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PARAFAC2 is a tensor decomposition method that allows the B mode
to have a different factor matrix for each frontal slice

Different B factor
matrix for each mode

/
X ~ Adiag (c;.) B,
BB, =®

4 [Harshman, RA. UCLA working papers in phonetics 1972]



https://www.psychology.uwo.ca/faculty/harshman/wpppfac1.pdf

The PARAFAC2 model achieves uniqueness by imposing a constant
cross product constraint on the evolving mode

X ~ Adiag (c;.) B,

T
B, B, =9
kk ¥~ Constant cross product

for each time step
5 [Harshman, RA. UCLA working papers in phonetics 1972]



https://www.psychology.uwo.ca/faculty/harshman/wpppfac1.pdf
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X ~ Adiag (c;.) B,

BB, =®

[Harshman, RA. UCLA working papers in phonetics 1972]



https://www.psychology.uwo.ca/faculty/harshman/wpppfac1.pdf

PARAFAC2 captures both the meaningful components and their
evolution in time

Subjects

Component 1

/ [Roald, M. et al. ICASSP 2020]


https://www.psychology.uwo.ca/faculty/harshman/wpppfac1.pdf

However, the PARAFAC2 model fits the noise more than the PARAFAC
model and yields noisy components

Therefore we want to encourage
smooth components through
regularisation
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To solve the PARAFAC2 problem (with Alternating Least Squares):

K 2
minimize E H ADkBZ — X ‘

st. B,B,=®  Vk

F

D k= dlag (Ck ) [Kiers HAL. et al. ). Chemometrics 1999]



https://doi.org/10.1002/(SICI)1099-128X(199905/08)13:3/4%3C275::AID-CEM543%3E3.0.CO;2-B

To solve the PARAFAC2 problem (with Alternating Least Squares):

K 2
minimize E H ADkBZ — X ‘
Aa{BkaDk}k<K F

= k=1
st. B,B,=®  Vk
We reformulate it to this problem
K 2
minimize Z H ADkABTPZ — X ||
A7AB7{Pk7Dk}kSK —1 F

st. PiP,=1 Vk

10 D k= dlag (Ck ) [Kiers HAL. et al. ). Chemometrics 1999]



https://doi.org/10.1002/(SICI)1099-128X(199905/08)13:3/4%3C275::AID-CEM543%3E3.0.CO;2-B

To solve the PARAFAC2 problem (with Alternating Least Squares):
K

2
minimize E H ADkB_kr — X ‘

st. B,B,=® Vk

We reformulate it to this problem

F

fF- T TN

minimize E H ADk'ABTPTl— X H
A7AB7{Pk>Dk}kSK

... rp‘Tfa;;f. VE TN

A Evolving

. components
: Constraint
11 Dk = dlag (Ck; ) [Kiers HAL. et al. ). Chemometrics 1999]



https://doi.org/10.1002/(SICI)1099-128X(199905/08)13:3/4%3C275::AID-CEM543%3E3.0.CO;2-B

Previous work ensures smooth components by projecting the data
onto a subspace of smooth data

no

—

Standard B-spline basis vectors
[Helwig, N.E. Biometrical Journal 2017]
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Informed M-spline basis vectors
[Afshar, A. et al. CIKM 2018]
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Non-negativity has been imposed via a flexible coupling approach
with HALS

K
X, — AD.B] ||?> + p||Br — PrLAB|?
A,AB%{I{I%?]EZE}%K;H k kB ||” + 1| Bg AR

st. PP, =1

[Cohen, JE. Bro, R. LVA/ICA 2018]



Non-negativity has been imposed via a flexible coupling approach
with HALS

K

X, — AD.B]||? 4 p||Br — PrAB|?
A,AB,rél,l{nﬁ?ﬁZf}kgKZH k kBl + p[[Br — PrAgl|

k=1
st. PP, =1 T

Increase every iteration
following some heuristic

[Cohen, JE. Bro, R. LVA/ICA 2018]



Non-negativity has been imposed via a flexible coupling approach
with HALS
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minimize f(x) + g(zx)

s.t. x=1zy

AO-ADMM for
constraining all modes



For the AO-ADMM scheme, we fit the modes alternatingly and solve
the reqularised subproblems with ADMM

Until convergence:
Update A matrix
Update B, matrices
Update C matrix (D, matrices)

1 7 [Huang, K. et al. IEEE Trans. Signal Proc. 2015]



https://ieeexplore.ieee.org/document/7484753

The ADMM updates for the A and C matrix are well known, so we
focus on how to update the B, matrices with regularisation

Update B, matrices

18



We propose using ADMM to update the B3-components

minimize f(x)+ g( x)

X

19



We propose using ADMM to update the B-components

minimize f(x) 4+ g(zx)

X,Zx \

Auxiliary variable for the
regularisation

20



We propose using ADMM to update the B-components

minimize f(x) 4+ g(zx)

X,Zx

S.t. X = Zy \

Auxiliary variable for the
regularisation

21



We used the following splitting scheme to find B -matrices
with regularisation

K
minimize Z H AD;B] - X, H2 + 98 (ZB,)
{P"""ZBA’ ’YBA'}kgK k=1 F
S.t. BA. = ZB;,) Vk
B, =Yg, Vk
YL Yg, =9, VEk

22



We used the following splitting scheme to find B -matrices
with regularisation

.
minimize Z H ADkBI — Xk H2 + 9B ( )
{Bx.Z5,, Feck ket F
s.t. By Vk
B, VEk
! = P, Vk

23



We used the following splitting scheme to find B -matrices
with regularisation

K 2
minimize Z H AD;B, — Xy H + g8 (ZB,)
{BrZs. Y, b k= F
s.t. =ZB,, Vk
—Va..  Vk
T _ 9, vk

24



We used the following splitting scheme to find B -matrices
with regularisation

K
2
minimize Z H AD;B, — Xy H + g8 ( )
{ ‘YBk}k K k= "
s.t = 3 VEk
=2 4:% W
YL, Yi, =@, Vk

25



We used the following splitting scheme to find B -matrices
with regularisation

L X . 2
(o, minimize 5 || ADAB] - Xu [+ 90 (7.
s.t. By =12Zp,, Vi
By =Ysg,, Yk
YTB,?,YB,{ =P, VEk

26



To obtain a problem that can be solved by ADMM, we use an
implicit constraint instead of an explicit constraint for Y,

K
2
. IéliniYmize} Z H AD;B] — X, HF + 9B (2B, ) + tPF2 ({YBA}kSK)
o8B T B <k k=1
S.t. BA. = ZB;,) Vk

By =YB,, vk

0, ifYL Yp =0 Vk

o0, otherwise

LPF2 ({Y'BA,};CSK> = {

27



\

Using ADMM, we ([ ADeT x| +

obtain the following ;e e min ¢ &|Bx — (25, — 1) )Hfﬁ (
update steps: B A R RNk
( 2 L'_( Br )HF
2
2 o on(z0) Bl et
(t+1) 0 t+1), @® |
{Yg, }k:<K <—{II}13<KLPF2({YB }k<K)+k;§ YB/.-—<B/.- + )HF

(t+1) 0 g g (4D

(t—+—1)(_ (t) +B’<t+1) (t—l—l)

By

28



( T 2 )
AD.BT — X, H +
Update the components to fit the (t+ ) P (t) (f)
data well, while still being close to — rr]131n { 5" By — (Z — Mz, H >
the auxiliary variables ’ p »
[ 2 Bi = (YB’* H

(t+1) . P @+, (b ’
cmin gn(Zs,) + gz (B,

o2

{ F

K

11 , p.

{ (t+ )}kSK — 1111;’1 LPF2 ({ }k~<1<) +Z ,
—

t+1) @) 4 g+l 5 (t+1)

(t+1) (t41)  ~ (t+1)

) 4
29



( T 2 )
F
2
(1) in ;& _(z® _ 0 )HF+ >
P, v H2
\ 2 ( ) FJ

Update first auxiliary variable to

follow regularisation while being close 7,(t+1) : ( 7 ) Plly (B(t+1) (t) )H2
to the components B, H%l;l IB\ “B; LY | =T S 2SS
(t+1) 0 @+, @® |
t+1 : P, [+l t
{ }kSK <_{ mlﬁjLPFQ ({ }k<K>+k¥1 2 ( + )HF
+1) @ + (t+1)_ rp (t+1)
t+1) . @) 4 (t+1)_ ~,(+1)
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Update second auxiliary variable to

follow the PF2 constraint while being

31

close to the components

+1) . min {

P,

2

Py

(t+1)

{Y(t+1)}k<K <_{m1}¥1 LPF2 ({YBk}k<K) +Z pk

YBy frex

(t+1)

(t+1) (t)

( 2

< min QB(

+

(t+1)

(t+1)_

2
+
[
2
[z
P

. (D), (@) >H2
2‘ ( + F
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oo )
F




2 3\

( T
AD B, — Xy H +
F
(t+1) ) A S0 H2
— = — (4w —
min { 5 (Z+ ) F—I— >
Pl _ (v® _ ,,® H2
\ 2 ( ) F
7 (t+1) ; 7 Pl (p(t+1) (t) H2
Li <—m1n gB(_, ) + 5 ( + ) .
(t+1) = P, (t+1) ,  (B) ’
+ . ) t+1 t
{ te<r <_{ v Wk <{ }k<K) 7:; 9 _( - )HF
Update the first scaled dual variable to 11 . 41 41
correct the regularisation coupling “(ZB/{) N (zl)g] + Blg — ZBSk )
t+1) . @) 4+ BTD_ v (+1)
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Update the second scaled dual variable

33

to correct the constraint coupling

y (1F1) — min <

< min

"'f(t 1)
4B

{Y g+1)}k<f< N mi}n LPF2 <{ Y

{ :

(t+1) @

plD — u

AD,B! — X,
2 B
P _v®
\ 2 ( -

QB( Zg, ) +

k=1

1) 5 (t+1
(t+1) ‘LH(+ )

+

+ B (t+1) Y (t+1)

}k<K)+i—

2 N
|+
F
2
(t) H \
F
2
.
2ll- o, 0 |
2z, (B 12, )|
2 B, F
0 (t+1) (t) ’
Y (B4 10|
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\

We repeat these steps ADBT - X, |+
F

N times or until B min § A1, - (28— 0 )Hfﬁ >
convergence for every » R
. . 5 Bl‘ i (YB/ I ) H
outer iteration \ Fo
2
A cmn g() ¢ B (0]

K

t+1 1 £
{Ygg/\, )}kgK <_{\I]n1{1 LPF2 ({YB;.}kgK) +Z §k
Br Sr<k k=1

2

o 2,

(t+1) . (t) 4 B,ft“)— ZB(f.H)

(t+1) « (t) + B}Etﬁ-l)_ Y](Bt;l—l)
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To compute the update for the PARAFAC2 constraint, we use the
Y, = P Ag reformulation used for unconstrained PARAFAC2

2

{Y(t+1)}k<K <_{m1}p LPF2 ({YB; }k:<K) +Z pk

(B(t+1)+ (2) )H
F

T T
P](:H) <_U](€t+1)V}({}t+1) : Ul(<:t+1)S§ct+1)Vl(<:t+1) _ (Bgﬂ) 4 (t) )AB(t)T

- e s e o == -

K

1 T
AgttD - ZkaPgﬁH) (Bl(ft-l—l)_}_ () )
2 k=1PBy k=1
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To compute the update for the PARAFAC2 constraint, we use the
Y, = P Ag reformulation used for unconstrained PARAFAC2

{

36

(

H_l)}k;g[( N

P,(f“)

(t+1)

{

min L(pgo2

}/," K

<{ o< K) +2K: g

( (t+1), () >H2
F

k =1

-
(_Ulgtﬂ)vl(:ﬂ)T’ USH)S/(;H)V;E;HD :(B](:ﬂ)Jr () )AB(t)T

%

1

K

K
Zk:il, PBy,

Z/)B

k=1

k

<t+1>T< (t+1) 4 @) )



To compute the update for the PARAFAC2 constraint, we use the
Y, = P Ag reformulation used for unconstrained PARAFAC2

e )
F

K
t+1 : &
{ (t+ )}k:gK {— mIN LpF2 ({ }k<[()+22

° { }; K k =1

l
|

| e, U,EHI)VEerl)Ta U£?t+l)slgt+l)vl({t+1)T _ ( (t+1) 4 (®) ) )T
l ' )

l

I K

1 T
AR 3" pp P (B,(j“) +u® )
: D k=1PBy j—1
|
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To compute the update for the PARAFAC2 constraint, we use the
Y, = P Ag reformulation used for unconstrained PARAFAC2

2

{Y(t+1)}k<K <_{m1}p LPF2 ({YB; }k:<K) +Z pk

(B(t+1)+ (2) )H
F

T T
P](:H) <_U](€t+1)V}({}t+1) : Ul(<:t+1)S§ct+1)Vl(<:t+1) _ (Bgﬂ) 4 (t) )AB(t)T

- e s e o == -

K

1 T
AgttD - ZkaPgﬁH) (Bl(ft-l—l)_}_ () )
2 k=1PBy k=1
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To evaluate the effect of adding constraints to PARAFAC2
models with AO-ADMM, we used numerical experiments on
simulated data

40



A: Truncated normal (1=10)

B,: PDF of Gaussian (1=50):
[bk]r - pGAUSS(H/{V’ Gkr)
W, ~ 1, 0.41% (shifting)
u, ~M-7,0)
o, ~ ¢, +/No, 0.1)
o ~ U0.5,1)

C: Uniform (0.1, 1.1) (K=50)

7: 0.33

X1

xnoise =X+ 778
€|

(C,'Z'jk; ~ N(O, 1)

0.5 4

0.0 -
0.5 4

0.0 -
0.5

0.0 -

0.5 A

0.0 -
0.5 1

0.0 -

For evaluating unimodal constraints we generated B,
components as shifting gaussian PDFs with varying widths

‘A' \’ '0\"“
RIIIAN

=

-10

RO

S
:f‘?i‘\\\\\

10

(Violates the PARAFAC2 constraint)

50 different datasets each setup, decomposed with 20 random initialisations for all models,

selected model (that is not degenerate) with lowest loss.



Constraining the B, matrices improves accuracy in all modes

FMS A FMS B FMS C
1.0

FMS
- | I T'—__—E'_T_
JameT T =TT
L4
| ‘ . 1.0 T | 1.00
O.Gj ' j | l n {0.9 i i T?TI:O 95
? I 0-8 | i T I T )

0.4- - - -

I T T T T T T T I T T

I T T T T
ALS HALS NN NN&U ALS HALS NN NN&U ALS HALS NN NN&U ALS HALS NN NN&U

ALS: Non-negative A & C imposed with ALS

HALS: Non negative A, B,;s & C imposed with flexible coupling with HALS
NN: Non negative A, B,s & C imposed with AO-ADMM

NN&U: Non negative A, B,s & C and unimodal B,s imposed with AO-ADMM

R
1 ~ T2
FMS = =" ‘alérbr b,clé,

r=1
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Constrained PARAFAC2 AO-ADMM also showed improved recovery
and interpretability using various other constraints

Graph Laplacian regularization

Component 1 Component 2 Component 3
ol o | o
=t =} =}
7
— N P i N
I \ A, 7 4 N -
—_ N, 2 s —_ b ¥ [Yg — TRt g o o e IET NG
— Madil: b Sl e N — L R TIR L R R Y \\
m T \ ) it m 9
\
\
S \ ST =}
\\\\\\ \ ' T T T T T T T T T T T
100 200 100 200 100 200
J J J
Total variation regularization
Component 1 Component 2 Component 3
2l - i ~
=) Kl =) ‘i 1 ol
H | i! |
= Fi " | |
- N | I ol
- g L g - | I = |
— - | —~ | il — |
E ¥ "l____ E | SRS T L Wesar— E '—.‘———\-—-‘——-"r-’-"-\.,-_r
i i —
S S <)
100 200 100 200 100 200
J J J
True ALS AO-ADMM (no ridge) === AO-ADMM
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PARAFAC2 AO-ADMM is faster than the flexible coupling with
HALS scheme

mg— 3 components
NA
as;
A: Truncated normal (I=10) g =
B,: PDF of Gaussian (/=50): = L ........... ]
T ek I
[b,].. = b, 0 25 50 0 25 50
jr oYj+kmod 7, r . .
[b,],; Truncated normal Time [s] Time [s]
C: Uniform (0.1, 1.1) (K=50) g_ 5 components
7: 0.33 M
U)O'_
s
<} | S R
[1X|| - 0 50 100 150 0 50 100 150
Xnoise = X +nE g E’ijk ~ N(07 1) Time [s] Time [s]

€]l

50 different datasets each setup, decomposed with 10 random initialisations for all models,
45 selected model (that is not degenerate) with lowest loss.
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Smoothness regularisation leads to less noisy brain-activation maps
when applied to fMRI data

47



Smoothness regularisation leads to less noisy brain-activation maps
when applied to fMRI data
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Smoothness regularisation leads to less noisy brain-activation maps
when applied to fMRI data
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Smoothness regularisation leads to less noisy brain-activation maps
when applied to fMRI data
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Smoothness regularisation leads to less noisy brain-activation maps
when applied to fMRI data
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Constrained PARAFAC2 can improve interpretability in a

chemometrics application

\» Component 5

Component 6
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(b) AO-ADMM (non-negativity on all modes).
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Constrained PARAFAC2 can improve interpretability in a

chemometrics application
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Constrained PARAFAC2 can improve interpretability in a
chemometrics application
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(b) AO-ADMM (non-negativity on all modes).
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More details are available in our papers and on GitHub

e Roald M, Schenker C, Calhoun VD, Adali T, Bro R, Cohen JE, Acar E. An AO-ADMM approach to
constraining PARAFAC2 on all modes. Submitted to SIMODS, arXiv:2110.01278
o Code at: GitHub.com/MarieRoald/PARAFAC2-AOADMM-SIMODS

e Roald M, Schenker C, Cohen JE, Acar E. PARAFAC2 AO-ADMM: Constraints in all modes.
In2021 29th European Signal Processing Conference (EUSIPCO) 2021 Aug 23 (pp.
1040-1044). IEEE.

o Code at: GitHub.com/MarieRoald/PARAFAC2-AOADMM-EUSIPCO21

55


https://github.com/MarieRoald/PARAFAC2-AOADMM-SIMODS
https://github.com/MarieRoald/PARAFAC2-AOADMM-EUSIPCO21

There is also a Python package for fitting constrained PARAFAC2
models with AO-ADMM

https.//github.com/MarieRoald/matcouply
https://matcouply.readthedocs.io/



https://github.com/MarieRoald/matcouply
https://matcouply.readthedocs.io/

In summary, our AO-ADMM scheme allows for fitting PARAFAC2 with

flexible constraints on all modes and such constraints can improve
accuracy and interpretability
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