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Tucker Decomposition
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Tensor is a multi-dimensional array

Tucker decomposition compresses tensor
Smaller core tensor
Set of factor matrices corresponding to each dimension



Applications of Tucker Decomposition

Figure courtesy of:

Grey Ballard, Alicia Klinvex, and Tamara G. Kolda. 2020. TuckerMPI: A Parallel
C++/MPI Software Package for Large-Scale Data Compression via the Tucker
Tensor Decomposition. ACM Trans. Math. Softw. 46, 2, Article 13 (June 2020),
31 pages.

(a) Original (b) Low compression (e=1e-4) (c) High compression (e=1e-2)

Data Compression
TuckerMPI compressed over 6 TB of simulation data into 167MB with 1e-2 relative error
Can reconstruct entire or part of dataset
Error tolerance related to truncation

Computer Vision
TensorFaces, Vasilescu et al.

Signal Porcessing
Lathauwer et al, Muti et al, and more

And many more...

Good at capturing latent multi-way relationships between variables
Lose information by just viewing as matrix



Computing Tucker via ST-HOSVD
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¢ 2.)Individual submatrix multiplication

Two computational bottlenecks
Tensor Times Matrix (TTM)
Gram
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For tensor X with dimensions I; X ---XIy, let:

I¥ = N 11 Algorithm 1: ST‘HOSVD
n — r= T
> =1y I Data: Tensor X, accuracy bound €
n — llr=n+11r ult: £ .
< -1 Result: Tensor core G , factor matrices
Iy = Hr:l I, 1 G « X;/" Initialize G */
mode-n TTM with JxI, matrix: 0(JI,) 2 dorn=1iNdo
3 S «— Gn G, ; /" Gram matrix */
Gram along mode-n: 0(1,1;,) 4 [4, V] « eig(S)
/* Ry, is smallest value that satisfies € */
Focusing on dense, single-node case 5 U, —V(,1:R,)
6 ghgxnUg;/*TTM */
7 F—U...Un

return G, ¥

=]




ST-HOSVD Limitations

Algorithm 1: ST-HOSVD TTM
! TTM,

Data: Tensor X, accuracy bound €
Result: Tensor core G , factor matrices F /_\

1 G « X;/" Initialize G */
2 forn=1: Ndo
3 S« Gn 3; /* Gram matrix */
4 [A, V] < eig(S)
/* R, is smallest value that satisfies € */ soll e 150 J 30—
5 U, < V(,1:Ry) 17 e
6 G—Gxn, UL/ TTM % 200 il a0
7 Fe<U...Un 0 T T

| — |
120
8 return G, ¥ , , i

Original Tensor Memory Consumption High Watermark

In addition to original tensor, must allocate memory to store intermediate TTM results
In the worst case when there is little to no truncation, consumes 2x tensor size in memory

Memory is a limited resource
Often bottlenecked by tensor exceeding available memory

When tensor is larger than § main memory (RAM), ST-HOSVD either:

Is unable to complete
Goes out-of-core > ST-HOSVD thrashes between RAM and Disk, potentially leading to
catastrophic performance degradation

We aim to alleviate this by computing the Tucker decomposition in-place
Overwrite the original tensor with core of Tucker decomposition
Memory Consumption: O( 12,4, + [1¥-11) = 0(124y)



Overview

Memory is a valuable, limited resource

Significantly decreased memory consumption of computing
dense Tucker

O(I%an + H‘II’\',:1 IT') — 0( I?%’Lax)
If the tensor can be held in memory then we can most likely
compute tucker

Maintain comparable or decrease runtime



Optimizations

Develop 3 novel optimizations to efficiently compute Tucker Decomposition in-place:
Kernel Fusion
Fuse TTM and Gram kernels together to improve memory locality
Tensor Tiling
Extend matrix tiling and cache blocking to fused kernel operation
In-place Transpose

Develop blocked in-place transpose algorithm based on cycle-following to
prepare cache blocks in-place



Kernel Fusion
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Compute mode-(n + 1) Gram whilst computing mode-n TTM
Fuse TTM and Gram kernels together

Aim to keep everything in cache

Fusing kernels together is known to improve memory locality
Especially effective in GPU case - future work



Tensor Tiling

Algorithm 3: FaST-HOSVD

I,T Data: Tensor X, accuracy bound €
Result: Tensor core G , factor matrices
Irf Irf /* Initialize G */

1 G« X
I, J{ l J{ Susss /* First Gram matrix */
2 S1— GiGT
L J 3 [, V] « eig(S1)

/ pack I, 4+1 columns together 4 Uy« V(,1:Ry)

/* Ry is smallest value that satisfies € */
TTMn y trans I Gramp, I 5 forn=1:N-1do
In Jl J — ) : — S 4 ml 6 [Gn+1> Sn+1] < Fused_Packed_Kernel(Gy, Uy, n)
7
8

} [4, V] « eig(Sn+1)
Inyt I+t Jn I+t Up+1 < V(, 1: Rpyt1)
/* Last TTM K
I*= N_I 9g<—anU§
n r=1°r 10 FeU...Un
I; = 17Y=n+1 Ir 11 return G, ¥

Irf = H?;ll I,
Pack columns into [I,,XI,,{cache blocks
Write JxI,,,.1 TTM submatrix results in row-major order
Then logically transpose to [,,,.1 XJ column-major submatrices
No data movement required for logical transpose

Requires I,,,, discontiguous memory accesses on I,, contiguous entries per block

Tensor layout evolves in memory over course of computation
Prepares tensor for subsequent iterations
Next dimension contiguous in memory



In-place Transpose
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I; = opi Ir
Irf = H¥;11 I
Traditional Cycle-Following based In-place Transpose algorithm
Requires less element access than other in-place transpose algorithms
In practice suffers from poor memory locality due to almost pseudo-random element access

Developed blocked variant that improves memory locality, referred to as Interleaved In-Place Transpose (IIPT)

Plan to compare performance against existing in-place transpose algorithms in future work "



FIST-HOSVD

Interleaved In-place Transpose to prepare cache blocks @ o
Copy cache blocks into auxiliary memory allocation
. . - N
deinterleave cache blocks during copy I == Iy 5
.y . 11? = 71Y=n+1 I, g [aza] 2
Perform fused multiplication on each cache block IS = [[P=11 T
. . . n - r=1"r In
Result overwrites corresponding section of tensor —
|——< 1.) Interleaved Inplace Transpose
Avoids allocating memory to hold intermediate TTM results ® i
. . 2 i L] +— |[] I
If the tensor can be held in memory with at least 0(I;,,,) additional —
In+1 :
elements worth of memory, then we can compute Tucker | ! :
L] U L=
1 RN Insa
b'e : il I
Algorithm 6: FIST-HOSVD n 1 )
Data: Tensor X, auxiliary memory limit in 8 . T Ul
Result: X overwritten with core tensor, Factor matrices -
1 Sy « X1X1T; /* First Gram matrix */ e
2 for n=1: N -1 do In i 2.) Uninterleave blocks into auxiliary memory
3 [A4, V] « eig(Sn) 5
4 Un <« V(, 1: Ry,); /* Ry, smallest value that satisfies € */ . \‘\} il e
5 Sn+1 < Fused_Inplace_kernel(G, Uy, ) V . I )1,,
6 [A, V] <« eig(SN) o
7 UNy « V(, 1:RN) e e "
8 X — X XN UIE; /* Last lnp|ace TT™M */ 3.) Fused multiplication overwritinglcore tensor J’
0 T(_ Ul o UN and accumulate gram matrix l l I,,H)
J:
10 l‘eturn T 4.) Repeat steps 2 and 3 for each interleaved section l l In+1




Experimental set-up

Each node has 28 cores and 256GB memory

Allocating more than this allocation either causes the program to terminate or the
node to crash

Three different datasets:
Randomly generated
Used to represent high-rank tensor
Each timeslice is: 64x64X64X64X64
Homogeneous Charge Compression Ignition (HCCI)

4-th order tensor from a simulation of turbulent autoignition over a 2D spatial
domain

Each timeslice is: 672x672X33
Statistically Planar (SP)

5-th order tensor from a simulation over a 3D spatial domain, 4-th mode is 11
solution variables at each grid point

Each timeslice is: 500x500x500x11



Runtime (sec)

Runtime Results
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(b) HCCI: 672 X 672 X 33 X 326
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(c) SP: 500 x 500 X 500 X 11 X 10

Sample bar charts of runs with an error-tolerance (¢) of 1e-07.

Bars not shown did not complete due to running out of memory.

Fused implementations performs better along later dimensions due to cache blocking
Cache blocking incurs data movement overhead

Plan to add support for processing dimensions out of order in future work

Maintain comparable runtime

13



Memory Consumption
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(a) Random: 1 slice is 64 X 64 X 64 X 64 X 64 (b) HCCI: 1 slice is 672 X 672 X 33 (c) SP: 1 slice is 500 X 500 X 500 X 11

Memory consumption over different timeslice counts for an error-tolerance (¢) of 1e-07.
Bars not shown did not complete due to running out of memory.

FIST-HOSVD consumes significantly less memory than the other algorithms
O(Irznax + l_[11y=1 IT') - 0( IT%’LCLX)
Compute memory consumption as: memory highwater mark of program — size of orignal tensor

Allocated 1GB of auxiliary memory for FIST-HOSVD
Additional memory usage comes from Gram reduction

14



Summary

Recap:
Memory Consumption: O( 12,4, + [IN-1L) = 0(124)
Significantly decreased memory consumption of ST-HOSVD for dense Tucker

If tensor fits in memory, then FIST-HOSVD can most likely compute Tucker
Maintained comparable or decreased runtime

Future Work:
Add in support for processing dimensions in any order

Kernel fusion provides biggest performance improvements along later
dimensions

Compare IIPT algorithm to other in-place transpose algorithms
Complete GPU port
Everything implemented in Kokkos (portable framework)
Kernel fusion originally intended for GPU case
Device memory even more limited than host memory



Questions?
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Runtime Tables

Table 1: Random tensor runtime (in seconds). Table 2: HCCI tensor runtime (in seconds). Table 3: SP tensor runtime (in seconds).
1 slice: 64 X 64 X 64 X 64 X 64 1 slice: 672 X 672 X 33 1 slice: 500 X 500 X 500 x 11
[ € [ Slicess [ 1 | 4 [ 16 [ 28 | [e | Slices [ 176 | 326 | 476 [ 626 | [e [ Slicess | 5 | 10 | 15 | 20 |
TuckerMPI 13.4 66.5 — - TuckerMPI 354 | 714 | 104.9 - TuckerMPI 34.0 — — —
Te<09 ST-HOSVD 44 | 142.1 - - 1e-09 ST-HOSVD 18.0 | 37.4 | 58.6 - 1600 ST-HOSVD 24.9 | 386 _ _
FaST-HOSVD | 4.4 | 70.0 — — FaST-HOSVD | 23.9 | 47.8 | 76.0 | 125.2 FaST-HOSVD | 35.1 | 54.2 - -
FIST-HOSVD | 55 | 32.3 | 107.6 | 219.3 FIST-HOSVD | 25.0 | 51.2 | 77.6 | 105.7 FIST-HOSVD | 256 | 49.3 | 72.7 | 92.6
TuckerMPI 134 | 664 — - TuckerMPI 200 | 437 | 638 | 84.2 TuckerMPI 129 | 254 | 381 —
iciiE ST-HOSVD 44 | 1438 - - e ST-HOSVD 9.6 | 23.3 | 356 | 47.7 ] ST-HOSVD 10.1 | 19.2 | 28.9 -
FaST-HOSVD | 4.3 | 7438 — = &05 || FaST-HOSVD | 120 | 313 | 448 | 667 1605 | paST-HOSVD | 122 | 228 | 355 | —
FIST-HOSVD | 55 | 32.1 | 107.3 | 219.8 FIST-HOSVD | 135 | 31.5 | 457 | 60.2 FIST-HOSVD | 125 | 24.3 36.4 | 48.2
TuckerMPI 13.5 | 65.6 — = TuckerMPI 114 | 27.1 | 383 49.1 TuckerMPI 84 | 166 | 248 | 333
e ST-HOSVD 44 | 1433 - = ] ST-HOSVD 57 | 126 | 195 | 25.6 ST-HOSVD 7.0 | 13.9 | 21.36 | 27.6
FaST-HOSVD | 4.4 | 7038 - - 1e03 || paST-HOSVD | 6.9 | 160 | 243 | 335 1e03 | pasT-HOSVD | 95 | 189 | 290 | 379
FISTHOSVD | 5.6 | 32.7 | 1074 | 219.6 FIST-HOSVD | 7.0 | 165 | 247 | 316 FIST-HOSVD | 99 | 194 | 289 | 384
€ |] Dataset | Slices | Resulting Core
Random | 4 64 X 64X 64X 64X64X4
1e-09 HCCI 326 631 X 610 X 31 X 326
SP * 20 187 X 288 X 278 X 9 X 20
Random | 4 64 X 64 X 64 X 64 X 64 X 4
1e-05 HCCI 326 433 X 410 X 33 X 234
Sp * 20 79% 116 X 117 X7 X 5
Random | 4 64 X 64 X 64 X 64 X 64 X 4
1e-03 HCCI 326 232 % 217 X 29 X 81
SP 20 27 X 48 X 48 X2 X 3




Memory Consumption Tables

Table 5: Random tensor memory consumption (in GB). Table 6: HCCI tensor memory consumption (in GB).  Table 7: SP tensor memory consumption (in GB).

1slice is ~ 8 GB 1 slice is ~ 0.12 GB 1slice is ~ 11 GB
[e [ Slicess [ 1 [ 4 [16] 28] [e || Slices: [ 176 [ 326 | 476 | 626 | | e [ Slicess [ 5 [10 [ 15 ] 20 |
ST-HOSVD 24.2 | 96.2 — — ST-HOSVD 49.0 | 94.0 | 135.6 - ST-HOSVD 35.5 | 70.3 — —
le-09 FaST-HOSVD | 16.2 | 64.1 — — le-09 FaST-HOSVD | 34.2 | 65.2 94.1 | 123.0 le-09 FaST-HOSVD | 30.8 | 60.2 - —
FIST-HOSVD 1.2 1.6 | 1.9 | 1.2 FIST-HOSVD 1.1 1.1 1.1 1.1 FIST-HOSVD 1.5 1.8 1.5 1.7
ST-HOSVD 24.2 | 96.2 . . ST-HOSVD 18.4 | 47.3 65.8 82.5 ST-HOSVD 10.4 | 204 | 304 -
le-05 FaST-HOSVD | 16.2 | 64.1 = = le-05 FaST-HOSVD | 15.2 | 37.9 54.1 70.1 le-05 FaST-HOSVD | 10.3 | 20.2 | 30.2 -
FIST-HOSVD 1.2 1.6 | 1.9 | 1.2 FIST-HOSVD 1.1 1.2 1.1 11 FIST-HOSVD 1.2 1.2 1.4 1.3
ST-HOSVD 24.2 | 96.2 = = ST-HOSVD 6.7 | 17.7 24.1 30.6 ST-HOSVD 3.2 6.3 93 | 123
le-03 FaST-HOSVD | 16.2 | 64.1 - — le-03 FaST-HOSVD 6.8 | 17.0 23.4 29.8 1e-03 FaST-HOSVD 3.3 6.3 94 | 12.4
FIST-HOSVD 1.2 1.6 | 1.9 | 1.2 FIST-HOSVD 1.1 1.2 1.3 1.3 FIST-HOSVD 1.1 1.1 1.1 1.1
€ H Dataset | Slices I Resulting Core

Random | 4 64 X 64 X 64 X 64 X 64 X 4

le-09 HCCI 326 631 X610 X 31 X 326

SP* 20 187 X 288 X 278 X 9 X 20

Random | 4 64 X 64 X 64 X 64 X 64 X 4

le-05 HCCI 326 433 X 410 X 33 X 234

SP* 20 79X 116 X 117 X7 X5

Random | 4 64 X 64 X 64 X 64 X 64 X 4

le-03 HCCI 326 232X 217 X 29 x 81

SP 20 27 X 48 X 48 X2X 3




How to compute Tucker

Algorithm 2 ST-HOSVD 401
function ST-HOSVD(Tensor X, accuracy bound ¢) —, 20
Ge X > Initialize G 30
for n=0,1..N —1 do
S « g,6T > Gram matrix
A, V] + eig(S) )
Un < V(:,1: R,) > R, is smallest value that satisfies € 40 [:I 13107
G Gxa UL > TTM 1L *g‘}ls
end for 13 T
f(—U()...U_.\'_l 3OIH 201!;
return G, F H 15
end function 8

Several algorithms
HOOI, HOSVD, T-HOSVD, ST-HOSVD etc

Sequentially Truncated Higher Order Singular Value Decomposition
ST-HOSVD
Truncates tensor at each iteration to save on FLOPs
Arguably fastest and most common method to compute Tucker



Helpful Notation

X is a tensor of order N with dimension sizes:[1X ... Iy
Assume starts stored in column major order

Mode —
n fibers: set of vectors resulting from holding the

nt" mode constant and iterating over all other dimensions

Mode — n matricization: matrix whose columns are the
mode — n tensor fibers of X, denoted X,

Useful values: I =[1M. .11, LT =T[I"zi1,

— . 0 ¥le 7[121318 19
YTV Ve L1820 22
12 / 11/ 16 Xo /12 1 16/ Xy - s
7 8 7 10 ) ya 8 10/ _) Lh=3||2 3|8 9[1415/20 21
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| il PRRIE
9 o1 3 10 71 23 4 5|10 11{16 1722 23

AT 1\ _Jin\ | 17 e o s —
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ST-HOSVD Bottlenecks

Two kernels: TTM and Gram

Tensor Times Matrix (TTM)
Can be viewed as batched matrix multiplication
Multiplies tensor along nt* dimension by R,,xI,, matrix
Input tensor dimensions are: I1 X ... I, ... XIy
Output tensor dimensions are: I1 X ...R,, ... XIy

Gram
Matricized tensor multiplied by its transpose
InX(Iy % kg * Inyq o Iy) % I XUy % o lyq % Iy % Iy)T

Result IS: symmetric I, X1, matrlx

Depending on size of R,, relative to I,,, require
asymptotically comparable amounts of work



Benchmark results

300.00 300.00 300.00

250.00 250.00 250.00

200.00 200.00 200.00
wv wv wv
a. o a
9 150.00 9 150.00 S 150.00
[ e re
(U] o o

100.00 100.00 100.00

| III II II | - il I I o I || I ll

(Y R mn - 000 . e E- -. I 000 - B -. I

1 2 4 8 16 20 40 80 160 1 2 4 8 16 20 40 80 160 1 2 4 8 16 20 40 80 160
munfused 456 912 17.31 3257 67.83 80.36 6509 77.32 146.72 m unfused 849 1673 | 33.18 54.69 101.40 131.91 127.17 142.17 266.44 m unfused 791 1561 31.01 59.71 102.80 118.77 10333 11862 214.17
u fused 456 | 911 17.87 34.16 67.99 7433 7355 79.12 146.99 u fused 814 1497 3146 56.85 116.16 117.88 119.43 143.65 279.28 u fused 7.67 14.80  30.17 5831 102.00 116.58 98.47 118.38 218.23
wfused+packed 697  13.43 2554 53.05 92.35 104.97 108.87 129.65 241.00 mfused+packed 645 1212 24.02 47.53 86.39 101.57 109.76 122.40 232.42 wfused+packed 621  11.80 24.26 44.33 84.27 93.67 10199 121.51 239.57
Threads Threads Threads

(a) mode-0 (b) mode-1 (c) mode-2

16X16Xx16Xx16x16Xx16x16
Dense, random tensor

Uses KokkosKernel’s SerialGemm
Run on IBM Power 9

Comparison of:
Unfused TTM + Gram
Fused
Fused+packed

23



Another page of graphs
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(d) mode-3 (e) mode-4 (f) mode-5

Later modes submatrices become very long
Start falling out of cache

Begin to require skinny matrix multiplications that many
GEMM kernels are not optimized for

Packed blocks maintain performance for later dimensions
Well worth the packing overhead



Benchmark results (cont.)

4 dense, random tensors
Error tolerance = 0

All use MKL

Run on Intel Xeon E5
14 cores per socket
2 sockets

Comparison of:
Proposed Fused+Packed
TuckerMPI
Matlab Tensor Toolbox

Fused+Packed scales better

350.00
300.00
250.00
200.00
150.00

Runtime (Seconds)

100.00

50.00 II
a0 . .
1 2 4 8 14
m Fused+Packed  65.55 38.00 19.64 10.72 6.42

m TuckerMPI 68.11 57.58 36.64 24.19 19.59
TTB 318.03 204.85 152.48 124.24 112.27

Threads

(a) 64 x 64 x 64 x 64 x 64
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e DR e

1 2 a4 8 14

mFused+Packed  14.05 834 478 3.24 281
m TuckerMPI 19.67 13.93 861 563 5.17

T8 89.48 62.23 48.94 40.65 37.47

Threads

Runtime (Seconds)

=}
28

436
16.74
104.75

-—
28

294
459
36.48

(c) 16 x 16 x 16 x 16 x 16 x 16 x 16

Runtime (Seconds)

400.00
350.00
300.00
250.00
200.00
150.00
100.00
50.00 -
0.00 J J - | —m
1 2 4 8

14

mFused+Packed  54.98 31.59 16.37 843 5.67
m TuckerMPI 68.73 63.61 39.43 25.10 19.01

B

Runtime (Seconds)

345.75 223.03 170.04 142.46 130.63
Threads

(b) 32 x 32 x 32 x 32 x 32 x 32

400.00
350.00
300.00
250.00
200.00
150.00
100.00

50.00
0.00 . - ll el -
1 2 a4 8 14

mFused+Packed 103.57 61.86 32.65 18.15 11.91
m TuckerMPI 101.48 72.49 43.55 25.45 23.04

T8

361.75 22861 164.58 13231 117.51
Threads

(d) 4 x 128 x 128 x 128 x 128

— -
28

417
17.36
12432

—_—
28

7.63
17.35
110.24
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