
MTH 351/651
Fall 2025
Exam 1
09/26/25

Name (Print): key

This exam contains 7 pages (including this cover page) and 6 problems. Check to see if any pages
are missing. Enter all requested information on the top of this page. and put your initials on the
top of every page in case the pages become separated.

The following rules apply:

• If you use a “fundamental theorem” you
must indicate this and explain why tile theorem
ma’.’ be applied.

• Organize your work, in a reasonably neat and
coherent way. in the space provided. WTork scat
tered all over the page without a clear ordering
will receive very Lit tie credit -

• Short answer questions: Questions labeled as
“Short Answer” can be answered by simply writ
ing an equation or a sentence or appropriately
drawing a figure. No calculations are necessary or
expected for these problems.

• Unless the question is specified as short an
swer, mysterious or unsupported answers
might not receive full credit. An incorrect
answer supported Lv substantially correct calcu
lations and explanations might still receive partial
credit.

‘ Problem Points Score
I

1 15

2 10

3 10

[ 4 2t1

5 25

6 20

Total: - 100

Do not write in the table to the right.
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1. (15 points) (Short Answer) Determine if the folltnvhig statement is correct (C) or incorrect
(I. Just cncle C or I. No need to show am work. lii order for a statement to he correct it
must be true iii all cases.

Let f JR —* JR he a smooth function and consider the dynamical svsteiii
1 f. ii r satisfies f(* = 0 and f’(.r )=0 then ,r is a send—stable fixed
point.

C ( Let f JR JR be a smooth function and consider the dynamical system
± f(x). If x satisfies f(x*) = 0 and .r is unstable then f’(y*) > 0.

(3, I Let f JR —4 x he a smooth function and consider the dynamical system
i = f(x). j .r satisfies fCrfl = I) then ±L,. = 0.

C () Let f JR —* JR I a site )otIi hunt ion mmd consider the dynaimiical system
= f(x) If this system has two fixed points then both of these points cati be

stable.

Let f JR R he a Sflmoothi fnnction and consider tin’ dvnaiimica system

.1: f(s) If this svsteuuu as one fixed point a* and it is stabLe and x(t) solves
± = f(s) with initiaL condition i(S) = s0, then there exists a T satisfvnig
0 < T < oz such that s(T) .r.
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2. (10 points) Consider tiLe differential equation

where f(a) is plotted below.

± f(x).

y

a x

(a) (2 poiiits) Short Answer: On the hgure indicate aitv hxed points. i.e.. eq
for t Ii is differential eqi i at ion.

iiiiihriuiti points.

(b) (3 points) Short Answer: Sketch a one—diuensional phase portrait for this probleiti.

1. L

Ic) (5 points) Short Answer: On one axis. sketch the corresponding solution curves .r(t) for
this problem. \our solution curves should contain all possible qualitatively different types
of solutions curves.

)

2.

A
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3. (10 points) Consider the differential equation

where V (r) is plot ted below

c/i
‘=

y

x

(a) (2 points) Short Answer: Dii the figure indicate any fixed points. i.e., equilibrium points,
for this differential equation

I b) (3 points) Shoart Answer: Sketch a u v—di netishnial phase rt nut [(Jr tins inubleiti

-

_

(c) (5 points) Short Answer: On one axis, sketch the corresponding solution cnrves xQ) for
this problem. Your solution curves should contain all possible qualitativel different types
of solutions curves.

It

4
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1. (20 points) One model for spread of malaria assumes the population of mosquitoes is in equi—
lihriuin -and models the dynamics of the infected population I by the differential equation

I / IN
= A + I V —

— p1.

where n.A .N. p > 0 are all constants.

(a) (5 points) Determine the dimensions of the constants a. 4. N. ji

LoãJr [it=yp
LA1

(h) (5 points) By making -an appropriate change of variables. show that tlus sstem can he
put into the following dimensionless form

(Ltf() °‘

(IT h+r

where a and h are quantities to be determined -

‘-vA-. ikererL7

dl dA-kt
C bi.i5C(j UcJ’;ç
iu4 DpNcAx [-x)-,oIjx

cfl Wt Atl”I>c
— °

- .
- b4-x

(c) (5 pomts) For the (llnlenslollless system derived in part (b). for what va]nes of a and b is
the fixed point a- = 0 stable.

Le-i-s--.Ihi, F(x)AU-1we
/

c14J tW.$ XL) N 5k41c it

/
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5. (25 points) For p C 1k. consider the following dynamical system:

± r(p — 3) — .r2.

(a) (5 points) Determine the fixed points for this problem.

/70 £C’O it,—

£sa x =-u--- 3.

(1) (5 points) Classify the stability of t lie fixed points for this problem as a function of p.
You do not have to worry about the case when the fixed points are seiiiistable.

K’
)(t1u-3 Vfr941L1

C! 2C0>3)’

(c ) (5 points) Sket cli all quahitat In Iv 1i1 (It’ lit phase portraits that occur as ji is varied You
(10 not have tt worry about the ist wi nit the fixed points are seuiist dl )l(.

,4/>3

A)— 3 0
(d ) (10 poi iits) Sketch a hi iircation thiagran for this problem as a fi inctioii of At and identify

the hifiircations that occur.

d?3? Xtz&

2.

.frvyp cuies

( )

/ 3 -‘4.

K/
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6. (20 points) Consider the following differential equation i = p f(s) where p c R is a constant
and f(.r ) is plot ted below

f( x)

x

(a) (1 point) Short Answer: For all values of p. what is urn p + f(s)?

(h) (3 points) Short Answer: For what valnes of p does this svsteni have no fixed points?

(c) (3 points) Short Answer: For vI1at values of p does this system have two fixed points?

c< 0
(d) (3 points) Short Answer: For what values of ji does this system have four fixed points?

0 1u<
(e) (10 points) Short Answer: Sketch a bifurcation diagram for this problem,

diagram he sure to label and classify any hifnrcation points.
on voi ii

I-i) (I.
-

I)
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