MTH 383/683 Name (Print): k. (A4
Fall 2026 /
Exam 1U
09/25/26

This exam contains 7 pages (including this cover page) and 6 problems. Check to see if any pages
are missing. Enter all requested information on the top of this page, and put your initials on the
top of every page, in case the pages become separated.

The following rules apply:

e If you use a “fundamental theorem” you T
must indicate this and explain why the theorem Problem | Points | Score
may be applied. %
1 15
¢ Organize your work, in a reasonably neat and -
coherent way, in the space provided. Work scat- 2 15
tered all over the page without a clear ordering
will receive very little credit. 3 20
e Short answer questions: Questions labeled as
“Short Answer” can be answered by simply writ- 4 15
ing an equation or a sentence or appropriately
drawing a figure. No calculations are necessary or 5 15
expected for these problems. [ =
6 20
e Unless the question is specified as short an- — A
swer, mysterious or unsupported answers Total: 100

might not receive full credit. An incorrect
answer supported by substantially correct calcu-
lations and explanations might still receive partial
credit.

Do not write in the table to the right.
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1. (15 points) Short Answer: Determine if the following statement is correct (C) or incorrect
(I). Just circle C or I. No need to show any work. In order for a statement to be correct it
must be true in all cases.

@ I If (Q,F,P) is a probability space and A, B € F are mutually disjoint, then

P(AU B) = P(A) + P(B)

C @ If (2, F, P) is a probability space and A, B € F are independent, then

P(ANB) =0.

@ I If (Q,F, P) is a probability space and A, B € F are mutually disjoint events
with P(A) > 0 and P(B) > 0, then A and B cannot be independent.

O = PLAND# P(AYP(RY#0.

@ I If (Q,F, P)is aprobability space and A, B € F are independent, and P(B) # 0
then
P(A|B) = P(A).

= PLAnB) = PCAYPLB) =
T BT =y
C @ If (Q, F, P) is a probability space and A, B € F satisfy A € B and P(B) > 0

then
P(A|B) = P(A).

PLAIBY=P(AnD) = P(A)_#PLA)
P(B)  PLB)
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2. (15 points) Suppose (2, F, P) is a probability space and A, B € F satisfy

P(A) = % P(B) = % andP(AN B) = %

(a) (5 points) Compute P(AU B).
PLALR)= PUAYHPLB)~P(AAR)
AvB)= Pl iy
3 2 %
= 7
12
(b) (5 points) Compute P(A|B).

PLAIB)=P(AAD) :_‘é_:‘/l
PRy

(c) (5 points) Compute P(A°N B)

P(AAB)= P(B)~ P(AnB)
il
't

H

1

2
=

IT
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3. (20 points) Suppose X is a random variable that is uniformly distributed on the interval [0, 2]
and let Y = VX.

(a) (5 points) Short Answer: Write down the probability density f(z) that corresponds to
the random variable X.

5()()::? L ,o=xs2

0 ) Dch

(b) (10 points) Find the cumulative distribution function (CDF) of Y.

F(y)=P(Y<y)=( 0, y<o ==>F()/)‘—"— » y<°
’ 7 M, 05y >z 042
L, y>z L, y2dL

=(0, yi°
E P(E<y) 0<ysii
| )/2 {L
{ y‘ 2 ‘I)' ’ 0‘<7 <2
{(c) (5 points) Find the probability densﬂ:y functlon PDF) of Y.
'S’()'r)“-'-’ dF - ( o, y<0 or/%fz
d/ ) 0=y= JZ
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4. (15 points) Let X be an exponential random variable with the following density

e ™ >0

where A > 0.
(a) (5 points) Compute P (1 < X < 3).

PI<X<3)= S’ A k= - g
|

{(b) (5 points) Compute P(2< X <4and 1< X < 3).

P(2<Xx<t |<X<3)= Sf A gz g2

(c) (5 points) Compute P(2< X <4|1< X <3).

P 2<x<4]1<X<a)= e e »

e’ e
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5. (15 points) Let X = (X,Y) have the following joint probability density

2(z + D<y<z<l
i, )-{ (2+y) O<y<z<l
otherwise

(a) (5 points) Short Answer: Are X and Y independent random variables?

No

(b) (5 points) Find the CDF of the random variable X.

)= zg)= A
fa)= P(x2a) ﬁ bk st
l, a>|

= o a<o
Sq(zx+x Yax, 0<a<|
|, axl
= 0 a<o0
E a’, o<a<)

|, a=l

(c) (5 points) Find the marginal density fx(x).

$p )= dfy =( 0, x<0 or x>|

———

dx 3K p<x <!
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6. (20 points) Let X and Y be independent random variables with moment generating functions

¢x(t) = et'/? and Py (t) =y

respectively, and let Z =X + Y.

(a) (5 points) Short Answer: Write down the definition of the moment generating function
@z(t) of the random variable Z.

&y (D)= ELe* )

(b) (5 points) Find the moment generating function of Z.

4 ()= LB ]=E[# %% z_] =X ]
=S Go(#)= e*yl
|-
(c) (5 points) Compute E[Z].

Lt A =L
P (H= et , Pttt

= dyplo)=0, $ylo)=|
= ELX]:OJ Er_ﬂ:‘
S ErZ]=EXIH Y= 1.

(d) (5 points) Compute E[XY].

EIX¥]=ELX]RIY]=0.
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This exam contains 7 pages (including this cover page) and 6 problems. Check to see if any pages
are missing. Enter all requested information on the top of this page, and put your initials on the
top of every page, in case the pages become separated.

The following rules apply:

e If you use a “fundamental theorem” you
must indicate this and explain why the theorem Problem | Points | Score
may be applied.
1 15
e Organize your work, in a reasonably neat and
coherent way, in the space provided. Work scat- 2 20
tered all over the page without a clear ordering
will receive very little credit. 3 15
¢ Short answer questions: Questions labeled as
“Short Answer” can be answered by simply writ- 4 15
ing an equation or a sentence or appropriately
drawing a figure. No calculations are necessary or 5 15
expected for these problems.
6 20
e Unless the question is specified as short an-
swer, mysterious or unsupported answers Total: 100

might not receive full credit. An incorrect
answer supported by substantially correct calcu-
lations and explanations might still receive partial
credit.

Do not write in the table to the right.
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1. (15 points) Short Answer: Determine if the following statement is correct (C) or incorrect
(I). Just circle C or I. No need to show any work. In order for a statement to be correct it
must be true in all cases.

© I If (2, F, P) is a probability space and A, B € F are mutually disjoint, then

P(AU B) = P(A) + P(B)

C @ If (Q, F, P) is a probability space and A, B € F are independent, then

P(ANB)=0.

@ 1 If (9}, F, P) is a probability space and A, B € F are mutually disjoint events
with P(A) > 0 and P(B) > 0, then A and B cannot be independent.

@ I If (2, F, P) is a probability space and A, B € F are independent, and P(B) # 0
then
P(A|B) = P(A).

C ® If (Q, F, P) is a probability space and A, B € F satisfy A C B and P(B) > 0
then
P(A|B) = P(A).



MTH 383/683 Exam 1G - Page 3 of 7 09/25/26

2. (20 points) Suppose X is a random variable that is uniformly distributed on the interval [0, 2]
and let Y = vX.

(a) (5 points) Short Answer: Write down the probability density f(z) that corresponds to
the random variable X.

§'~ g ‘/)./ 0<X<2

o, ow.

(b) (10 points) Find the cumulative distribution function (CDF) of Y.
Fi=PlEe)=(% 1< s Fpz( o yeo

ll Y>E l/ y)\{-z

=£0, )/<.o
P(x<"), Osyslz
b, y7 iz

— 0 y<D
Qtdy, 05717
by y>i

(c) (5 points) Find the probability density function (PDF) of Y.
§ly)=dE= (1 0, y<o
dy Y, 05y=il
1, y=IT
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3. (15 points) Let X be an exponential random variable with the following density

de ™% >0
f(z)"{o $<0s

where A > 0.
(a) (5 points) Compute P (1 < X < 3).

P(I1xX<3)= S:}\c""alx = e ?

(b) (5 points) Compute P(2< X <4and 1< X < 3).

)
P( l<X<‘f} KX<3)= 52 >\6'xxdx: évlc'»‘

(¢) (5 points) Compute P(2< X <4|1< X <3).

P(2<X <] I<x<3)= e'm-c'%

e
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4. (15 points) Let X = (X, Y') have the following joint probability density

2(:1:+y) O<y<z<l1
f(z,y) = . :
otherwise

(a) (5 points) Short Answer: Are X and Y independent random variables?

Ne.

(b) (5 points) Find the CDF of the random variable X.

Rld= P (x<a)=[ g a<o v
SS’zcmy)dydx p<a<| }
|, a>] L

9 a<o0

’ 0<a<|
\, a>|

d—
ap—

(c} (5 points) Find the marginal density fx(z).

3} (x\*de(ﬂ 5 0, a0 oraxl.
dx 34 0<Q<\

-
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5. (15 points) Let (Q,F, P) be a probability space and let A;, Az,... € F be mutually disjoint
events satisfying

P (An) ==
Define

n

o0
= U Ax and B U A,
k=1 k=1
(a) (5 points) Compute P(B,) and briefly justify your answer. Hint: Recall that for r # 1,

i k_ ar(l—r")
k=1

P(B= f ch—f—*%t ("> = 2(-f)=(-8)

l<"c

(b) (5 points) Compute P(B) and briefly justify your answer.
B/ ConShvoc rivny b, & Bas) and thes b/ Contindidy of ProLab' l'y

PBY=P(T A p(08.)=, - PUb )=k~ 1) = L

Wiz h=l

(c) (5 points) The “lim-sup” of a sequence of events A, Ay, ... € F is the event defined by

o 00
limsup A, n U Ag.

e n=1k=n

Compute
P (lim sup An)

n—oo

and briefly justify your answer.

TF we l¢+ C = U AK |+ Hllows Hhat C,‘,..Cm..l AlJol
k=n

F(Cn)z l"’?( B,,). Ther(-Forc, lb/ Cm-hm:y of P'bb"’;l:b'
b = A = lin [ =l |- P
(850 Ax)= P(Rc.)= lom PLe) =) |- PB)=0
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6. (20 points) Let X be a Gaussian random variable on a probability space (€, F, P) with mean
1 = 0 and variance o2.

(a) (5 points) Short Answer: For a positive random variable Y on (2, F, P) write down
Markov’s inequality.

P(Y>a)% 5 ELYL, Ar avo

(b) (5 points) For n € N, prove Chebyshev’s inequality:

1

PGanV‘): PLX}>»’}7’ é#_ﬁfk#

(c) (5 points) For n € N, prove that for all £ > 0

2
P(X >no) < g o+ t?

Hint: The moment generating function of X is given by ¢x(t) = e t*/2,

r (X>no') f(g*x> tbw‘)< “*"V‘E[ef-x:[_, -tnr{-r%

(d) (5 points) Using the result in part {c), prove that
P(X > no) < e /2,
Hint: Think about how you would make the upper bound in part (c) as small as pos-
sible. Remark: The point of this problem is to demonstrate how much the bound on

Chebyshev’s inequality can be improved given knowledge of the distribution.

M:n:m?%:y "';6"\?"«#0’276%_ yHhe mnimund valve occvrs when
d 3 - 17‘23\'::
ﬁ(-tﬂr+o~ x%)_.-nv‘* G,
Thes' #he miaioum occors when f':'% y?c[.(:‘),
1 kS t
-=N 4 -n

e



