Solutions to Problems 10a

1. Find the following decay rates for the 7z~ lepton: 7 (p,)
F(z" - Vre_l7e), F(r" —>vT,u_17ﬂ), F(r" —>deLT),

e
w

I'(z —v,sT) (don’t forget colors). Assume all final

@

particles are massless. Calculate the total decay rate, and
the branching ratio for each of the first two decays, and - ( pl)
compare with the experimental values. The decay rates
are easily computed with minor modifications of eq.
(10.15). Don’t be bothered if you don’t get exactly the
right answer.
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The diagrams all look very similar, and are sketched at

ﬁéaﬁ

right. For the electron and the muon in the final states, the d ( p3)
amplitudes are identical, namely a(p,)
—i I r_ _ -
iM= (Zx/g_j [u27#(1_75)U1][U37;,(1_7/5)\/4]- ’ (pl) Vr(pz)
d
For the other two diagrams, there will be an additional factor for _( P:)
the CKM matrix, so we will get T(py)

i/\/l(r_ avrdﬁ)z(z_\i/%j Vu’; I\/Ii2 [Uzy" (1—;/5)u1][U37/# (1—7/5)v4],

iM(T__)VrSU):(Z_\I/g’j us Mz[uﬂ/ 1 75) :||:U37/4(1_7/5)V4:|'

It should be understood that these two amplitudes are correct assuming the quarks have identical
color. The calculation will be identical with the notes, except that the muon mass will be
replaced by the tau mass. The quark decays, of course, will have the CKM matrix elements
squared as well. We therefore have

1

F(z‘" —>vre"17e)=F(z' —SV,uUV, ) 1927 ——G!m?,
F(T" —)VTdU) = GEIm? |V, |2 : F(z“ —>vrd§)= ~GEm? Vus|2 :

The last two equations are if you were going to a particular color. So we need to triple to
account for the three colors, so

2
vus| .

r(r-—>vrdﬁ):64—1ﬂge,§mf|vud|2, [(r —>v,05)= 17[3 G2m®

The total decay rate, therefore, will be

E 1

o = 155 3 G (14143 3N ).



We can estimate the relevant matrix elements using equation (10.71) together with (10.62) to
yield

*

VoV +V, Vo =1-V,Vy =1-V,, [ =1-0.00351% = 0.99999.

us " us ul

To far more accuracy than we need, we can just approximate this as one. We therefore have
5 2 5 5

tot ¥ a3 OFLE = 3
1927 1927

_ 2.0235x107° eV
6.582x107*° eV s

r (1.16637x10°° GeV 2 )" (177682 GeV/)’ = 2.0235x10% GeV

=3.074x10"% s,

The lifetime will therefore ber =T =3.25x107 s. The actual lifetime is about

tot
r=2.90x107" s, about a 12% error, probably mostly because we are pretending the final
hadronic states are all massless. The branching ratio will be predicted to be
F(r>vew,) 1 T(r>vuv,) 1

T _g, BR(/[—)VT,LI*V#): T :g.

BR(r” > v.e¥,)=

tot tot

Though it isn’t correct, it isn’t terribly far from the experimental value of 17.83% and 17.41%
respectively. In fact, these are off by essentially the same factor, because the leptonic decays are
accurately predicted (though the muon decay should be corrected for the finite muon mass).

mass, but including the W-mass, in GeV. Note that even though this
is considered a “weak” decay, it has a very large rate (a GeV rate is
faster than typical strong interactions).

3. Find the decay rate for top decay, t —-W b, neglecting the bottom t _)_zb
W,
There is only one process, sketched at right. The Feynman amplitude will be

. —ig |\, .
IM :_gvtb [ubyy (1_75)ut}8/1
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We multiply this by its complex conjugate in the usual way to yield
|i./\/l|2 =1g° |th|2 g;(ev [Uby“ (1— ys)ut][Ut (1+ Vs )7Vub]

We then sum over final spin and final polarization and average over the initial spin, keeping in
mind that we are treating the bottom quark as massless, and we obtain

A NM =50° Mol (=0, +9,0, /ME)Tr] gy (1-75) (o +m ) (1+75) 7" ]

Itisn’t hard to see that (1— 7, )(1+7,) =0 and (1-y,) g, (1+75)=(1-7)° B, =2(1-75) B;, SO
we have



IYIM =20 Vo[ (-9, +a,0, /MG ) Tr] g (L-75) o ]
=10 Nl Tr[(1-7) (— " 7, + M oo )|
=50Vl Tr[(21-70) (2, 0+ M gt |
=%92|th|2{2pb-pt+M‘2[2(pb'q)(pt'q)—(pb~pt)q2+i6“ﬁ‘”pbaqﬁpt,,qv]}
=g* V| (3PPt -q)/Mi -

We now need to work out all the dot products. The momenta satisfy p, = p, +q. We
can square this directly, or rearrange it in a variety of ways to demonstrate that

m? =p?=(p,+q)° =2p,-q+M2, so pb~q:%(mt2—M\,2V),
Ozpjz(pt—q) =m’+M/ -2p,-q, SO pt-q:%(m2+M2),
My =0’ =(p,—P,) =M =2p,-p,, SO PP, =3(m’=My).

Substituting these expressions in, we have

2 pp2 2 2
s = S| TN M)y i o 2 )
w

where we used G = 92/4\/§M\A2, at the last step. We now go through the usual steps to get the
decay rate, namely

D 4
C= o o ij Slim da= 22 ”p fe| (2 =2 )(me +2M3).

The momentum is the same as the energy of the b-quark, which can be found from
2

P, - Py = ME, :%(mt -My ) Substituting this in, we have

PG V[ (M2 - M2 ) (mi +2M2).

8\/§ﬂm

This process is sometimes referred to as semi-weak, since it has only one factor of G..
Numerically, its value works out to

~ 1.166x10”° GeV
8727 (172.9 GeV)’

x| (172.9 GeV)’ +2(80.4 GeV)’ |
~1.49 GeV .

(0.999)° [(172.9 GeV)’ —(80.4 GeV)ZT

This very large decay rate makes it clear that “weak” interactions are not always weak.



