
Physics 780 – General Relativity 
Solution Set V 

 
52. In class we demonstrated that a general gravity wave can be written as 

( ) *ik x ik xh x h e h eµν µν µν
⋅ − ⋅= + , where hµν is a complex tensor which is assumed to be 

spacelike only 0 0h ν = , and transverse so 0k hµν
µ = .  Let’s assume it is traveling in the 

+z direction, so ( ),0,0,k k kµ = . 
(a) Substitute this expression into the formula for the gravitational stress-energy in this 

case, 1 1
2 48 Gt h h h hασ ασ

µν µ ν ασ µ ν ασπ = − ∂ ∂ − ∂ ∂ . 
 
We simply substitute it in and start simplifying, so we have 
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(b) Some of the terms now have no space dependance, and others go like 2ik xe± ⋅ .  Argue 

that the terms like 2ik xe± ⋅  will average to zero if you time average (what is the 
average value of cos(2ωt) and sin(2ωt)?). 

 
 These terms have expressions like cos(2ωt) and sin(2ωt), which have an average value of 
zero, and hence are irrelevant.  Hence the only relevant terms are the remaining ones, which 
looks like *1

28 G t k k h hασ
µν µ ν ασπ = .  Nice and simple! 

 
(c) Write an explicit expression for the time-averaged value of 30t  in terms of hµν  and 

*hµν .   
 
 Since k3 = ω, we have 30 3 0 * 2 *1 1

2 28 G t k k h h h hασ ασ
ασ ασπ ω= = . 

 
(d) If we write h h e h eµν µν µν

+ ×
+ ×= + , write 30t  explicitly in terms of h+  and h× . 

 
 The non-zero components of the two polarization tensors are 11 22 1e e+ += − =  and 

11 21 1e e× ×= = .  It is easy to see that these are real, and that 2ij ij ij ije e e e+ + × ×= = , while 0ij ije e+ × = .  We 
therefore have  
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53. In class we found the following expressions for the magnitude of the gravitational waves 

in terms of quadrupole moments: 

 ( )00 2 0 0 2 2, 2 , 2ij ii i i ij ij ij ij m
i j j mh k k Q Q h h Q k h Q k k Q Qω ω ω δ ω= + = = = + − 



 

 The four-vector k is given by ( ),k µ ω= k , with ω = k . 

(a) As a warm-up, find the trace h hµ µν
µ µνη= .   

 
 We have 

 ( )00 2 2 2 22 3 2 2 .ii ij ii ii m ij ii
i j m i jh h h h k k Q Q Q k k Q Q k k Q Qµ µν

µ µνη ω ω ω ω= = − + = − − + + − = − 



 

 
(b) We now want to start checking the harmonic condition 1

2k h k hµν ν µ
µ µ= .  Check this 

for the time component 0ν = . 
 
 We will work out both sides until the expression is manifestly true: 
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At this point it is pretty easy to see it is true. 
 

(c) Now check it for the space components, jν = . 
 
 We substitute in again, as before 
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The first two terms cancel, and other than some slight relabeling, the remaining terms are 
identical on the two sides of the equation, so we are done. 


