimensional Constraint

Classification for different datatypes

(SVM) k(x , x ′)→ RBF k(X,X′)→ How??
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Why Tensor for SVM??
Model for Multi-dimensionality

• SVM has input as a vector,
• Storing memory for multidimensional data can be explosive,
• Structural data can loose information during tensor-vector conversion,

• Extension of SVM is available and it is called Support Tensor Machine (STM),
• STM works directly with tensor as an input.
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Dual Non-linear Boundary Optimization Problem for STM
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Tensor and Low-rank Approximation
Tensor-Train Decomposition

• Manipulating a tensor is often prone to the curse of dimensionality O(IM).
• A tensor decomposition works efficiently with curse of dimensionality.

• Specially, Tensor-Train decomposition provides a compact form with storage O(MIR2)

Tensor-Train Decomposition [I.V. Oseledets; E. Tyrtyshnikov, 2009]

xi1 i2...iM
∼=
∑

r0,...,rM

G
(1)
r0,i1,r1

G
(2)
r1,i1,r2

· · ·G(M)
rM−1,iM ,rM

,

X ∼= 〈〈G(1),G(2), . . . ,G(M)〉〉,

G2G1 G3

X

I2

I1 I3

I2

I1

I3

∼=

R1 R2

I1 I2 I3

R3R0

R1 R2

I1
I2

I3

Figure: TT decomposition of a 3-way tensor.
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Building Efficient Model
Reducing Computational Cost

Approximation of Kernel Computation
• Uses Canonical Polyadic (CP) decomposition [F.L. Hitchcock, 1927]

I2

︸ ︷︷ ︸I1

︸︷︷︸

I3︸ ︷︷ ︸
X ∼=

a(1)
1

a(2)
1

a(3)
1

+ + · · · +

a(1)
2

a(2)
2

a(3)
2

a(1)
R

a(2)
R

a(3)
R

Figure: CP decomposition of a 3-way tensor.

• Dual Structure-preserving Kernel [L. He; X. Kong; P.S. Yu; A.B. Ragin; Z. Hao;
X. Yang, 2014]

(Feature map) Ψ: X× Y× Z 7→ RH1×H2×H3

Ψ:
R∑

r=1

a(1)
r ⊗ a(2)

r ⊗ a(3)
r 7→

R∑
r=1

φ(a(1)
r )⊗ φ(a(2)

r )⊗ φ(a(3)
r )

〈Ψ(X),Ψ(Y)〉 = k(X,Y) =
R∑

i,j=1

k(a(1)
i , b(1)

j )k(a(2)
i , b(2)

j )k(a(3)
i , b(3)

j )
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Building Efficient Model
Low-rank Method

• Using TT decomposition
• Stable algorithm
• Depends on matrix SVD
• Leads to over-fitting
• Blocks might not be unique

• Using CP decomposition
• Simplicity
• Finding best rank: NP-hard [J. Håstad, 1989]

TT-CP decomposition: [K. Kour; S. Dolgov; M. Stoll; P. Benner, 2020]
Simplicity: Exact TT-CP Expansion
Given TT decomposition of a tensor X ∈ RI1×I2×...×IM

xi1 i2...iM
∼=

R1,...,RM−1∑
r1,...,rM−1

G
(1)
i1,r1

G
(2)
r1,i2,r2

· · ·G(M)
rM−1,iM ,

CP expansion can be written,

xi1 i2...iM ≈
R∑

r=1

H(1)
i1,r H

(2)
i2,r · · ·H

(M)
iM ,r ,

The rank r can be merged r = r1 + (r2 − 1)R1 + . . .+ (rm − 1)
∏m−1
`=1 R`,

where the CP factors are defined as

H(m)
im,r = G

(m)
im,r , m = 1, . . . ,M
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Building Efficient Model
Stability

Algorithm 1: Uniqueness Enforcing TT-SVD
Input: M-dimensional tensor X ∈ RI1×I2×...×IM , prescribed accuracy ε.
Output: Return tensor X′ in unique TT decomposition with cores G(1),G(2), · · · ,G(M).
The computed approximation satisfies

∥∥X−X′
∥∥

F
≤ ε ‖X‖F .

Temporary tensor: Z = X, r0 = 1.
for m = 1 to M − 1 do

Z := reshape(Z, [Rm−1Im, Im+1 · · · IM ])
Compute δ-truncated SVD: Z = USVT + E , ‖E‖F ≤ δ.
U = [u1, u2, . . . , uRm ],S = diag(σ1, σ2, . . . , σRm ),V = [v1, v2, . . . , vRm ]
Z = σ1u1v>1 + · · ·+ σIm uIm v>Im
for rm = 1 to Rm do

i∗rm = arg maxi=1,...,Im |urm (i)|,
ūrm := urm/sign(urm (i∗rm )), v̄rm := vrm · sign(urm (i∗rm )).
G

(m)
rm−1,im,rm

= ūrm (im)
end for
New core: G(m) := reshape(U, [Rm−1, Im,Rm])
Z := SVT

end for
G(m) = Z
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Building Efficient Model
Stability

Stability: Uniqueness Enforcing TT-SVD

• This ensures that “close” tensor produce “close” TT-cores
• Makes model stable w.r.t. different rank truncation
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Building Efficient Model
State-of-the-art

State-of-the-art: Norm Equilibration

Given a rank-r TT-CP expansion JH(1),H(2), · · · ,H(M)K, we compute the total norm of
each of the rank-1 tensors

‖Nr‖ =
∥∥H(1)

r
∥∥ ∗ ∥∥H(2)

r
∥∥ ∗ · · · ∗ ∥∥H(M)

r
∥∥ ,

and distribute this norm equally among the factors,

H(k)
r := H(k)

r∥∥∥H(k)
r

∥∥∥ ∗ ‖Nr‖1/M , k = 1, 2, · · · ,M.
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TT Multi-way Multi-level Kernel (TT-MMK)
[K. Kour; S. Dolgov; M. Stoll; P. Benner, 2020]

Algorithm 2: TT-MMK: STM Kernel Approximation via TT-CP
Input: data {Xn}N

n=1R
I1×I2×...×IM , TT-rank R.

Output: Kernel Approximation k ∈ RN×N

for n = 1 to N do
Compute TT decomposition Xn ∼= 〈〈G(1,n),G(2,n), · · · ,G(M,n)〉〉,
Compute TT-CP decomposition
JH(1,n),H(2,n), · · · ,H(M,n)K = 〈〈G(1,n),G(2,n), · · · ,G(M,n)〉〉,

end for
for u, v = 1 to N do
k (Xu,Xv ) ≈

∑R
i,j=1 k(h(1,u)

i , h(1,v)
j )k(h(2,u)

i , h(2,v)
j ) · · · k(h(M,u)

i , h(M,v)
j ),

end for
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Numerical Experiment
Datasets

Datasets:
1 Resting-state fMRI Brain Images

• Alzheimer Disease (ADNI1) - 33 data points
• Attention Deficit Hyperactivity Disorder (ADHD2) - 200 data points

2 Hyperspectral Images
• Indian Pines: The HSI images was collected via Aviris Sensor3 over Indian Pines test

site - 100 data points
• Salinas: This HSI images data was collected by 224 band Aviris Sensor over Salinas

velly, California - 100 data points

1http://adni.loni.usc.edu/
2http://neurobureau.projects.nitrc.org/ADHD200/Data.html
3https://aviris.jpl.nasa.gov/
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Numerical Experiment
Results I
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(a) TT with and without enforced uniqueness
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Figure: Effect of each step of Algorithm for ADNI data set(Rank vs Accuracy).
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Numerical Experiment
Results II
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Table: Best average classification accuracy for
different methods and datasets

Methods ADNI ADHD I. Pines Salinas
SVM 49 52 46 47
STuM 51 54 57 74
DuSK 55 58 60 92
MMK 69 60 93 98
TT-MMK 73 64 99 99
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Conclusions

Summary

• Low rank-method “TT-CP decomposition”
• Binary classification kernel model for less data with tensor input
• Approximating kernel not only reduced cost, also increases accuracy
• Stability and reduced computational cost with higher accuracy
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