
Homework #3
MTH 351/651: Fall 2025
Instructor: John Gemmer

Directions: Solve the problems below. Then write or type your solutions clearly. Do not submit dis-
organized scratch work, only your well-written complete solutions. You should think of any scratch
work as you would think of a “rough draft”; your submission with well-organized calculations and
relevant explanations should be thought of as your “final draft”.

Problems to be completed by all students

Problem 1. Consider the following model for the population of infected individuals during an
epidemic:

İ = αI(N − I)− βI − f(I)I,

where
f(I) =

γ

A+ I
,

and α, β,N, γ,A > 0 are all parameters. Note, we are implicitly assuming I ≥ 0.

(a) Calculate f(0), lim
I→∞

f(I), f ′(I), and f ′′(I). Use this information to sketch a graph of f(I) on

the positive real axis.

(b) Give a practical interpretation of the function f(I). That is, thinking of f(I) as an additional
recovery rate, what could this function model in the real world?

(c) Determine the dimensions of the parameters α, β,N, γ,A.

(d) Show that there exists a dimensionless change of variables in I and t such that this system is
equivalent to the following dimensionless system

dx

dτ
= ax(1− x)− x− bx

c+ x
,

for some appropriate constants a, b, c.

(e) For this dimensionless system, calculate the fixed points for this system and analyze their
stability.

(f) Show that there exists a different dimensionless change of variables in I and t such that this
system is equivalent to the following dimensionless system

dx

dτ
= ax(b− x)− cx− x

1 + x
,

for some other appropriate constants a, b, c.



Problem 2. In this problem you will be considering three simple models of fish in a fishery. Let
N(t) be the population of fish at time t. In the the absence of fishing, the population is assumed to
grow logistically. Three possible models are as follows:

Model #1: Ṅ = rN

(
1− N

κ

)
−H1,

Model #2: Ṅ = rN

(
1− N

κ

)
−H2N,

Model #2: Ṅ = rN

(
1− N

κ

)
−H3

N

A+N
,

where H1, H2, and H3, and A are positive constants.

(a) For each model, give a biological interpretation of the fishing term. How do they differ? What
is the meaning of the constants H1, H2, H3, and A?

(b) Why is model #1 not biologically realistic?

(c) Which of models #2 or #3 do you think is best and why?

Problem 3. Modify the Matlab code for Euler’s method to create your own code that implements
the modified Euler method. Use your code to plot all possible qualitatively different solution curves
for Models #1, #2, #3 for the parameter values r = 1, κ = 5, H1 = 1, H2 = 2, H3 = 3, and A = 1
over the interval of time [0, 11]. You can just submit printed out versions of your plots.

Problem 4. One possible way that populations can be modeled is not by modeling the number of
individuals but by the fraction of patches of land that a species can occupy. For example,

Ṗ = cP (h− P )− µP,

where P (t) denotes the fraction of occupied patches. The number h denotes the fraction of patches
that are actually habitable for the population and, hence, h−P is the number of empty but habitable
patches. Note, 0 ≤ P ≤ h ≤ 1.

(a) Determine the dimensions of the constants c, h, µ and provide practical interpretations of c
and µ.

(b) Find the equilibrium for this system and analyze their stability.

(c) For fixed values of c and µ, sketch a bifurcation diagram with h as the parameter.

(d) Do all the habitable patches have to be destroyed before the population dies out?



Problem 5. For each of the following problems sketch all qualitatively different phase portraits
that occur as r is varied. In each problem sketch a bifurcation diagram of fixed points x versus r
and determine what type of bifurcation occurs.

(a) ẋ = 1 + rx+ x2

(b) ẋ = rx+ x2

(c) ẋ = r − 1
2

(
ex − e−x

)
(d) ẋ = x− rx(1− x)

(e) ẋ = x+
rx

1 + x2

(f) ẋ = r − 3x3

(g) ẋ = rx− x

1 + x2

(h) ẋ = rx+
x3

1 + x2


