Physics 741 — Graduate Quantum Mechanics 1

Final Exam, Fall 2016

Each question is worth 25 points, with points for each part marked separately. Some
possibly useful formulas can be found at the end of the exam.

1. The ™ baryon is a particle made of three quarks, one each up (u), down (d), and strange (s).
These quarks are each spin %, and they are believed to have no orbital angular momentum.
() [10] Based only on the spins of the quarks, if we measured S, the spin on just the up

quark what would we get? What could we possibly get if we measured the sum of the up

and down quarks, SZ,, where S, =S, +S,? What if we measured the total spin squared,

S? =(S, +S, +8,)"?
(b) [8] In fact, the = is known to be spin 2. In light of this, how, at all, would your
answers change to part (a)?

(c) [7] A particular ™ has its spin around the z-axis measured, and it is found to have
eigenvalue +17. If this same =™ were to have the z-component of the strange quark

measured S, or the combined z-component spin of the up and down quarks S
would be the possible outcomes?

what

ud,z !

2. An electron is in a region with scalar potential U = —%c(x2 + y2) and vector potential
A=3b(x* +y*)z
(@) [5] Find the electric and magnetic field from these potentials
(b) [8] Write the Hamiltonian explicitly. Show that it commutes with one of the momentum
operators. Which one?

(c) [12] Find the commutator of L; and S; with the Hamiltonian H. Show that only one of L,
Sz and J, =L, +S, commutes with H. To save time, you may use the fact that L.

commutes with both P2 and with X +Y?2.

3. The one dimensional infinite square well with width a for spinless particles of mass m has
eigenstates |y, ), which have energy E, = ﬁznzhz/(Zmaz).

(@) [3] What are the corresponding energies for a three-dimensional infinite square well of
side a?

(b) [8] Suppose we have 14 spin-0 identical non-interacting particles in this same 3D square
well. Would these particles be bosons or fermions? In the ground state, which states
would be occupied, and what would be the energy of the ground state?

(c) [14] Suppose we have 14 spin-Y2 identical non-interacting particles in this same 3D
square well. Would these particles be bosons or fermions? In the ground state, which
states would be occupied, and what would be the energy of the ground state?



4, Two electrons are in one dimension, one each in the two orthonormal wave functions
¢ (x)= JaeM and 4, (x)=v22° xe "™ . However, these wave functions do not take into

account the electron spin, nor do they take into account the fact that they are fermions.
(a) [9] Assume the two particles are in one of the two spin states | . ) :%(|+—>i|—+>). In

each case, write out explicitly the properly normalized space wave function w(xl, xz).

(b) [8] For each case, find the probability that the first particle is at a positive position, x, >0.

(c) [8] For each case, find the probability that both particles are at a positive position,
X, X, >0.

s(£60
5. Anparticle is in the state |y/) = ( ((126))] but the angle @ is unknown, and has a ¢ chance
2
of being in each of the values €=0,} 7,7
() [8] Find the state operator p.
(b) [9] Find the expectation value of the operators S, and S, for this state operator.

(c) [8] Show that if the Hamiltonian is H =aS_, the state operator will be time independent.

6. This problem is to be worked entirely in the Heisenberg formulation of quantum mechanics.
Consider a particle of mass m in the one-dimensional linear potential V (X )=-aX .

(@) [9] What is the Hamiltonian? Find expressions for the derivatives of the position
operator X and momentum operator P.

(b) [9] Solve for the position and momentum operators at time t in terms of the operators at
time 0.

(c) [7] Show that there is a minimum uncertainty relation between the uncertainty of the

initial position Ax(0) and the position at time t, Ax(t).
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