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Outline

1. Lecture 1 (2/22/19) Survey of Nonlinear Analysis:

a. Intro to nonlinear methods
b. Intro to some modern problems in calculus of variations
c. Intro to Gamma convergence

2. Lecture 2 (3/01/19) Pattern Formation in Hyperbolic Sheets:

a. Intro to non-Euclidean model of thin elastic sheets
b. Existence and regularity of (some) solutions to Monge-
Ampere equation

3. Lecture 3 (3/08/19) Large Deviations in SDES:

a. Intro to Friedlin-Wentzell functional
b. Tipping events in piecewise-smooth SDEs.
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Evans, L. C. (1990). Weak convergence methods for nonlinear partial differential equations
(No. 74). American Mathematical Soc..

Braides, A. (2002). Gamma-convergence for Beginners (Vol. 22). Clarendon Press.

Young, L. C. (2000). Lecture on the calculus of variations and optimal control theory
(Vol. 304). American Mathematical Soc..



Big Picture

Solve the following equation:
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CBMS Nu] = f

Regional Conference Series in Mathemalics

Number 74 Idea: Solve approximate problem
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Goal: Prove the following
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Problem: Weak Compactness
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WhX Care?

Theorem

Proof.




The World’s First Nonlinear Problem

Your “mathematical reality” is @, solve the following equation:
r? =2

Approximation Schemes:
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Solution to Square Root Problem
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V/2 is an equivalence class of approximations schemes! That is, it is
an equivalence class of Cauchy sequences.

Equivalence relation: lim |z,, — vy, | = 0.



We All Live in a Cave

GENERALIZED CURVES AND FLOWS 165

Shadows| / 7}
in the cavejf  /
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The road The fire™

The classical concept of a curve ¢ corresponds very closely to the curves that we see and
draw; and such curves can twist and turn and zigzag back and forth; moreover they can have
highly complicated self-intersections. This is only the shadow. If we choose to substitute for it
the notion of curvilinear integral #{C}, it will become an element g of our dual space €§(4).
This element, of course, we cannot see directly, but only by its shadow . However, it is g and
not ¢ which obeys our criterion of simplicity, for g is a linear function of the new variable

fe €,(4).

The real thing in % (A)
(a linear function of £},

The shadow in the cave

§65. A HUMAN ANALOGY



Calculus of Variations ExamEIe 1
/W d:z:—/ol(<j‘i>2—1) dx

£(0) = £(1) =0

Goal: Find J that minimizes the functional F .




Calculus of Variations Example 2
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Calculus of Variations Example 3
E.[f] = %/01 ((jﬁ)Q _ 1)2 d:c+e/01 (%)2 da.

Good guess:
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Calculus of Variations Example 3
E.[f] = %/01 ((jﬁ)Q _ 1)2 d:z:+e/01 (%)2 da.

e =0.31623 e =0.31623

x)
f’(f{;) , \f”h(w)#\

£ £
Energy concentrates on tip of triangle (Defect).



Calculus of Variations Example 4
Elf] = 52/01 f(:l:‘)Qda:Jr/Ol ((j‘i)Q — 1)2 da?+€2/01 (%)2 dx.

0.4+
_ 0.3+
B Defects
=0l / / \\
0.1+
OO 012 014 016 018 1
N = 4 of triangles = E[f] ~ 1+ Sen
— #£ of triangles S |
5 N2 ' 3°

1

Optimizing = N = .4563¢ 3



Calculus of Variations Example 4
Elf] = 52/01 f(:l:‘)Zda:‘Jr/Ol ((j‘i)Q — 1)2 dx+€2/01 (%)2 dx.

0=1, € =0.31623 and N =1 0=1, € =0.31623 and N =1
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Energy concentrates on defects.



Gamma-Limits

Definition: Let F, : X — R. Wesay F,, I'-converges to
F: X — Randwrite I' — lim,, . F,, = F'if

1. Asymptotic Lower Bound: For everyz € X, and every
T, — Tin X:

F(x) < liminf F},(z,).

n— o0

2. Recovery Sequence: For every x € X, there exists some
., € X such that z,, & X in X and:

F(x) > limsup F},(x,,).

n— o0

Theorem (Fundamental Theorem of -Convergence)

r . - .
If F,, — F and x,, minimizes F,,, then every limit point of the sequence
(Zn )neN IS @ minimizer of F'.




Examples:

[' — lim,, o cos(nx)?

I'— L !
lim,, s oo (§x2 + sin(nx)) 7

I'—Ii : e

— lim nx+1 "
L — OC 9 _%SxS%?

1 r > L

—n

[’ — lim,, ,sonxexp(nx)?



Calculus of Variations Example 3
E.[f] = %/01 ((jﬁ)Q _ 1)2 d:c+e/01 (%)2 da.

Good guess:

0.5
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Observations

E[f]:(SZ/Olf(x)?der/Ol ((j‘i)Ql)Q d:z:+62/01 <%)2 dz.

1. Competition between different terms energy scales drives pattern formation.

2. “Simple” differential equations give the correct pattern.
3. Knowing how the patterns partition energy (scaling laws), the problem
reduces to solving a discrete optimization problem.
Big Picture:

e In an indirect manner we have developed rigorous asymptotic
approximations to solutions to a fourth order nonlinear differential equation.

« We have also developed a simple robust discrete numerical algorithm for
solving the equation.

o This technique is similar to the viscosity method for regularizing shocks in
hyperbolic systems.
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