Physics 741 — Graduate Quantum Mechanics 1
Solutions to Chapter 7

7.1 [10] Derive Eqs. (7.10) using only the commutation relations Egs. (7.7).

Eq. (7.10a) is trivial: J] =(J, £i/, )T =J,FiJ,=J.. For Eq. (7.10b), we just start
working it out:

(32,7, =0+ I 0 |+ [ V2.0, | =0, [, 0, + [, 0, |0, + [ J.0 ]+ [0,
=ih(~JJ, = J.J,+J.J,+J,J,)=0,

(32,0, |=[0, [+0+[ 2.0, | =T [ S d, |+ T, |+ L[, |+ .0, ]
=ih(J J. +J.J ~JJ ~JJ.)=0,

(320 =[]+ [ 0= [ )+ [0 )T+, [, [+ 00, ],
=ih(~JJ,~J J, +JJ +JJ,)=0.

The remaining relations follow trivially: [JZ,JJ = [JZ,JX + in] = [JZJ Ji i[Jz,J] =0.
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For (7.10c) we again just work it out:

[V )=V J2i T, [=ih] F7°0) =4k +ih], =+h(J, £ih],)=%h..

And finally, for (7.10d), we expand the right side and show that it is equal to the left side:

J S T, = (T Fi ) (S, 2, )+ SR =T ki) J Fid J 4T TR
SRS VAAIES VAR A VAR IR VS VAR

7.2 [10] For j =2, we will work out the explicit form for all of the matrices J.
(a) [S] Write out the expression for J; and J: as an appropriately sized matrix.

Since j = 2, the matrix will be of size 2-2+1=5. For J3, we will have a diagonal matrix
with elements running from 2% down to —27% . For J+, we will have elements just along the

diagonal, where the value in the row labeled by m will be h\/ j*+ j—m®+m,and J.is just the
Hermitian conjugate of J+. Hence we have

200 0 0 02 0 0 0 00 0 00
010 0 0 006 0 0 2.0 0 00
J.=h|0 00 0 0| J=hlg 0 0 6 0/ J=h0 6 0 0 0
000 -1 0 00 0 0 2 0 0 6 0 0
000 0 -2 00 0 0 0 0 0 0 20




(b) [2] Write out J, and J,.

This is just a matter of taking J_ =(J, +J_)/2 and J, = (J, —J_)/2i

01 0 0 0 0O - 0 0 0
10 2 o0 o i 0 —iff 0 0
Jo=hlo 2 o B ool Jo=nlo iz 0 iz 0
00 2 o0 1 0 0 i 0
00 0 1 0 o0 0 i 0

. 2 _ g2 2 2. . . .
(¢) [3] Check explicitly that J° =J +J +J is a constant matrix with the appropriate

value.
IO\EOO 10—\/%0 4 0 0 0 0
0 £ 0 2 0 o 3 0 -3 0100 0
J=wlE o 3 0 B+ F 0o 3 0 —[E[+F|0 00 0 0
0 2 0 % 0 0 -3 0 & 0 00010
0 0 0 1 0 0 —fF o 1 0000 4
60000
06000
=r’l0 0 6 0 0|=6n"1
0006 0
00006

The appropriate value is #* ( J 4 ) =60,



