
Physics 742 – Graduate Quantum Mechanics 2 
Solutions to Second Exam, Spring 2023 

 
 The points for each question are marked.  Each question is worth 20 points.  Some 
possibly useful formulas appear at the end of the test or on the handout. 
 
1. A particle of mass m is in the ground state of a 3D harmonic oscillator with time-

dependent frequency, so ( ) ( )2 21
2,V t m tω=r r .  At t = –∞, ( ) 0tω ω= , while at t = +∞, 

( ) 02tω ω= .  What is the probability it ends in the ground state if the process is (a) 
adiabatic, or (b) sudden? 

 
 Obviously, the ground state has the minimum energy.  The potential can be written in the 
form ( ) ( )( )2 2 2 21

2,V t m t x y zω= + +r , so the potential can be split into three separate 
Hamiltonians, and the resulting wave function will be of the form of products of wave functions 
in the three dimensions.  At both the beginning and the end, we therefore have 
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The only difference between the initial ground state and the final state is that the value of ω  
changes from 0ω  to 02ω , so we have 
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 In the adiabatic approximation, the ground state evolves to the ground state, so we would 
have ( ) 1g gP ψ ψ ′→ = .  In the sudden approximation, the probability is given by the square of 

the magnitude of the inner product of the two states, so 

( ) ( ) ( )

( )

2 2
0 0

2
0

22 3 *

23/4 3/4
2 20 0

0

22 3/23/2 3/2
3 23/4 2 3/40 0 3

20
0

3/2
3/4

2

2 12 4 2 4
3 2

2 12 4
3 2 2

g g g g g g

m r m r

m r

P d

m m d e e r dr

m me r dr
m

ω ω

ω

ψ ψ ψ ψ ψ ψ

ω ω
π π

ω ωπ π
π π ω

ππ
π

∞ − −

∞ −

′ ′ ′→ = =

   = Ω   
   

      = = Γ    
      

  = ⋅ 
 

∫

∫ ∫

∫

r r r

 



 



 

2 29/4

3/2

2 16 2 83.8%.
3 27

  
= = ≈   

    

 

 
 
 



2. A particle is in the ground state 0,0,0 of a 3D harmonic oscillator with frequency 0ω .  
A perturbation of the form W XYZα=  is turned on at time t = 0.  Find the probability 
to leading (second) order in α that it is in some other state at time T. 

 
 We need the effect of the perturbation on the state, which is given by 
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 To leading order, the only state that can be excited is therefore 1,1,1 .  We need the 

matrix element ( ) ( )111,000FIW t W t= , which is simply ( )3/2
02mω .  The scattering amplitude is 

given in this case given by just ( ) ( )1

0
FI

T i t
FI FIS i dtW t e ω−= ∫ .  We will need the frequency 

difference, which is 
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We therefore have a scattering matrix element of 
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The probability of a transition is just the square of the magnitude of this expression, so 
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3. Suppose that we have a solution ( ), tΨ r of the free Dirac equation, so 

( ) ( ) ( )2, ,i t i c mc t
t

β∂
Ψ = − ⋅∇ + Ψ

∂
r α r  .  Show that ( ), tΨ −r  is generally not a solution, 

but that ( ), tβΨ −r  is, where β  is the matrix appearing in the Dirac equation. 
 
 We start by simply substituting ( ), tΨ −r  in, and then seeing if we can turn it back into 
the starting equation. We start with  

( ) ( ) ( )2, , .i t i c mc t
t

β∂
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∂
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We now let →−r r  everywhere in this equation, but keeping track of the fact that the gradient 
will change sign in the process.  We therefore claim this equation is equivalent to  
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This obviously failed. 
 We try again, but this time substituting ( ), tβΨ −r , so we have 
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We again substitute →−r r  everywhere, so we have 
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 We would like to bring the β ’s to the left.  This can be done on the left, and since β  
obviously commutes with itself, it can also be done on the last term on the right.  However, 
because i iα β βα= − , we must change the sign on the first term on the right, so we have 
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We now simply wish to “cancel” the factor of β  on both sides.  This can be done most clearly 
by multiplying by β  on the left of both sides and using 2 1β =  to yield 
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This is the original Dirac equation, so our argument has been proven. 
 
 
 
 
 
 



4. An electromagnetic system is in a superposition of zero or one photons state, 

( )2 0 1, ,1 1, , 2N iψ = + +q q , where ˆq=q z , 1 ˆ=qε x  and 2 ˆ=qε y .  Find the 

normalization N and the electric field expectation value ( )ψ ψE r .  Your final answer 
should be manifestly real. 

 
 The normalization can be found by demanding that 
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Up to an irrelevant phase, this means that 1
2N = .  We then compute the electric field using 
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The electric field operator either adds or subtracts one photon, and there is only zero or one 
photon on the left of the right.  The only non-zero terms will be either when we start with no 
photons and create one, or we start with one photon and end with zero, so we have 
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The only value of k that contributes is k = q, so we collapse this sum. We also write out the 
polarization sums explicitly as two terms.  We then use †0 1, , 0 1, ,a aσ σ σττ τ δ= =q qq q  to 
simplify, which turns this into 
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The final answer is manifestly real. 
 
 



5. An electron of mass m is in a 3D cubical infinite square well of size a in the state 
, , 4,1,1x y zn n n = . Find the dipole matrix element FIr  between this and any of the 

lower energy states ,1,1n , and the rate Γ to decay to each of these states. 
 
 The eigenstates of the 3D infinite square well are of the form , ,x y zn n n , and they have 
wave functions and energies of 

( )2 2 2 2 2

, , , ,3

8 sin sin sin , .
2x y z x y z

x y zyx z
n n n n n n

n n nn yn x n z E
a a a a ma

πππ πψ
+ +    = =    

    



 

We are supposed to only go down in energy, so we assume n < 4, so there are only three cases, n 
= 1, 2, and 3. 
 In the dipole approximation we need to calculate the FI F I=r R . If we calculate some 

component other than x, then the x-integral will yield ( ) ( )
0
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only non-zero components will be the x-components, for which we have 
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The only non-zero values are when n is odd, so we have 
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We will also need the frequencies in each case, which are 
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We now substitute into the formula for spontaneous decay via dipole moment to find 
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One could continue and find the branching ratio, which in this case works out to 7
142  for the first 

one and 135
142  for the second, but I’m glad I didn’t ask for that. 

 



Possibly Helpful Formulas: 
 
 

Possibly Helpful Formulas: 
 
 

 
 
 

 
 
 
 
 
 

Possibly Helpful Integrals: 
The formulas below assume n and p are non-negative integers 
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1D infinite square well:  
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Trigonometry 
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1D harmonic oscillator:  
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Time-dependent Perturbation Theory 
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Electric field operator 
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Dirac Matrices 
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