Homework #3, Due Date: 09/18/26
MTH 383/683: Fall 2026
Instructor: John Gemmer

1 Problems for all Students

Problem 1. Let X = (X,Y) be a random vector with joint density

62y 0<z<yandz+y <2

flz,y) = -
0 elsewhere

(a) Find the probability density functions of X and Y.

(b) Are X and Y independent random variables?

Problem 2. Let X be a random variable on a probability space (2, 7, P) with an exponential
distribution with parameter A > 0.

(a) Show that the moment generating function of X is given by

6(t) =E[eX] = = fort < A

(b) Use ¢(t) to compute the expectation and variance of X.

Problem 3. Let X1,... X, be n independent and identically distributed exponential random vari-
ables with parameter A > 0andlet Z = X; +... + X,,.

(a) Find the moment generating function of Z.

(b) A random variable Y is said to have a gamma distribution with parameter A\ > 0 if it has the
following probability density

fly) = ey e, Yy =0
0, y<0’

where n € N. By finding the moment generating function of Y, prove that the sum of n inde-
pendent and identically distributed exponential random variables is a gamma distribution.

Problem 4. Let Z be a standard Gaussian random variable.

(a) Show that for o > 0 and i € R the random variable X = oZ + y is also a Gaussian random
2

variable with mean y and variance o~.
(b) Show that the moment generating function of a Gaussian random variable X with mean u
and variance o2 is given by
o(t) =E [etX] _ tutt?o?/2.

Problem 5. Let X;, X, be two independent but not necessarily identically distributed Gaussian
random variables. By computing its moment generating function, prove that Z = X; + X5 is a also
a Gaussian random variable.



