Homework #1, Due Date: 09/04/26
MTH 383/683: Fall 2026
Instructor: John Gemmer

1 Problems for all Students

Problem 1. Prove the following defining properties of a probability space ({2, F, P).
(@) If A, B € Fsatisfy AN B = () then P(AU B) = P(A) + P(B),
(b) Forall A e F, P(A°) =1— P(A),
(c) Forall A,Be F, P(AUB) = P(A)+ P(B) — P(ANB),
(d) If A,B e Fand A C Bthen P(A) < P(B).

Problem 2. Let (2 be a sample space with a finite number of elements and let F be the set of all

subsets of 2. Prove that if we define P : F +— [0, 1] by P(A) = % then P satisfies the three defining

properties of a probability. Note, in this problem | - | denotes the cardinality of a set.

Problem 3. Let px be the distribution of a random variable X on some probability space (2, F, P).
Show that px satisfies the three defining properties of a probability on R.

Problem 4. Consider the probability space (€2, F, P). Let Ay, Ay, As, ... be an infinite sequence of
events in F such that P(A4,) =1foralln > 1andlet B =", A,.

(a) Prove that B € F,
(b) Prove that P(B) = 1.

Problem 5. Let X be a random variable on (€2, F, P) that is uniformly distributed on [—1, 1] and
let Y = X2

(a) Find the CDF of Y and plot its graph.
(b) Find the PDF of Y and plot its graph.

Problem 6. Let (€2, F, P) be some probability space. Recall that two events A, B € F are indepen-
dent if P(AN B) = P(A)P(B).

(a) Prove that if A and B are independent, then A¢ and B are also independent.
(b) Prove that if A and B are independent, then A° and B¢ are also independent.

(c) Prove that if A and B are independent, then

P(AUB) =1- (1 — P(A))(1 - P(B)).



2 Problems for Graduate Students

Problem 7. Hint: You should work through the proof of Lemma 1.4 in the text before doing
this problem. Let ({2, F, P) be a probability space and A,, € F be a sequence of events. Prove that
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Problem 8. Hint: You should work through the proof of Lemma 1.4 in the text before doing
this problem. Let (2, F, P) be a probability space. We say a sequence of events A4,, converges to
A as n — oo, written as 4,, — A, if for all w € A there exists N(w) € N such that for all n > N(w),
w € A, if and only if w € A.

(a) Prove that A, — A if and only if for all w € €2, ILm 14, (w)=14(w).

(b) Let A,, be an increasing sequence of events, i.e., A; C Ay C A3 C ..., prove thatif A, — A
then h_)m P(A,) = P(A).

(c) Let A, be a decreasing sequence of events, i.e., ..., A3 C Ay C Ay, prove that if A,, — A then
ILm P(A,) = P(A).

(d) Let A,, be a sequence of events, prove that if A, — A then 1i_>m P(A,) = P(A).

Problem 9. Let 2 be any set and .4 any collection of subsets of (2. Define F(.A) to be the intersec-
tion of all o-algebras containing .A. Prove that F(.A) is a o-algebra and it is the smallest o-algebra
of subsets of {2 containing A.

Remark This definition of the o-algebra generated by A is abstract and is useful in proving things
but is often useless in practice. It is often better to think F(.A) as consisting of all subsets which
come about as all possible unions and intersection of sets in A.



