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This note sets out a concern regarding the way in which the Hausman–Taylor panel estimator is im-
plemented in current software, for the case where the panel is unbalanced (i.e. the number of usable
observations differs across individuals). The first section makes the point in theoretical terms and the
second section backs up the theoretical argument via simulation. So far I have not been able to find a
discussion of this point in print. While several texts give an account of the Hausman–Taylor estimator
(Greene, Verbeek, Wooldridge, Cameron and Trivedi), they don’t say anything about using it on an
unbalanced panel.

1 The theoretical argument

The model is
yi t = β0 + x′1i tβ1 + x′2i tβ2 + z′1iα1 + z′2iα2 + ui + εi t

where x1 and x2 are time-varying and z1 and z2 are time-invariant. The variables x1 and z1 are exoge-
nous in the sense of being uncorrelated with the individual effects, ui , while x2 and z2 are so correlated.
All of the regressors are assumed to be uncorrelated with εi t .

In general, x1i t , x2i t , z1i and z2i are vectors of length k1, k2, l1 and l2, respectively, subject to the
identification requirement k1 ≥ l2. In the following it will simplify notation, without loss of relevant
generality, to assume k1 = k2 = l1 = l2 = 1—that is, to have just one variable in each of the four
categories.

The algorithm for the Hausman–Taylor estimator—for balanced panel data in which the time-series
length, T , is the same for all groups—is commonly given as follows:

1. Regress ỹ = (yi t − ȳi ) on x̃1 = (x1i t − x̄1i ) and x̃2 = (x2i t − x̄2i ), which gives estimates of β1
and β2. Use the residuals from this regression, ei t , to estimate σ 2

ε .

2. Perform an IV regression of the stacked group means of ei t on z1 and z2, using as instruments z1
and x1.

3. Use the residual variance from step 2, σ ∗2, to estimate σ 2
u = σ

∗2
− σ 2

ε /T , and calculate the GLS
coefficient

θ = 1−

(
σ 2
ε

σ 2
ε + Tσ 2

u

)0.5

4. Finally, perform an IV regression of y∗i t = (yi t − θ ȳi ) on w∗i t = (wi t − θw̄i ), where wi t =

(x1i t , x2i t , z1i , z2i ). Use as instruments x̃1, x̃2, x̄1 and z1.

Ths issue I wish to address is the status of x∗1 —that is, quasi-demeaned x1—in the final IV regression.
Note that if the panel is balanced, x∗1 is effectively treated as exogenous. It does not appear explicitly
among the instruments, but we have the exact linear relationship

x∗1i t ≡ (x1i t − θ x̄1i ) = (x1i t − x̄1i )+ (1− θ)x̄1i = x̃1i t + (1− θ)x̄1i

so that x∗1 is “perfectly instrumented” by x̃1 and x̄1.

This is as it should be. By assumption x1i t is independent of ui , and therefore so is x̄1i . The transfor-
mation x∗1i t = x1i t − θ x̄1i clearly does not introduce any dependence on ui . So x∗1 ought to be treated



as exogenous. It is not included as an instrument simply because it would be redundant, given the point
made above.

Now consider the unbalanced case. It is standard to calculate σ 2
u as σ ∗2−σ 2

ε /T̄ , where T̄ is the harmonic
mean of the Ti s. And θ varies by individual according to

θi = 1−

(
σ 2
ε

σ 2
ε + Tiσ 2

u

)0.5

This means there is no longer an exact linear relationship between x∗1 and the instruments x̃1 and x̄1.

Question: In the unbalanced case, should x∗1 be added to the set of instruments in the final IV step of
Hausman–Taylor?

I say yes. The alternative (including x̃1 and x̄1 as instruments, but not x∗1 ) amounts to treating x∗1 as
endogenous, but there is no reason for this. When the panel is unbalanced, x∗1i t is defined by

x∗1i t = x1i t − θi x̄1i

Does the substitution of θi for the common θ in the balanced case make any relevant difference to the
status of x∗1 ? No, because the only way in which individual-specific information enters θi is via the
number of observations, Ti , and there is no reason to believe that Ti should be correlated with ui .

I conclude that failing to include x∗1 as an instrument in the unbalanced case will degrade the efficiency
of the estimator. Yet this is what is done in Stata’s xthtaylor command and in R’s plm package.

2 The case from simulation

If the argument above is correct, it should be possible to show via simulation the degradation of the effi-
ciency of Hausman–Taylor when quasi-demeaned x1 is treated as endogenous in the final IV regression,
given unbalanced data. Conversely, if the argument above is wrong then presumably simulation should
produce evidence of inconsistency when quasi-demeaned x1 is added as an instrument.

To explore this I ran a simulation of the following form.

1. For k iterations, generate a random dataset with a known set of parameter values and a correlation
structure that respects the Hausman–Taylor assumptions. Randomly assign missing values to
some proportion of the observations.

2. For each dataset, run the Hausman–Taylor procedure both ways (respectively omitting and in-
cluding x∗1 as an instrument in the final stage) and record the parameter estimates.

3. Calculate the mean and mean-squared deviation of the estimates from the parameters.

Specifically, I constructed datasets containing one variable in each of the categories x1, x2, z1 and z2,
using the parameter values β0 = β1 = β2 = α1 = α2 = 1. The panel comprised T = 10 observations
for each of N individuals. The series were constructed as follows:

ui = N(0, 1)
x1i t = N(0, 1)
x2i t = N(0, 1)+ aui

z1i = N(0, 1)
z2i = N(0, 1)+ aui + bx̄1i

εi t = N(0, 1)
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with a = 0.3 and b = 0.5. The formula for x2i t ensures that x2 is endogenous; and that for z2i ensures
both the endogeneity of z2 and its correlation with x1, which is wanted so that x1 can serve as an
instrument for z2.

In the case of the time-invariant variables, random sequences of length N were generated and the value
for each individual was entered at all T observations.

After constructing the data a uniform random series, v, was generated on [0, 1) and the value of the
dependent variable was set to “missing” at observations for which vi t < 0.04, giving an expectation of
4 percent unusable observations.

The parameter values chosen are obviously arbitrary, but one point should be noted. Since σ 2
u is esti-

mated indirectly, it is quite possible in finite samples to get a zero or negative value for σ̂ 2
u , in which

case the standard procedure is to set θ = 0. This destroys the distinction I’m interested in, between the
two variants of the Hausman–Taylor estimator. It’s therefore necessary to calibrate the simulation so
that a non-positive σ̂ 2

u doesn’t arise too often.1

Table 1 shows results for the mean value of estimate minus parameter, relevant to assessing consistency.
The number of replications was k = 5000 in all cases but figures are given for three different values of
N, namely 20, 50 and 200. The main result from this table is that there’s no evidence of inconsistency
in the version of the estimator that includes x∗1 as an instrument (nor of bias in smaller samples).

β0 β1 β2 α1 α2

N = 20, T = 10
omit x∗1 0.031303 0.000434 0.000874 −0.007954 −0.003457

include x∗1 0.001845 0.000363 0.000948 −0.001666 0.009120

N = 50, T = 10
omit x∗1 0.001573 0.000397 0.000376 0.012398 0.284385

include x∗1 0.000747 0.000402 0.000408 −0.000261 −0.003131

N = 200, T = 10
omit x∗1 −0.000119 −0.000096 0.000101 −0.003591 −0.018581

include x∗1 0.000236 −0.000137 0.000101 0.000030 0.011458

Table 1: Mean of estimate minus parameter, 5000 replications

Table 2 shows the standard deviation of estimate minus parameter, relevant to assessing efficiency;
results are again given for N equal to 20, 50 and 200, with k = 5000 throughout. Here we see that the
relative performance of the variants strongly supports the contention made in section 1. Specifically,
the α (and β0) estimates show much greater variance when quasi-demeaned x1 is not included as an
instrument in the final IV regression; indeed, the variance of α̂ is such that these estimates may be
useless in practice.

As a practical point, it should be noted that the inclusion (in the unbalanced case) of x∗1 as an instrument
alongside x̃1 and x̄1 in the final Hausman–Taylor regression may well produce near-singularity of the
instrument matrix, depending on the dataset (this was evident in the simulations). However, with modern
econometric software this does not pose a serious problem, since redundant instruments will be dropped
automatically.

1In the results reported below I discarded iterations in which σ̂ 2
u was non-positive, continuing until the specified number of

replications was reached with non-zero θ .
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β0 β1 β2 α1 α2

N = 20, T = 10
omit x∗1 2.036401 0.077817 0.076546 2.996147 8.700012

include x∗1 0.166085 0.077332 0.076361 0.170719 0.632291

N = 50, T = 10
omit x∗1 1.288251 0.048650 0.048729 2.109779 21.625948

include x∗1 0.084164 0.048321 0.048635 0.102877 0.677500

N = 200, T = 10
omit x∗1 0.101043 0.024468 0.024217 0.120490 1.391243

include x∗1 0.030562 0.024364 0.024209 0.033399 0.302520

Table 2: Standard deviation of estimate minus parameter, 5000 replications
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