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of inflection and thus are valid isometric immersions for the
Kirchhoff model. However, periodic Amsler surfaces will be-
come singular when ϕ(z) is a multiple of π forming a sharp
crease in the surface (Fig. 10). By asymptotic analysis of (30),
it can be shown that that maximum radius Rn for a disk that
can be cut out of the surface An scales like Rn ∼ ln(n). 36

Fig. 11 Periodic Amsler surfaces with n = 2,3,4 and 5 waves

respectively. These surfaces are not drawn to scale, but are close to

the maximum radii allowed before the principal curvatures diverge.

The coloring of the disks corresponds to contours of arclength data

and indicate how the different geodesic disks cut from these surfaces

would appear.

In contrast to the disks cut from the hyperboloids, the bend-
ing content of the periodic Amsler surfaces is concentrated in
small regions along lines of inflection and near the singular
radius (Fig. 12). In fact, for large radii, the periodic Amsler
surfaces are energetically preferred over their smooth counter-
parts (Fig. 13). To be precise, we minimized the energy (22)
over the one-parameter family of hyperboloids of revolution
defined by (24) for each radius and we selected the hyper-
boloid with the lowest value of W for this radius. We then
compared this optimal energy over the disks cut from hyper-
boloids to corresponding disks cut from the periodic Amsler
surfaces. We also see that at the critical radius Rn the periodic
n-wave Amsler surface An no longer has finite bending energy
and a profile with a higher number of waves is selected. This
gives a natural mechanism for the refinement of the number
of waves with increasing radius and could explain why the
morphology of crochet models of H2 becomes increasingly
complex with increasing radius.56
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Fig. 12 A representation of the geodesic disks cut out of Amsler

surfaces with n = 2, . . . ,5 waves colored by k2
1 +k2

2. These disks

each have a maximum radii of R = 1.2654, 1.8505, 2.2342, 2.5199

beyond which one of the principal curvatures diverges. The bending

content of these disks is concentrated in small regions near the

singular edge of the disk and for n ≥ 3 along lines of inflection.

4 Discussion of results and future directions

From the results we presented in section 2 and 3 it is clear
that the current non-Euclidean model of elasticity cannot ade-
quately explain the periodic morphologies of the hydrogels in
Fig. 3. Moreover, the measured bending content of the hydro-
gels diverges according to the scaling t−1,11 which is a curious
result in that it contradicts the known existence of smooth iso-
metric immersions of gK0 for finite domains.80 Specifically,
we showed in the FvK model there are only two types of
global minimizers - saddles and flat sheets - in the limits of
thin and thick sheets, and no intermediate asymptotic regime
in which shapes with more waves have lower energy. In ad-
dition, it follows from our analysis in the Kichhoff approxi-
mation, that for the radii and curvatures used in experiments
the saddle shape is indeed the energetically preferred shape in
the vanishing thickness limit. However, the n-periodic shapes
we constructed in the FvK and Kirchhoff approximations do
agree qualitatively with the experimental observations and the
exact isometric immersions with a periodic profile refine with
increasing radius matching observations in the crochet models
of H2.56

We suggest the following future avenues of research that
could lead to improvements in the modeling that might be nec-
essary for a better quantitative description of the experimental
phenomena:

1. The periodic shapes in swelling hydrogels are the result
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Outline
1. Lecture 1 (2/22/19) Survey of Nonlinear Analysis:

a. Intro to nonlinear methods 
b. Intro to some modern problems in calculus of variations 
c. Intro to Gamma convergence

2. Lecture 2 (3/01/19) Pattern Formation in Hyperbolic Sheets:
a. Intro to non-Euclidean model of thin elastic sheets 
b. Existence and regularity of (some) solutions to Monge-

Ampere equation

3. Lecture 3 (3/08/19) Large Deviations in SDES:
a. Intro to Friedlin-Wentzell functional 
b. Tipping events in piecewise-smooth SDEs.
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Big Picture
Solve the following equation:

N [u] = f
<latexit sha1_base64="TvU6rg+m/H5+M28YUR1DgZVcPUU=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OJJKtgPSEPZbDft2s1u2N0IIfQ/ePGgiFf/jzf/jds2B219MPB4b4aZeWHCmTau++2UVlbX1jfKm5Wt7Z3dver+QVvLVBHaIpJL1Q2xppwJ2jLMcNpNFMVxyGknHN9M/c4TVZpJ8WCyhAYxHgoWMYKNldp3fhpcRf1qza27M6Bl4hWkBgWa/epXbyBJGlNhCMda+56bmCDHyjDC6aTSSzVNMBnjIfUtFTimOshn107QiVUGKJLKljBopv6eyHGsdRaHtjPGZqQXvan4n+enJroMciaS1FBB5ouilCMj0fR1NGCKEsMzSzBRzN6KyAgrTIwNqGJD8BZfXibts7rn1r3781rjuoijDEdwDKfgwQU04Baa0AICj/AMr/DmSOfFeXc+5q0lp5g5hD9wPn8AI92O1A==</latexit><latexit sha1_base64="TvU6rg+m/H5+M28YUR1DgZVcPUU=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OJJKtgPSEPZbDft2s1u2N0IIfQ/ePGgiFf/jzf/jds2B219MPB4b4aZeWHCmTau++2UVlbX1jfKm5Wt7Z3dver+QVvLVBHaIpJL1Q2xppwJ2jLMcNpNFMVxyGknHN9M/c4TVZpJ8WCyhAYxHgoWMYKNldp3fhpcRf1qza27M6Bl4hWkBgWa/epXbyBJGlNhCMda+56bmCDHyjDC6aTSSzVNMBnjIfUtFTimOshn107QiVUGKJLKljBopv6eyHGsdRaHtjPGZqQXvan4n+enJroMciaS1FBB5ouilCMj0fR1NGCKEsMzSzBRzN6KyAgrTIwNqGJD8BZfXibts7rn1r3781rjuoijDEdwDKfgwQU04Baa0AICj/AMr/DmSOfFeXc+5q0lp5g5hD9wPn8AI92O1A==</latexit><latexit sha1_base64="TvU6rg+m/H5+M28YUR1DgZVcPUU=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OJJKtgPSEPZbDft2s1u2N0IIfQ/ePGgiFf/jzf/jds2B219MPB4b4aZeWHCmTau++2UVlbX1jfKm5Wt7Z3dver+QVvLVBHaIpJL1Q2xppwJ2jLMcNpNFMVxyGknHN9M/c4TVZpJ8WCyhAYxHgoWMYKNldp3fhpcRf1qza27M6Bl4hWkBgWa/epXbyBJGlNhCMda+56bmCDHyjDC6aTSSzVNMBnjIfUtFTimOshn107QiVUGKJLKljBopv6eyHGsdRaHtjPGZqQXvan4n+enJroMciaS1FBB5ouilCMj0fR1NGCKEsMzSzBRzN6KyAgrTIwNqGJD8BZfXibts7rn1r3781rjuoijDEdwDKfgwQU04Baa0AICj/AMr/DmSOfFeXc+5q0lp5g5hD9wPn8AI92O1A==</latexit><latexit sha1_base64="TvU6rg+m/H5+M28YUR1DgZVcPUU=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OJJKtgPSEPZbDft2s1u2N0IIfQ/ePGgiFf/jzf/jds2B219MPB4b4aZeWHCmTau++2UVlbX1jfKm5Wt7Z3dver+QVvLVBHaIpJL1Q2xppwJ2jLMcNpNFMVxyGknHN9M/c4TVZpJ8WCyhAYxHgoWMYKNldp3fhpcRf1qza27M6Bl4hWkBgWa/epXbyBJGlNhCMda+56bmCDHyjDC6aTSSzVNMBnjIfUtFTimOshn107QiVUGKJLKljBopv6eyHGsdRaHtjPGZqQXvan4n+enJroMciaS1FBB5ouilCMj0fR1NGCKEsMzSzBRzN6KyAgrTIwNqGJD8BZfXibts7rn1r3781rjuoijDEdwDKfgwQU04Baa0AICj/AMr/DmSOfFeXc+5q0lp5g5hD9wPn8AI92O1A==</latexit>

Nk[uk] = fk
<latexit sha1_base64="YTLzpfIUIXSXupqKwPPJN6a3B08=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OJJKlhbSEPYbDftks0m7IdQQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZF+WcKe26305lZXVtfaO6Wdva3tndq+8fPKrMSEI7JOOZ7EVYUc4E7WimOe3lkuI04rQbJTdTv/tEpWKZeNDjnAYpHgoWM4K1lfp3YeKbMAmu4jAJ6w236c6AlolXkgaUaIf1r/4gIyalQhOOlfI9N9dBgaVmhNNJrW8UzTFJ8JD6lgqcUhUUs5sn6MQqAxRn0pbQaKb+nihwqtQ4jWxnivVILXpT8T/PNzq+DAomcqOpIPNFseFIZ2gaABowSYnmY0swkczeisgIS0y0jalmQ/AWX14mj2dNz2169+eN1nUZRxWO4BhOwYMLaMEttKEDBHJ4hld4c4zz4rw7H/PWilPOHMIfOJ8/q4CRbg==</latexit><latexit sha1_base64="YTLzpfIUIXSXupqKwPPJN6a3B08=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OJJKlhbSEPYbDftks0m7IdQQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZF+WcKe26305lZXVtfaO6Wdva3tndq+8fPKrMSEI7JOOZ7EVYUc4E7WimOe3lkuI04rQbJTdTv/tEpWKZeNDjnAYpHgoWM4K1lfp3YeKbMAmu4jAJ6w236c6AlolXkgaUaIf1r/4gIyalQhOOlfI9N9dBgaVmhNNJrW8UzTFJ8JD6lgqcUhUUs5sn6MQqAxRn0pbQaKb+nihwqtQ4jWxnivVILXpT8T/PNzq+DAomcqOpIPNFseFIZ2gaABowSYnmY0swkczeisgIS0y0jalmQ/AWX14mj2dNz2169+eN1nUZRxWO4BhOwYMLaMEttKEDBHJ4hld4c4zz4rw7H/PWilPOHMIfOJ8/q4CRbg==</latexit><latexit sha1_base64="YTLzpfIUIXSXupqKwPPJN6a3B08=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OJJKlhbSEPYbDftks0m7IdQQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZF+WcKe26305lZXVtfaO6Wdva3tndq+8fPKrMSEI7JOOZ7EVYUc4E7WimOe3lkuI04rQbJTdTv/tEpWKZeNDjnAYpHgoWM4K1lfp3YeKbMAmu4jAJ6w236c6AlolXkgaUaIf1r/4gIyalQhOOlfI9N9dBgaVmhNNJrW8UzTFJ8JD6lgqcUhUUs5sn6MQqAxRn0pbQaKb+nihwqtQ4jWxnivVILXpT8T/PNzq+DAomcqOpIPNFseFIZ2gaABowSYnmY0swkczeisgIS0y0jalmQ/AWX14mj2dNz2169+eN1nUZRxWO4BhOwYMLaMEttKEDBHJ4hld4c4zz4rw7H/PWilPOHMIfOJ8/q4CRbg==</latexit><latexit sha1_base64="YTLzpfIUIXSXupqKwPPJN6a3B08=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OJJKlhbSEPYbDftks0m7IdQQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZF+WcKe26305lZXVtfaO6Wdva3tndq+8fPKrMSEI7JOOZ7EVYUc4E7WimOe3lkuI04rQbJTdTv/tEpWKZeNDjnAYpHgoWM4K1lfp3YeKbMAmu4jAJ6w236c6AlolXkgaUaIf1r/4gIyalQhOOlfI9N9dBgaVmhNNJrW8UzTFJ8JD6lgqcUhUUs5sn6MQqAxRn0pbQaKb+nihwqtQ4jWxnivVILXpT8T/PNzq+DAomcqOpIPNFseFIZ2gaABowSYnmY0swkczeisgIS0y0jalmQ/AWX14mj2dNz2169+eN1nUZRxWO4BhOwYMLaMEttKEDBHJ4hld4c4zz4rw7H/PWilPOHMIfOJ8/q4CRbg==</latexit>

Idea: Solve approximate problem

Problem:
uk * u⇤

<latexit sha1_base64="QN5NJuRDaVzdmYRcogUQg2dBWD0=">AAAB/3icbVC7SgNBFJ2Nrxhfq4KNzWAQxCLsiqBl0MYygnlAsi6zk9lkyOzMMA8hrCn8FRsLRWz9DTv/xsmj0MQDFw7n3Mu99ySSUW2C4NsrLC2vrK4V10sbm1vbO/7uXkMLqzCpY8GEaiVIE0Y5qRtqGGlJRVCWMNJMBtdjv/lAlKaC35mhJFGGepymFCPjpNg/sPGgo2ivb/pISSG4ldDen8Z+OagEE8BFEs5IGcxQi/2vTldgmxFuMENat8NAmihHylDMyKjUsZpIhAeoR9qOcpQRHeWT+0fw2CldmArlihs4UX9P5CjTepglrjNDpq/nvbH4n9e2Jr2McsqlNYTj6aLUMmgEHIcBu1QRbNjQEYQVdbdC7HJA2LjISi6EcP7lRdI4q4RBJbw9L1evZnEUwSE4AicgBBegCm5ADdQBBo/gGbyCN+/Je/HevY9pa8GbzeyDP/A+fwA/aJY5</latexit><latexit sha1_base64="QN5NJuRDaVzdmYRcogUQg2dBWD0=">AAAB/3icbVC7SgNBFJ2Nrxhfq4KNzWAQxCLsiqBl0MYygnlAsi6zk9lkyOzMMA8hrCn8FRsLRWz9DTv/xsmj0MQDFw7n3Mu99ySSUW2C4NsrLC2vrK4V10sbm1vbO/7uXkMLqzCpY8GEaiVIE0Y5qRtqGGlJRVCWMNJMBtdjv/lAlKaC35mhJFGGepymFCPjpNg/sPGgo2ivb/pISSG4ldDen8Z+OagEE8BFEs5IGcxQi/2vTldgmxFuMENat8NAmihHylDMyKjUsZpIhAeoR9qOcpQRHeWT+0fw2CldmArlihs4UX9P5CjTepglrjNDpq/nvbH4n9e2Jr2McsqlNYTj6aLUMmgEHIcBu1QRbNjQEYQVdbdC7HJA2LjISi6EcP7lRdI4q4RBJbw9L1evZnEUwSE4AicgBBegCm5ADdQBBo/gGbyCN+/Je/HevY9pa8GbzeyDP/A+fwA/aJY5</latexit><latexit sha1_base64="QN5NJuRDaVzdmYRcogUQg2dBWD0=">AAAB/3icbVC7SgNBFJ2Nrxhfq4KNzWAQxCLsiqBl0MYygnlAsi6zk9lkyOzMMA8hrCn8FRsLRWz9DTv/xsmj0MQDFw7n3Mu99ySSUW2C4NsrLC2vrK4V10sbm1vbO/7uXkMLqzCpY8GEaiVIE0Y5qRtqGGlJRVCWMNJMBtdjv/lAlKaC35mhJFGGepymFCPjpNg/sPGgo2ivb/pISSG4ldDen8Z+OagEE8BFEs5IGcxQi/2vTldgmxFuMENat8NAmihHylDMyKjUsZpIhAeoR9qOcpQRHeWT+0fw2CldmArlihs4UX9P5CjTepglrjNDpq/nvbH4n9e2Jr2McsqlNYTj6aLUMmgEHIcBu1QRbNjQEYQVdbdC7HJA2LjISi6EcP7lRdI4q4RBJbw9L1evZnEUwSE4AicgBBegCm5ADdQBBo/gGbyCN+/Je/HevY9pa8GbzeyDP/A+fwA/aJY5</latexit><latexit sha1_base64="QN5NJuRDaVzdmYRcogUQg2dBWD0=">AAAB/3icbVC7SgNBFJ2Nrxhfq4KNzWAQxCLsiqBl0MYygnlAsi6zk9lkyOzMMA8hrCn8FRsLRWz9DTv/xsmj0MQDFw7n3Mu99ySSUW2C4NsrLC2vrK4V10sbm1vbO/7uXkMLqzCpY8GEaiVIE0Y5qRtqGGlJRVCWMNJMBtdjv/lAlKaC35mhJFGGepymFCPjpNg/sPGgo2ivb/pISSG4ldDen8Z+OagEE8BFEs5IGcxQi/2vTldgmxFuMENat8NAmihHylDMyKjUsZpIhAeoR9qOcpQRHeWT+0fw2CldmArlihs4UX9P5CjTepglrjNDpq/nvbH4n9e2Jr2McsqlNYTj6aLUMmgEHIcBu1QRbNjQEYQVdbdC7HJA2LjISi6EcP7lRdI4q4RBJbw9L1evZnEUwSE4AicgBBegCm5ADdQBBo/gGbyCN+/Je/HevY9pa8GbzeyDP/A+fwA/aJY5</latexit>

Weak Compactness

N [uk] 9 N [u⇤]
<latexit sha1_base64="38vpZP07uMRbj/Rxce+yL8mc1BQ=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBZBXJREBF0W3biSCvYBaQyT6aQdOpkJMxOlhIIbf8WNC0Xc+hPu/BsnbRbaeuDC4Zx7ufeeMGFUacf5tkoLi0vLK+XVytr6xuaWvb3TUiKVmDSxYEJ2QqQIo5w0NdWMdBJJUBwy0g6Hl7nfvidSUcFv9Sghfoz6nEYUI22kwN679tJg6He5pP2BRlKKB2iku2O/EthVp+ZMAOeJW5AqKNAI7K9uT+A0JlxjhpTyXCfRfoakppiRcaWbKpIgPER94hnKUUyUn01+GMNDo/RgJKQpruFE/T2RoVipURyazhjpgZr1cvE/z0t1dO5nlCepJhxPF0Upg1rAPBDYo5JgzUaGICypuRXiAZIIaxNbHoI7+/I8aZ3UXKfm3pxW6xdFHGWwDw7AEXDBGaiDK9AATYDBI3gGr+DNerJerHfrY9pasoqZXfAH1ucPM3yXNA==</latexit><latexit sha1_base64="38vpZP07uMRbj/Rxce+yL8mc1BQ=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBZBXJREBF0W3biSCvYBaQyT6aQdOpkJMxOlhIIbf8WNC0Xc+hPu/BsnbRbaeuDC4Zx7ufeeMGFUacf5tkoLi0vLK+XVytr6xuaWvb3TUiKVmDSxYEJ2QqQIo5w0NdWMdBJJUBwy0g6Hl7nfvidSUcFv9Sghfoz6nEYUI22kwN679tJg6He5pP2BRlKKB2iku2O/EthVp+ZMAOeJW5AqKNAI7K9uT+A0JlxjhpTyXCfRfoakppiRcaWbKpIgPER94hnKUUyUn01+GMNDo/RgJKQpruFE/T2RoVipURyazhjpgZr1cvE/z0t1dO5nlCepJhxPF0Upg1rAPBDYo5JgzUaGICypuRXiAZIIaxNbHoI7+/I8aZ3UXKfm3pxW6xdFHGWwDw7AEXDBGaiDK9AATYDBI3gGr+DNerJerHfrY9pasoqZXfAH1ucPM3yXNA==</latexit><latexit sha1_base64="38vpZP07uMRbj/Rxce+yL8mc1BQ=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBZBXJREBF0W3biSCvYBaQyT6aQdOpkJMxOlhIIbf8WNC0Xc+hPu/BsnbRbaeuDC4Zx7ufeeMGFUacf5tkoLi0vLK+XVytr6xuaWvb3TUiKVmDSxYEJ2QqQIo5w0NdWMdBJJUBwy0g6Hl7nfvidSUcFv9Sghfoz6nEYUI22kwN679tJg6He5pP2BRlKKB2iku2O/EthVp+ZMAOeJW5AqKNAI7K9uT+A0JlxjhpTyXCfRfoakppiRcaWbKpIgPER94hnKUUyUn01+GMNDo/RgJKQpruFE/T2RoVipURyazhjpgZr1cvE/z0t1dO5nlCepJhxPF0Upg1rAPBDYo5JgzUaGICypuRXiAZIIaxNbHoI7+/I8aZ3UXKfm3pxW6xdFHGWwDw7AEXDBGaiDK9AATYDBI3gGr+DNerJerHfrY9pasoqZXfAH1ucPM3yXNA==</latexit><latexit sha1_base64="38vpZP07uMRbj/Rxce+yL8mc1BQ=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBZBXJREBF0W3biSCvYBaQyT6aQdOpkJMxOlhIIbf8WNC0Xc+hPu/BsnbRbaeuDC4Zx7ufeeMGFUacf5tkoLi0vLK+XVytr6xuaWvb3TUiKVmDSxYEJ2QqQIo5w0NdWMdBJJUBwy0g6Hl7nfvidSUcFv9Sghfoz6nEYUI22kwN679tJg6He5pP2BRlKKB2iku2O/EthVp+ZMAOeJW5AqKNAI7K9uT+A0JlxjhpTyXCfRfoakppiRcaWbKpIgPER94hnKUUyUn01+GMNDo/RgJKQpruFE/T2RoVipURyazhjpgZr1cvE/z0t1dO5nlCepJhxPF0Upg1rAPBDYo5JgzUaGICypuRXiAZIIaxNbHoI7+/I8aZ3UXKfm3pxW6xdFHGWwDw7AEXDBGaiDK9AATYDBI3gGr+DNerJerHfrY9pasoqZXfAH1ucPM3yXNA==</latexit>

Goal: Prove the following

N [u⇤] = f
<latexit sha1_base64="47GHkRliKOrrvfMrpIpFnoNURQk=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRZBPJRdEfQiFL14kgr2A7ZryabZNjSbrElWKEv/hBcPinj173jz35i2e9DWBwOP92aYmRcmnGnjut9OYWl5ZXWtuF7a2Nza3inv7jW1TBWhDSK5VO0Qa8qZoA3DDKftRFEch5y2wuH1xG89UaWZFPdmlNAgxn3BIkawsVL71k8fToLLqFuuuFV3CrRIvJxUIEe9W/7q9CRJYyoM4Vhr33MTE2RYGUY4HZc6qaYJJkPcp76lAsdUB9n03jE6skoPRVLZEgZN1d8TGY61HsWh7YyxGeh5byL+5/mpiS6CjIkkNVSQ2aIo5chINHke9ZiixPCRJZgoZm9FZIAVJsZGVLIhePMvL5LmadVzq97dWaV2lcdRhAM4hGPw4BxqcAN1aAABDs/wCm/Oo/PivDsfs9aCk8/swx84nz9AHI9w</latexit><latexit sha1_base64="47GHkRliKOrrvfMrpIpFnoNURQk=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRZBPJRdEfQiFL14kgr2A7ZryabZNjSbrElWKEv/hBcPinj173jz35i2e9DWBwOP92aYmRcmnGnjut9OYWl5ZXWtuF7a2Nza3inv7jW1TBWhDSK5VO0Qa8qZoA3DDKftRFEch5y2wuH1xG89UaWZFPdmlNAgxn3BIkawsVL71k8fToLLqFuuuFV3CrRIvJxUIEe9W/7q9CRJYyoM4Vhr33MTE2RYGUY4HZc6qaYJJkPcp76lAsdUB9n03jE6skoPRVLZEgZN1d8TGY61HsWh7YyxGeh5byL+5/mpiS6CjIkkNVSQ2aIo5chINHke9ZiixPCRJZgoZm9FZIAVJsZGVLIhePMvL5LmadVzq97dWaV2lcdRhAM4hGPw4BxqcAN1aAABDs/wCm/Oo/PivDsfs9aCk8/swx84nz9AHI9w</latexit><latexit sha1_base64="47GHkRliKOrrvfMrpIpFnoNURQk=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRZBPJRdEfQiFL14kgr2A7ZryabZNjSbrElWKEv/hBcPinj173jz35i2e9DWBwOP92aYmRcmnGnjut9OYWl5ZXWtuF7a2Nza3inv7jW1TBWhDSK5VO0Qa8qZoA3DDKftRFEch5y2wuH1xG89UaWZFPdmlNAgxn3BIkawsVL71k8fToLLqFuuuFV3CrRIvJxUIEe9W/7q9CRJYyoM4Vhr33MTE2RYGUY4HZc6qaYJJkPcp76lAsdUB9n03jE6skoPRVLZEgZN1d8TGY61HsWh7YyxGeh5byL+5/mpiS6CjIkkNVSQ2aIo5chINHke9ZiixPCRJZgoZm9FZIAVJsZGVLIhePMvL5LmadVzq97dWaV2lcdRhAM4hGPw4BxqcAN1aAABDs/wCm/Oo/PivDsfs9aCk8/swx84nz9AHI9w</latexit><latexit sha1_base64="47GHkRliKOrrvfMrpIpFnoNURQk=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRZBPJRdEfQiFL14kgr2A7ZryabZNjSbrElWKEv/hBcPinj173jz35i2e9DWBwOP92aYmRcmnGnjut9OYWl5ZXWtuF7a2Nza3inv7jW1TBWhDSK5VO0Qa8qZoA3DDKftRFEch5y2wuH1xG89UaWZFPdmlNAgxn3BIkawsVL71k8fToLLqFuuuFV3CrRIvJxUIEe9W/7q9CRJYyoM4Vhr33MTE2RYGUY4HZc6qaYJJkPcp76lAsdUB9n03jE6skoPRVLZEgZN1d8TGY61HsWh7YyxGeh5byL+5/mpiS6CjIkkNVSQ2aIo5chINHke9ZiixPCRJZgoZm9FZIAVJsZGVLIhePMvL5LmadVzq97dWaV2lcdRhAM4hGPw4BxqcAN1aAABDs/wCm/Oo/PivDsfs9aCk8/swx84nz9AHI9w</latexit>

uk ! u⇤
<latexit sha1_base64="hb4czqbZw0ZRcEJG5dTT5Wtv30w=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQyCeAi7Iugx6MVjBPOAZF1mJ5NkyOzOMg81LPkVLx4U8eqPePNvnCR70MSChqKqm+6uKOVMac/7dgorq2vrG8XN0tb2zu6eu19uKmEkoQ0iuJDtCCvKWUIbmmlO26mkOI44bUWj66nfeqBSMZHc6XFKgxgPEtZnBGsrhW7ZhKOuZIOhxlKKR2TuT0O34lW9GdAy8XNSgRz10P3q9gQxMU004Vipju+lOsiw1IxwOil1jaIpJiM8oB1LExxTFWSz2yfo2Co91BfSVqLRTP09keFYqXEc2c4Y66Fa9Kbif17H6P5lkLEkNZomZL6obzjSAk2DQD0mKdF8bAkmktlbERliiYm2cZVsCP7iy8ukeVb1vap/e16pXeVxFOEQjuAEfLiAGtxAHRpA4Ame4RXenInz4rw7H/PWgpPPHMAfOJ8/+bCUYA==</latexit><latexit sha1_base64="hb4czqbZw0ZRcEJG5dTT5Wtv30w=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQyCeAi7Iugx6MVjBPOAZF1mJ5NkyOzOMg81LPkVLx4U8eqPePNvnCR70MSChqKqm+6uKOVMac/7dgorq2vrG8XN0tb2zu6eu19uKmEkoQ0iuJDtCCvKWUIbmmlO26mkOI44bUWj66nfeqBSMZHc6XFKgxgPEtZnBGsrhW7ZhKOuZIOhxlKKR2TuT0O34lW9GdAy8XNSgRz10P3q9gQxMU004Vipju+lOsiw1IxwOil1jaIpJiM8oB1LExxTFWSz2yfo2Co91BfSVqLRTP09keFYqXEc2c4Y66Fa9Kbif17H6P5lkLEkNZomZL6obzjSAk2DQD0mKdF8bAkmktlbERliiYm2cZVsCP7iy8ukeVb1vap/e16pXeVxFOEQjuAEfLiAGtxAHRpA4Ame4RXenInz4rw7H/PWgpPPHMAfOJ8/+bCUYA==</latexit><latexit sha1_base64="hb4czqbZw0ZRcEJG5dTT5Wtv30w=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQyCeAi7Iugx6MVjBPOAZF1mJ5NkyOzOMg81LPkVLx4U8eqPePNvnCR70MSChqKqm+6uKOVMac/7dgorq2vrG8XN0tb2zu6eu19uKmEkoQ0iuJDtCCvKWUIbmmlO26mkOI44bUWj66nfeqBSMZHc6XFKgxgPEtZnBGsrhW7ZhKOuZIOhxlKKR2TuT0O34lW9GdAy8XNSgRz10P3q9gQxMU004Vipju+lOsiw1IxwOil1jaIpJiM8oB1LExxTFWSz2yfo2Co91BfSVqLRTP09keFYqXEc2c4Y66Fa9Kbif17H6P5lkLEkNZomZL6obzjSAk2DQD0mKdF8bAkmktlbERliiYm2cZVsCP7iy8ukeVb1vap/e16pXeVxFOEQjuAEfLiAGtxAHRpA4Ame4RXenInz4rw7H/PWgpPPHMAfOJ8/+bCUYA==</latexit><latexit sha1_base64="hb4czqbZw0ZRcEJG5dTT5Wtv30w=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQyCeAi7Iugx6MVjBPOAZF1mJ5NkyOzOMg81LPkVLx4U8eqPePNvnCR70MSChqKqm+6uKOVMac/7dgorq2vrG8XN0tb2zu6eu19uKmEkoQ0iuJDtCCvKWUIbmmlO26mkOI44bUWj66nfeqBSMZHc6XFKgxgPEtZnBGsrhW7ZhKOuZIOhxlKKR2TuT0O34lW9GdAy8XNSgRz10P3q9gQxMU004Vipju+lOsiw1IxwOil1jaIpJiM8oB1LExxTFWSz2yfo2Co91BfSVqLRTP09keFYqXEc2c4Y66Fa9Kbif17H6P5lkLEkNZomZL6obzjSAk2DQD0mKdF8bAkmktlbERliiYm2cZVsCP7iy8ukeVb1vap/e16pXeVxFOEQjuAEfLiAGtxAHRpA4Ame4RXenInz4rw7H/PWgpPPHMAfOJ8/+bCUYA==</latexit>



Why Care?
Theorem

p
2 = 2

Theorem

p
2 = 2

Proof.

1

1
p
2

f1 = L[f1] = 2

f2 = L[f2] = 2

f3 = L[f3] = 2

...

f =

...

L[f ] = 2



The World’s First Nonlinear Problem

x

2 = 2
<latexit sha1_base64="xhPn+PLNzDu8BBMUrMZLkWGNgao=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8tmu2mXbjZhdyKW0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lZXVvf2CxsFbd3dvf2SweHDZNkmnGfJTLRrZAaLoXiPgqUvJVqTuNQ8mY4vJn6zUeujUjUPY5SHsS0r0QkGEUr+U8P1atqt1R2K+4MZJl4OSlDjnq39NXpJSyLuUImqTFtz00xGFONgkk+KXYyw1PKhrTP25YqGnMTjGfHTsipVXokSrQthWSm/p4Y09iYURzazpjiwCx6U/E/r51hdBmMhUoz5IrNF0WZJJiQ6eekJzRnKEeWUKaFvZWwAdWUoc2naEPwFl9eJo1qxXMr3t15uXadx1GAYziBM/DgAmpwC3XwgYGAZ3iFN0c5L8678zFvXXHymSP4A+fzBwAZjiM=</latexit><latexit sha1_base64="xhPn+PLNzDu8BBMUrMZLkWGNgao=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8tmu2mXbjZhdyKW0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lZXVvf2CxsFbd3dvf2SweHDZNkmnGfJTLRrZAaLoXiPgqUvJVqTuNQ8mY4vJn6zUeujUjUPY5SHsS0r0QkGEUr+U8P1atqt1R2K+4MZJl4OSlDjnq39NXpJSyLuUImqTFtz00xGFONgkk+KXYyw1PKhrTP25YqGnMTjGfHTsipVXokSrQthWSm/p4Y09iYURzazpjiwCx6U/E/r51hdBmMhUoz5IrNF0WZJJiQ6eekJzRnKEeWUKaFvZWwAdWUoc2naEPwFl9eJo1qxXMr3t15uXadx1GAYziBM/DgAmpwC3XwgYGAZ3iFN0c5L8678zFvXXHymSP4A+fzBwAZjiM=</latexit><latexit sha1_base64="xhPn+PLNzDu8BBMUrMZLkWGNgao=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8tmu2mXbjZhdyKW0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lZXVvf2CxsFbd3dvf2SweHDZNkmnGfJTLRrZAaLoXiPgqUvJVqTuNQ8mY4vJn6zUeujUjUPY5SHsS0r0QkGEUr+U8P1atqt1R2K+4MZJl4OSlDjnq39NXpJSyLuUImqTFtz00xGFONgkk+KXYyw1PKhrTP25YqGnMTjGfHTsipVXokSrQthWSm/p4Y09iYURzazpjiwCx6U/E/r51hdBmMhUoz5IrNF0WZJJiQ6eekJzRnKEeWUKaFvZWwAdWUoc2naEPwFl9eJo1qxXMr3t15uXadx1GAYziBM/DgAmpwC3XwgYGAZ3iFN0c5L8678zFvXXHymSP4A+fzBwAZjiM=</latexit><latexit sha1_base64="xhPn+PLNzDu8BBMUrMZLkWGNgao=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8tmu2mXbjZhdyKW0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lZXVvf2CxsFbd3dvf2SweHDZNkmnGfJTLRrZAaLoXiPgqUvJVqTuNQ8mY4vJn6zUeujUjUPY5SHsS0r0QkGEUr+U8P1atqt1R2K+4MZJl4OSlDjnq39NXpJSyLuUImqTFtz00xGFONgkk+KXYyw1PKhrTP25YqGnMTjGfHTsipVXokSrQthWSm/p4Y09iYURzazpjiwCx6U/E/r51hdBmMhUoz5IrNF0WZJJiQ6eekJzRnKEeWUKaFvZWwAdWUoc2naEPwFl9eJo1qxXMr3t15uXadx1GAYziBM/DgAmpwC3XwgYGAZ3iFN0c5L8678zFvXXHymSP4A+fzBwAZjiM=</latexit>

Your “mathematical reality” is     , solve the following equation: Q
<latexit sha1_base64="ufiwmEsIR+yKx/oVL8i7LEuCAHI=">AAAB8XicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduGzBPrANZTK9aYdOJmFmIpTQv3DjQhG3/o07/8ZJm4W2Hhg4nHMvc+4JEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5y/3OEyrNY/lgpgn6ER1JHnJGjZUe+xE14yDImrNBperW3DnIKvEKUoUCjUHlqz+MWRqhNExQrXuemxg/o8pwJnBW7qcaE8omdIQ9SyWNUPvZPPGMnFtlSMJY2ScNmau/NzIaaT2NAjuZJ9TLXi7+5/VSE974GZdJalCyxUdhKoiJSX4+GXKFzIipJZQpbrMSNqaKMmNLKtsSvOWTV0n7sua5Na95Va3fFnWU4BTO4AI8uIY63EMDWsBAwjO8wpujnRfn3flYjK45xc4J/IHz+QO72pDx</latexit><latexit sha1_base64="ufiwmEsIR+yKx/oVL8i7LEuCAHI=">AAAB8XicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduGzBPrANZTK9aYdOJmFmIpTQv3DjQhG3/o07/8ZJm4W2Hhg4nHMvc+4JEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5y/3OEyrNY/lgpgn6ER1JHnJGjZUe+xE14yDImrNBperW3DnIKvEKUoUCjUHlqz+MWRqhNExQrXuemxg/o8pwJnBW7qcaE8omdIQ9SyWNUPvZPPGMnFtlSMJY2ScNmau/NzIaaT2NAjuZJ9TLXi7+5/VSE974GZdJalCyxUdhKoiJSX4+GXKFzIipJZQpbrMSNqaKMmNLKtsSvOWTV0n7sua5Na95Va3fFnWU4BTO4AI8uIY63EMDWsBAwjO8wpujnRfn3flYjK45xc4J/IHz+QO72pDx</latexit><latexit sha1_base64="ufiwmEsIR+yKx/oVL8i7LEuCAHI=">AAAB8XicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduGzBPrANZTK9aYdOJmFmIpTQv3DjQhG3/o07/8ZJm4W2Hhg4nHMvc+4JEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5y/3OEyrNY/lgpgn6ER1JHnJGjZUe+xE14yDImrNBperW3DnIKvEKUoUCjUHlqz+MWRqhNExQrXuemxg/o8pwJnBW7qcaE8omdIQ9SyWNUPvZPPGMnFtlSMJY2ScNmau/NzIaaT2NAjuZJ9TLXi7+5/VSE974GZdJalCyxUdhKoiJSX4+GXKFzIipJZQpbrMSNqaKMmNLKtsSvOWTV0n7sua5Na95Va3fFnWU4BTO4AI8uIY63EMDWsBAwjO8wpujnRfn3flYjK45xc4J/IHz+QO72pDx</latexit><latexit sha1_base64="ufiwmEsIR+yKx/oVL8i7LEuCAHI=">AAAB8XicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduGzBPrANZTK9aYdOJmFmIpTQv3DjQhG3/o07/8ZJm4W2Hhg4nHMvc+4JEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5y/3OEyrNY/lgpgn6ER1JHnJGjZUe+xE14yDImrNBperW3DnIKvEKUoUCjUHlqz+MWRqhNExQrXuemxg/o8pwJnBW7qcaE8omdIQ9SyWNUPvZPPGMnFtlSMJY2ScNmau/NzIaaT2NAjuZJ9TLXi7+5/VSE974GZdJalCyxUdhKoiJSX4+GXKFzIipJZQpbrMSNqaKMmNLKtsSvOWTV0n7sua5Na95Va3fFnWU4BTO4AI8uIY63EMDWsBAwjO8wpujnRfn3flYjK45xc4J/IHz+QO72pDx</latexit>

Approximation Schemes:

xn+1 =
1

2

✓
xn +

2

xn

◆

<latexit sha1_base64="MmqUv08Taus+i4EwukOkexlVFmE=">AAACGnicbVDLSgMxFM34rPVVdelmsAiVQpkUQTdC0Y3LCvYBnTJk0kwbmskMyR1pGeY73Pgrblwo4k7c+Demj4W2Hrhwcs695N7jx4JrcJxva2V1bX1jM7eV397Z3dsvHBw2dZQoyho0EpFq+0QzwSVrAAfB2rFiJPQFa/nDm4nfemBK80jewzhm3ZD0JQ84JWAkr4BHXirLOLtyA0VoirO0mrmCBVAaebI8E6tZah6Zq3h/AGdeoehUnCnsZYLnpIjmqHuFT7cX0SRkEqggWnewE0M3JQo4FSzLu4lmMaFD0mcdQyUJme6m09My+9QoPTuIlCkJ9lT9PZGSUOtx6JvOkMBAL3oT8T+vk0Bw2U25jBNgks4+ChJhQ2RPcrJ7XDEKYmwIoYqbXW06ICYOMGnmTQh48eRl0qxWsFPBd+fF2vU8jhw6RieohDC6QDV0i+qogSh6RM/oFb1ZT9aL9W59zFpXrPnMEfoD6+sHzGGhVw==</latexit><latexit sha1_base64="MmqUv08Taus+i4EwukOkexlVFmE=">AAACGnicbVDLSgMxFM34rPVVdelmsAiVQpkUQTdC0Y3LCvYBnTJk0kwbmskMyR1pGeY73Pgrblwo4k7c+Demj4W2Hrhwcs695N7jx4JrcJxva2V1bX1jM7eV397Z3dsvHBw2dZQoyho0EpFq+0QzwSVrAAfB2rFiJPQFa/nDm4nfemBK80jewzhm3ZD0JQ84JWAkr4BHXirLOLtyA0VoirO0mrmCBVAaebI8E6tZah6Zq3h/AGdeoehUnCnsZYLnpIjmqHuFT7cX0SRkEqggWnewE0M3JQo4FSzLu4lmMaFD0mcdQyUJme6m09My+9QoPTuIlCkJ9lT9PZGSUOtx6JvOkMBAL3oT8T+vk0Bw2U25jBNgks4+ChJhQ2RPcrJ7XDEKYmwIoYqbXW06ICYOMGnmTQh48eRl0qxWsFPBd+fF2vU8jhw6RieohDC6QDV0i+qogSh6RM/oFb1ZT9aL9W59zFpXrPnMEfoD6+sHzGGhVw==</latexit><latexit sha1_base64="MmqUv08Taus+i4EwukOkexlVFmE=">AAACGnicbVDLSgMxFM34rPVVdelmsAiVQpkUQTdC0Y3LCvYBnTJk0kwbmskMyR1pGeY73Pgrblwo4k7c+Demj4W2Hrhwcs695N7jx4JrcJxva2V1bX1jM7eV397Z3dsvHBw2dZQoyho0EpFq+0QzwSVrAAfB2rFiJPQFa/nDm4nfemBK80jewzhm3ZD0JQ84JWAkr4BHXirLOLtyA0VoirO0mrmCBVAaebI8E6tZah6Zq3h/AGdeoehUnCnsZYLnpIjmqHuFT7cX0SRkEqggWnewE0M3JQo4FSzLu4lmMaFD0mcdQyUJme6m09My+9QoPTuIlCkJ9lT9PZGSUOtx6JvOkMBAL3oT8T+vk0Bw2U25jBNgks4+ChJhQ2RPcrJ7XDEKYmwIoYqbXW06ICYOMGnmTQh48eRl0qxWsFPBd+fF2vU8jhw6RieohDC6QDV0i+qogSh6RM/oFb1ZT9aL9W59zFpXrPnMEfoD6+sHzGGhVw==</latexit><latexit sha1_base64="MmqUv08Taus+i4EwukOkexlVFmE=">AAACGnicbVDLSgMxFM34rPVVdelmsAiVQpkUQTdC0Y3LCvYBnTJk0kwbmskMyR1pGeY73Pgrblwo4k7c+Demj4W2Hrhwcs695N7jx4JrcJxva2V1bX1jM7eV397Z3dsvHBw2dZQoyho0EpFq+0QzwSVrAAfB2rFiJPQFa/nDm4nfemBK80jewzhm3ZD0JQ84JWAkr4BHXirLOLtyA0VoirO0mrmCBVAaebI8E6tZah6Zq3h/AGdeoehUnCnsZYLnpIjmqHuFT7cX0SRkEqggWnewE0M3JQo4FSzLu4lmMaFD0mcdQyUJme6m09My+9QoPTuIlCkJ9lT9PZGSUOtx6JvOkMBAL3oT8T+vk0Bw2U25jBNgks4+ChJhQ2RPcrJ7XDEKYmwIoYqbXW06ICYOMGnmTQh48eRl0qxWsFPBd+fF2vU8jhw6RieohDC6QDV0i+qogSh6RM/oFb1ZT9aL9W59zFpXrPnMEfoD6+sHzGGhVw==</latexit>

{xn}1n=1 =

⇢
1,

3

2
,

17

12
,

577

408
, . . .

�

<latexit sha1_base64="iRnzBoQwKxW6BlwCb4rpe2UjtQ8="></latexit><latexit sha1_base64="iRnzBoQwKxW6BlwCb4rpe2UjtQ8="></latexit><latexit sha1_base64="iRnzBoQwKxW6BlwCb4rpe2UjtQ8="></latexit><latexit sha1_base64="iRnzBoQwKxW6BlwCb4rpe2UjtQ8="></latexit>

{xn}1n=1 =

⇢
3

2
,

23

16
,

91

64
, . . .

�

<latexit sha1_base64="WdL6Q7v/1/dEzu3Ycq5QE/g27yk="></latexit><latexit sha1_base64="WdL6Q7v/1/dEzu3Ycq5QE/g27yk="></latexit><latexit sha1_base64="WdL6Q7v/1/dEzu3Ycq5QE/g27yk="></latexit><latexit sha1_base64="WdL6Q7v/1/dEzu3Ycq5QE/g27yk="></latexit>

xn =
nX

m=1

(2m)!

(1� 2m)(m!)223m�1
<latexit sha1_base64="Brdds4n+rABQfSdvCPB9ZReBnX0="></latexit><latexit sha1_base64="Brdds4n+rABQfSdvCPB9ZReBnX0="></latexit><latexit sha1_base64="Brdds4n+rABQfSdvCPB9ZReBnX0="></latexit><latexit sha1_base64="Brdds4n+rABQfSdvCPB9ZReBnX0="></latexit>

xn =
nY

m=0

(4m+ 2)2

(4m+ 1)(4m+ 3)
<latexit sha1_base64="ms6i9eLKtxH+F8iLCdAfyB7Hf/Y=">AAACGXicbZBNS8MwGMdTX+d8m3r0UhzChjDaOdDLYOjF4wT3AutW0izdwpK0JKk4Sr+GF7+KFw+KeNST38as60E3H0j48f8/D8nz90JKpLKsb2NldW19YzO3ld/e2d3bLxwctmUQCYRbKKCB6HpQYko4bimiKO6GAkPmUdzxJtczv3OPhSQBv1PTEPcZHHHiEwSVltyC9eDyuhOKYOjGrG4lg5gnji8giks1dlYtD6pJSnZ5dp+XE7dQtCpWWuYy2BkUQVZNt/DpDAMUMcwVolDKnm2Fqh9DoQiiOMk7kcQhRBM4wj2NHDIs+3G6WWKeamVo+oHQhyszVX9PxJBJOWWe7mRQjeWiNxP/83qR8i/7MeFhpDBH84f8iJoqMGcxmUMiMFJ0qgEiQfRfTTSGOhelw8zrEOzFlZehXa3YVsW+rRUbV1kcOXAMTkAJ2OACNMANaIIWQOARPINX8GY8GS/Gu/Exb10xspkj8KeMrx87zJ54</latexit><latexit sha1_base64="ms6i9eLKtxH+F8iLCdAfyB7Hf/Y=">AAACGXicbZBNS8MwGMdTX+d8m3r0UhzChjDaOdDLYOjF4wT3AutW0izdwpK0JKk4Sr+GF7+KFw+KeNST38as60E3H0j48f8/D8nz90JKpLKsb2NldW19YzO3ld/e2d3bLxwctmUQCYRbKKCB6HpQYko4bimiKO6GAkPmUdzxJtczv3OPhSQBv1PTEPcZHHHiEwSVltyC9eDyuhOKYOjGrG4lg5gnji8giks1dlYtD6pJSnZ5dp+XE7dQtCpWWuYy2BkUQVZNt/DpDAMUMcwVolDKnm2Fqh9DoQiiOMk7kcQhRBM4wj2NHDIs+3G6WWKeamVo+oHQhyszVX9PxJBJOWWe7mRQjeWiNxP/83qR8i/7MeFhpDBH84f8iJoqMGcxmUMiMFJ0qgEiQfRfTTSGOhelw8zrEOzFlZehXa3YVsW+rRUbV1kcOXAMTkAJ2OACNMANaIIWQOARPINX8GY8GS/Gu/Exb10xspkj8KeMrx87zJ54</latexit><latexit sha1_base64="ms6i9eLKtxH+F8iLCdAfyB7Hf/Y=">AAACGXicbZBNS8MwGMdTX+d8m3r0UhzChjDaOdDLYOjF4wT3AutW0izdwpK0JKk4Sr+GF7+KFw+KeNST38as60E3H0j48f8/D8nz90JKpLKsb2NldW19YzO3ld/e2d3bLxwctmUQCYRbKKCB6HpQYko4bimiKO6GAkPmUdzxJtczv3OPhSQBv1PTEPcZHHHiEwSVltyC9eDyuhOKYOjGrG4lg5gnji8giks1dlYtD6pJSnZ5dp+XE7dQtCpWWuYy2BkUQVZNt/DpDAMUMcwVolDKnm2Fqh9DoQiiOMk7kcQhRBM4wj2NHDIs+3G6WWKeamVo+oHQhyszVX9PxJBJOWWe7mRQjeWiNxP/83qR8i/7MeFhpDBH84f8iJoqMGcxmUMiMFJ0qgEiQfRfTTSGOhelw8zrEOzFlZehXa3YVsW+rRUbV1kcOXAMTkAJ2OACNMANaIIWQOARPINX8GY8GS/Gu/Exb10xspkj8KeMrx87zJ54</latexit><latexit sha1_base64="ms6i9eLKtxH+F8iLCdAfyB7Hf/Y=">AAACGXicbZBNS8MwGMdTX+d8m3r0UhzChjDaOdDLYOjF4wT3AutW0izdwpK0JKk4Sr+GF7+KFw+KeNST38as60E3H0j48f8/D8nz90JKpLKsb2NldW19YzO3ld/e2d3bLxwctmUQCYRbKKCB6HpQYko4bimiKO6GAkPmUdzxJtczv3OPhSQBv1PTEPcZHHHiEwSVltyC9eDyuhOKYOjGrG4lg5gnji8giks1dlYtD6pJSnZ5dp+XE7dQtCpWWuYy2BkUQVZNt/DpDAMUMcwVolDKnm2Fqh9DoQiiOMk7kcQhRBM4wj2NHDIs+3G6WWKeamVo+oHQhyszVX9PxJBJOWWe7mRQjeWiNxP/83qR8i/7MeFhpDBH84f8iJoqMGcxmUMiMFJ0qgEiQfRfTTSGOhelw8zrEOzFlZehXa3YVsW+rRUbV1kcOXAMTkAJ2OACNMANaIIWQOARPINX8GY8GS/Gu/Exb10xspkj8KeMrx87zJ54</latexit>

{xn}1n=1 =

⇢
4

3
,

48

35
,

320

231
, . . .

�

<latexit sha1_base64="dmPQEHRgc50Sv4iCwtvQpRGm0Mk="></latexit><latexit sha1_base64="dmPQEHRgc50Sv4iCwtvQpRGm0Mk="></latexit><latexit sha1_base64="dmPQEHRgc50Sv4iCwtvQpRGm0Mk="></latexit><latexit sha1_base64="dmPQEHRgc50Sv4iCwtvQpRGm0Mk="></latexit>



Solution to Square Root Problem

p
2

<latexit sha1_base64="RderZG3Z6U59p9eZeWrD+uC/IDA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnZ6ZaMxqs3654lbdBcg68XJSgRyNfvmrN4hZGnGFTFJjup6boJ9RjYJJPiv1UsMTysZ0yLuWKhpx42eLe2fkwioDEsbalkKyUH9PZDQyZhoFtjOiODKr3lz8z+umGN74mVBJilyx5aIwlQRjMn+eDITmDOXUEsq0sLcSNqKaMrQRlWwI3urL66RVq3pu1Xu4qtRv8ziKcAbncAkeXEMd7qEBTWAg4Rle4c2ZOC/Ou/OxbC04+cwp/IHz+QNEEJAa</latexit><latexit sha1_base64="RderZG3Z6U59p9eZeWrD+uC/IDA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnZ6ZaMxqs3654lbdBcg68XJSgRyNfvmrN4hZGnGFTFJjup6boJ9RjYJJPiv1UsMTysZ0yLuWKhpx42eLe2fkwioDEsbalkKyUH9PZDQyZhoFtjOiODKr3lz8z+umGN74mVBJilyx5aIwlQRjMn+eDITmDOXUEsq0sLcSNqKaMrQRlWwI3urL66RVq3pu1Xu4qtRv8ziKcAbncAkeXEMd7qEBTWAg4Rle4c2ZOC/Ou/OxbC04+cwp/IHz+QNEEJAa</latexit><latexit sha1_base64="RderZG3Z6U59p9eZeWrD+uC/IDA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnZ6ZaMxqs3654lbdBcg68XJSgRyNfvmrN4hZGnGFTFJjup6boJ9RjYJJPiv1UsMTysZ0yLuWKhpx42eLe2fkwioDEsbalkKyUH9PZDQyZhoFtjOiODKr3lz8z+umGN74mVBJilyx5aIwlQRjMn+eDITmDOXUEsq0sLcSNqKaMrQRlWwI3urL66RVq3pu1Xu4qtRv8ziKcAbncAkeXEMd7qEBTWAg4Rle4c2ZOC/Ou/OxbC04+cwp/IHz+QNEEJAa</latexit><latexit sha1_base64="RderZG3Z6U59p9eZeWrD+uC/IDA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnZ6ZaMxqs3654lbdBcg68XJSgRyNfvmrN4hZGnGFTFJjup6boJ9RjYJJPiv1UsMTysZ0yLuWKhpx42eLe2fkwioDEsbalkKyUH9PZDQyZhoFtjOiODKr3lz8z+umGN74mVBJilyx5aIwlQRjMn+eDITmDOXUEsq0sLcSNqKaMrQRlWwI3urL66RVq3pu1Xu4qtRv8ziKcAbncAkeXEMd7qEBTWAg4Rle4c2ZOC/Ou/OxbC04+cwp/IHz+QNEEJAa</latexit> = ⇢
1, 32 , 1712 , . . . �

<latexit sha1_base64="WP2HslCzYrN5o2wuPZ3+SaAQ77E=">AAACG3icbZDLSsNAFIYn9VbrLerSTbAILqRkqlA3QtGNywr2Ak0ok+mkHTq5MHMilJD3cOOruHGhiCvBhW/jpM1CW38Y+OY/5zBzfi8WXIFtfxulldW19Y3yZmVre2d3z9w/6KgokZS1aSQi2fOIYoKHrA0cBOvFkpHAE6zrTW7yeveBScWj8B6mMXMDMgq5zykBbQ3M+pUjmA9Ois8cXxKanmdpPSsYN7IU5zcxjEA5ko/G4GQDs2rX7JmsZcAFVFGh1sD8dIYRTQIWAhVEqT62Y3BTIoFTwbKKkygWEzohI9bXGJKAKTed7ZZZJ9oZWn4k9QnBmrm/J1ISKDUNPN0ZEBirxVpu/lfrJ+BfuikP4wRYSOcP+YmwILLyoKwhl4yCmGogVHL9V4uOiY4FdJwVHQJeXHkZOvUatmv47qLavC7iKKMjdIxOEUYN1ES3qIXaiKJH9Ixe0ZvxZLwY78bHvLVkFDOH6I+Mrx/HCqFE</latexit><latexit sha1_base64="WP2HslCzYrN5o2wuPZ3+SaAQ77E=">AAACG3icbZDLSsNAFIYn9VbrLerSTbAILqRkqlA3QtGNywr2Ak0ok+mkHTq5MHMilJD3cOOruHGhiCvBhW/jpM1CW38Y+OY/5zBzfi8WXIFtfxulldW19Y3yZmVre2d3z9w/6KgokZS1aSQi2fOIYoKHrA0cBOvFkpHAE6zrTW7yeveBScWj8B6mMXMDMgq5zykBbQ3M+pUjmA9Ois8cXxKanmdpPSsYN7IU5zcxjEA5ko/G4GQDs2rX7JmsZcAFVFGh1sD8dIYRTQIWAhVEqT62Y3BTIoFTwbKKkygWEzohI9bXGJKAKTed7ZZZJ9oZWn4k9QnBmrm/J1ISKDUNPN0ZEBirxVpu/lfrJ+BfuikP4wRYSOcP+YmwILLyoKwhl4yCmGogVHL9V4uOiY4FdJwVHQJeXHkZOvUatmv47qLavC7iKKMjdIxOEUYN1ES3qIXaiKJH9Ixe0ZvxZLwY78bHvLVkFDOH6I+Mrx/HCqFE</latexit><latexit sha1_base64="WP2HslCzYrN5o2wuPZ3+SaAQ77E=">AAACG3icbZDLSsNAFIYn9VbrLerSTbAILqRkqlA3QtGNywr2Ak0ok+mkHTq5MHMilJD3cOOruHGhiCvBhW/jpM1CW38Y+OY/5zBzfi8WXIFtfxulldW19Y3yZmVre2d3z9w/6KgokZS1aSQi2fOIYoKHrA0cBOvFkpHAE6zrTW7yeveBScWj8B6mMXMDMgq5zykBbQ3M+pUjmA9Ois8cXxKanmdpPSsYN7IU5zcxjEA5ko/G4GQDs2rX7JmsZcAFVFGh1sD8dIYRTQIWAhVEqT62Y3BTIoFTwbKKkygWEzohI9bXGJKAKTed7ZZZJ9oZWn4k9QnBmrm/J1ISKDUNPN0ZEBirxVpu/lfrJ+BfuikP4wRYSOcP+YmwILLyoKwhl4yCmGogVHL9V4uOiY4FdJwVHQJeXHkZOvUatmv47qLavC7iKKMjdIxOEUYN1ES3qIXaiKJH9Ixe0ZvxZLwY78bHvLVkFDOH6I+Mrx/HCqFE</latexit><latexit sha1_base64="WP2HslCzYrN5o2wuPZ3+SaAQ77E=">AAACG3icbZDLSsNAFIYn9VbrLerSTbAILqRkqlA3QtGNywr2Ak0ok+mkHTq5MHMilJD3cOOruHGhiCvBhW/jpM1CW38Y+OY/5zBzfi8WXIFtfxulldW19Y3yZmVre2d3z9w/6KgokZS1aSQi2fOIYoKHrA0cBOvFkpHAE6zrTW7yeveBScWj8B6mMXMDMgq5zykBbQ3M+pUjmA9Ois8cXxKanmdpPSsYN7IU5zcxjEA5ko/G4GQDs2rX7JmsZcAFVFGh1sD8dIYRTQIWAhVEqT62Y3BTIoFTwbKKkygWEzohI9bXGJKAKTed7ZZZJ9oZWn4k9QnBmrm/J1ISKDUNPN0ZEBirxVpu/lfrJ+BfuikP4wRYSOcP+YmwILLyoKwhl4yCmGogVHL9V4uOiY4FdJwVHQJeXHkZOvUatmv47qLavC7iKKMjdIxOEUYN1ES3qIXaiKJH9Ixe0ZvxZLwY78bHvLVkFDOH6I+Mrx/HCqFE</latexit>

⇢
3
2 , 23

16 , 91
64 , . . .

�
=

<latexit sha1_base64="HZb65NLCnGlj+MQw9NH1L7MkHKU=">AAACJ3icbVBLS8NAEN7UV62vqEcvwSJ4kJLUUvWgFL14rGBboQlls9m0SzcPdidCCfk3XvwrXgQV0aP/xG0bQVsHFr7HDLPzuTFnEkzzUyssLC4trxRXS2vrG5tb+vZOW0aJILRFIh6JOxdLyllIW8CA07tYUBy4nHbc4dXY79xTIVkU3sIopk6A+yHzGcGgpJ5+YXPqg53avsAkPc7SanY0xVVFrPoPO7OytF5TjHsRSFuw/gDs7Lynl82KOSljHlg5KKO8mj39xfYikgQ0BMKxlF3LjMFJsQBGOM1KdiJpjMkQ92lXwRAHVDrp5M7MOFCKZ/iRUC8EY6L+nkhxIOUocFVngGEgZ72x+J/XTcA/dVIWxgnQkEwX+Qk3IDLGoRkeE5QAHymAiWDqrwYZYJULqGhLKgRr9uR50K5WLLNi3dTKjcs8jiLaQ/voEFnoBDXQNWqiFiLoAT2hV/SmPWrP2rv2MW0taPnMLvpT2tc3dammSA==</latexit><latexit sha1_base64="HZb65NLCnGlj+MQw9NH1L7MkHKU=">AAACJ3icbVBLS8NAEN7UV62vqEcvwSJ4kJLUUvWgFL14rGBboQlls9m0SzcPdidCCfk3XvwrXgQV0aP/xG0bQVsHFr7HDLPzuTFnEkzzUyssLC4trxRXS2vrG5tb+vZOW0aJILRFIh6JOxdLyllIW8CA07tYUBy4nHbc4dXY79xTIVkU3sIopk6A+yHzGcGgpJ5+YXPqg53avsAkPc7SanY0xVVFrPoPO7OytF5TjHsRSFuw/gDs7Lynl82KOSljHlg5KKO8mj39xfYikgQ0BMKxlF3LjMFJsQBGOM1KdiJpjMkQ92lXwRAHVDrp5M7MOFCKZ/iRUC8EY6L+nkhxIOUocFVngGEgZ72x+J/XTcA/dVIWxgnQkEwX+Qk3IDLGoRkeE5QAHymAiWDqrwYZYJULqGhLKgRr9uR50K5WLLNi3dTKjcs8jiLaQ/voEFnoBDXQNWqiFiLoAT2hV/SmPWrP2rv2MW0taPnMLvpT2tc3dammSA==</latexit><latexit sha1_base64="HZb65NLCnGlj+MQw9NH1L7MkHKU=">AAACJ3icbVBLS8NAEN7UV62vqEcvwSJ4kJLUUvWgFL14rGBboQlls9m0SzcPdidCCfk3XvwrXgQV0aP/xG0bQVsHFr7HDLPzuTFnEkzzUyssLC4trxRXS2vrG5tb+vZOW0aJILRFIh6JOxdLyllIW8CA07tYUBy4nHbc4dXY79xTIVkU3sIopk6A+yHzGcGgpJ5+YXPqg53avsAkPc7SanY0xVVFrPoPO7OytF5TjHsRSFuw/gDs7Lynl82KOSljHlg5KKO8mj39xfYikgQ0BMKxlF3LjMFJsQBGOM1KdiJpjMkQ92lXwRAHVDrp5M7MOFCKZ/iRUC8EY6L+nkhxIOUocFVngGEgZ72x+J/XTcA/dVIWxgnQkEwX+Qk3IDLGoRkeE5QAHymAiWDqrwYZYJULqGhLKgRr9uR50K5WLLNi3dTKjcs8jiLaQ/voEFnoBDXQNWqiFiLoAT2hV/SmPWrP2rv2MW0taPnMLvpT2tc3dammSA==</latexit><latexit sha1_base64="HZb65NLCnGlj+MQw9NH1L7MkHKU=">AAACJ3icbVBLS8NAEN7UV62vqEcvwSJ4kJLUUvWgFL14rGBboQlls9m0SzcPdidCCfk3XvwrXgQV0aP/xG0bQVsHFr7HDLPzuTFnEkzzUyssLC4trxRXS2vrG5tb+vZOW0aJILRFIh6JOxdLyllIW8CA07tYUBy4nHbc4dXY79xTIVkU3sIopk6A+yHzGcGgpJ5+YXPqg53avsAkPc7SanY0xVVFrPoPO7OytF5TjHsRSFuw/gDs7Lynl82KOSljHlg5KKO8mj39xfYikgQ0BMKxlF3LjMFJsQBGOM1KdiJpjMkQ92lXwRAHVDrp5M7MOFCKZ/iRUC8EY6L+nkhxIOUocFVngGEgZ72x+J/XTcA/dVIWxgnQkEwX+Qk3IDLGoRkeE5QAHymAiWDqrwYZYJULqGhLKgRr9uR50K5WLLNi3dTKjcs8jiLaQ/voEFnoBDXQNWqiFiLoAT2hV/SmPWrP2rv2MW0taPnMLvpT2tc3dammSA==</latexit>

=

⇢ 4
3
,
48

35
,
320

231
, . . .

�

<latexit sha1_base64="AreL/uUNj6sMNPsfHvelsyszFKk="></latexit><latexit sha1_base64="AreL/uUNj6sMNPsfHvelsyszFKk="></latexit><latexit sha1_base64="AreL/uUNj6sMNPsfHvelsyszFKk="></latexit><latexit sha1_base64="AreL/uUNj6sMNPsfHvelsyszFKk="></latexit>

       is an equivalence class of approximations schemes! That is, it is 
an equivalence class of Cauchy sequences.

p
2

<latexit sha1_base64="RderZG3Z6U59p9eZeWrD+uC/IDA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnZ6ZaMxqs3654lbdBcg68XJSgRyNfvmrN4hZGnGFTFJjup6boJ9RjYJJPiv1UsMTysZ0yLuWKhpx42eLe2fkwioDEsbalkKyUH9PZDQyZhoFtjOiODKr3lz8z+umGN74mVBJilyx5aIwlQRjMn+eDITmDOXUEsq0sLcSNqKaMrQRlWwI3urL66RVq3pu1Xu4qtRv8ziKcAbncAkeXEMd7qEBTWAg4Rle4c2ZOC/Ou/OxbC04+cwp/IHz+QNEEJAa</latexit><latexit sha1_base64="RderZG3Z6U59p9eZeWrD+uC/IDA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnZ6ZaMxqs3654lbdBcg68XJSgRyNfvmrN4hZGnGFTFJjup6boJ9RjYJJPiv1UsMTysZ0yLuWKhpx42eLe2fkwioDEsbalkKyUH9PZDQyZhoFtjOiODKr3lz8z+umGN74mVBJilyx5aIwlQRjMn+eDITmDOXUEsq0sLcSNqKaMrQRlWwI3urL66RVq3pu1Xu4qtRv8ziKcAbncAkeXEMd7qEBTWAg4Rle4c2ZOC/Ou/OxbC04+cwp/IHz+QNEEJAa</latexit><latexit sha1_base64="RderZG3Z6U59p9eZeWrD+uC/IDA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnZ6ZaMxqs3654lbdBcg68XJSgRyNfvmrN4hZGnGFTFJjup6boJ9RjYJJPiv1UsMTysZ0yLuWKhpx42eLe2fkwioDEsbalkKyUH9PZDQyZhoFtjOiODKr3lz8z+umGN74mVBJilyx5aIwlQRjMn+eDITmDOXUEsq0sLcSNqKaMrQRlWwI3urL66RVq3pu1Xu4qtRv8ziKcAbncAkeXEMd7qEBTWAg4Rle4c2ZOC/Ou/OxbC04+cwp/IHz+QNEEJAa</latexit><latexit sha1_base64="RderZG3Z6U59p9eZeWrD+uC/IDA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnZ6ZaMxqs3654lbdBcg68XJSgRyNfvmrN4hZGnGFTFJjup6boJ9RjYJJPiv1UsMTysZ0yLuWKhpx42eLe2fkwioDEsbalkKyUH9PZDQyZhoFtjOiODKr3lz8z+umGN74mVBJilyx5aIwlQRjMn+eDITmDOXUEsq0sLcSNqKaMrQRlWwI3urL66RVq3pu1Xu4qtRv8ziKcAbncAkeXEMd7qEBTWAg4Rle4c2ZOC/Ou/OxbC04+cwp/IHz+QNEEJAa</latexit>

=
{.
. .
}
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We have remarked more than once on the close connections between the calculus ofvariations and a number of ideas that have had a profound influence on other parts of mathematics. The preceding section shows that these connections are not all limited to mathematics,and may take us into the much wider context of the great movements which have dominatedhuman thought. We wish to pursue this a little further, and to gain in this w-ay some insightinto the nature and role of our dual space and of the curves that we have placed in it.For this purpose, we shall speak of our curves as if they were not concepts, hut beings Likeourselves, or, better, as if they were human lives, which do indeed present a certain analogy toCurves. We can perhaps imagine that in a variational problem it is perfection for a curve toattain the hoped for minimum, and that a curve twists and turns in its efforts to reach perfection. A reader may well object to this image on grounds that a curve is something that wedraw or define by cold symbols. and that it is rather we ourselves who make it twist and turnWith such an object. In this respect, we must request a mathematician’s right to a littlevagueness Alternatively, we can use the objection itself to strengthen our analogy by appeahngto a once popular limerick, which refers to man as “An engine that moves along predestinate8rCoves_not a bus, but a tram.” According to this limerick our own striving is an illusion too.Still there is no reason why we should not talk of striving, even if something else is really doingit for us, and if so, we should certainly allow ourselves the same freedom when speaking of curves.In any event, it is well within the conventions of language: how else can a cold drawing becomea living portrait, or for that matter, an ordered collection of alphabet letters become wordsand thoughts? If these be fictions, then it is be such fictions that we live.thus, all in all, a human life is perhaps rather like a curve, striving as it does for an oftunattainable perfection: “The high that proved too high, the heroic for earth too hard, thethat left the ground to lose itself in the sky.”t The calculus of variations becomes thennil of such striving; it is a very htiman calculus and our curves are “cry human curves.
Robert Browning: Dramatis Personae. Abt Vogler, Stanza 10.

GENERALIZED CURVES AND FLOWS 165

Ci, considered for varying

ong( f) Sow the quantity

C, has rather simple prop-

S\A4
the flreThe road

The classical concept of a curve C corresponds very closely to the curves that we see anddraw; and such curves can twist and turn and zigzag hack and forth; moreover they can havehighly complicated self-intersections. This is only the shadow. If we choose to substitute for itthe notion of curvilinear integral J(C), it will become an element g of our dual spaceThis element, of course, we cannot see directly, but only by its shadow C. However, it is g andnot C which obeys our criterion of simplicity, for g is a linear function of the new variableIc ?19(A).

shadow in the cave

§65. A HUMAN ANALOGY

The real thing in ?A)
(a linear function off).



Calculus of Variations Example 1
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Infinite number of minimizers!

E[f ] =

Z 1

0
W (f 0(x)) dx =

Z 1

0
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df
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◆2

� 1

!2

dx

f(0) = f(1) = 0

Goal: Find f  that minimizes the functional E.f E.



Calculus of Variations Example 2
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Vanishes whenf = 0 Vanishes when f 0 = ±1

There is no minimum 
for this problem!

fn ! 0 and E[fn] ! 0 6= E[0].



Calculus of Variations Example 3
E✏[f ] =
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Limiting Energy
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3# of triangles, if f = ±1 a.e.

1, o.w.



Calculus of Variations Example 3
E✏[f ] =
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Energy concentrates on tip of triangle (Defect).  



Calculus of Variations Example 4
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Calculus of Variations Example 4

E[f ] = �
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Energy concentrates on defects. 



Gamma-Limits
Definition: Let F_n:X->R      . We say F_n G-converges to 
F:X-> R        and write G-lim_{n}=F                 if

Fn : X 7! R
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�� limn!1Fn = F
<latexit sha1_base64="PN547/NG3GyH0KZdM/miNJ2iQ5Y=">AAACEXicbVA9SwNBEN3z2/gVtbRZDIKN4U4EbYSgoJYRTBRy4Zjb7CWLu3vH7pwSjvwFG/+KjYUitnZ2/hs3MYVfDwYe780wMy/OpLDo+x/exOTU9Mzs3HxpYXFpeaW8uta0aW4Yb7BUpuYqBsul0LyBAiW/ygwHFUt+GV8fD/3LG26sSPUF9jPeVtDVIhEM0ElRebsIT0Ep2AmlUIOo0KER3R6CMektDYVOsD84ifThSVSu+FV/BPqXBGNSIWPUo/J72ElZrrhGJsHaVuBn2C7AoGCSD0phbnkG7Bq6vOWoBsVtuxh9NKBbTunQJDWuNNKR+n2iAGVtX8WuUwH27G9vKP7ntXJMDtqF0FmOXLOvRUkuKaZ0GA/tCMMZyr4jwIxwt1LWAwMMXYglF0Lw++W/pLlbDfxqcL5XqR2N45gjG2STbJOA7JMaOSN10iCM3JEH8kSevXvv0XvxXr9aJ7zxzDr5Ae/tEz/xneM=</latexit><latexit sha1_base64="PN547/NG3GyH0KZdM/miNJ2iQ5Y=">AAACEXicbVA9SwNBEN3z2/gVtbRZDIKN4U4EbYSgoJYRTBRy4Zjb7CWLu3vH7pwSjvwFG/+KjYUitnZ2/hs3MYVfDwYe780wMy/OpLDo+x/exOTU9Mzs3HxpYXFpeaW8uta0aW4Yb7BUpuYqBsul0LyBAiW/ygwHFUt+GV8fD/3LG26sSPUF9jPeVtDVIhEM0ElRebsIT0Ep2AmlUIOo0KER3R6CMektDYVOsD84ifThSVSu+FV/BPqXBGNSIWPUo/J72ElZrrhGJsHaVuBn2C7AoGCSD0phbnkG7Bq6vOWoBsVtuxh9NKBbTunQJDWuNNKR+n2iAGVtX8WuUwH27G9vKP7ntXJMDtqF0FmOXLOvRUkuKaZ0GA/tCMMZyr4jwIxwt1LWAwMMXYglF0Lw++W/pLlbDfxqcL5XqR2N45gjG2STbJOA7JMaOSN10iCM3JEH8kSevXvv0XvxXr9aJ7zxzDr5Ae/tEz/xneM=</latexit><latexit sha1_base64="PN547/NG3GyH0KZdM/miNJ2iQ5Y=">AAACEXicbVA9SwNBEN3z2/gVtbRZDIKN4U4EbYSgoJYRTBRy4Zjb7CWLu3vH7pwSjvwFG/+KjYUitnZ2/hs3MYVfDwYe780wMy/OpLDo+x/exOTU9Mzs3HxpYXFpeaW8uta0aW4Yb7BUpuYqBsul0LyBAiW/ygwHFUt+GV8fD/3LG26sSPUF9jPeVtDVIhEM0ElRebsIT0Ep2AmlUIOo0KER3R6CMektDYVOsD84ifThSVSu+FV/BPqXBGNSIWPUo/J72ElZrrhGJsHaVuBn2C7AoGCSD0phbnkG7Bq6vOWoBsVtuxh9NKBbTunQJDWuNNKR+n2iAGVtX8WuUwH27G9vKP7ntXJMDtqF0FmOXLOvRUkuKaZ0GA/tCMMZyr4jwIxwt1LWAwMMXYglF0Lw++W/pLlbDfxqcL5XqR2N45gjG2STbJOA7JMaOSN10iCM3JEH8kSevXvv0XvxXr9aJ7zxzDr5Ae/tEz/xneM=</latexit><latexit sha1_base64="PN547/NG3GyH0KZdM/miNJ2iQ5Y=">AAACEXicbVA9SwNBEN3z2/gVtbRZDIKN4U4EbYSgoJYRTBRy4Zjb7CWLu3vH7pwSjvwFG/+KjYUitnZ2/hs3MYVfDwYe780wMy/OpLDo+x/exOTU9Mzs3HxpYXFpeaW8uta0aW4Yb7BUpuYqBsul0LyBAiW/ygwHFUt+GV8fD/3LG26sSPUF9jPeVtDVIhEM0ElRebsIT0Ep2AmlUIOo0KER3R6CMektDYVOsD84ifThSVSu+FV/BPqXBGNSIWPUo/J72ElZrrhGJsHaVuBn2C7AoGCSD0phbnkG7Bq6vOWoBsVtuxh9NKBbTunQJDWuNNKR+n2iAGVtX8WuUwH27G9vKP7ntXJMDtqF0FmOXLOvRUkuKaZ0GA/tCMMZyr4jwIxwt1LWAwMMXYglF0Lw++W/pLlbDfxqcL5XqR2N45gjG2STbJOA7JMaOSN10iCM3JEH8kSevXvv0XvxXr9aJ7zxzDr5Ae/tEz/xneM=</latexit>

1. Asymptotic Lower Bound: For every x\inX ,  and every                                 
adfadsfa in X:

2. Recovery Sequence: For every x\inX  ,  there exists some                                
adfadsfa such that                  in X  and:

F (x)  lim inf
n!1

Fn(xn).
<latexit sha1_base64="Os2LIFqx5sBlcNjMqtb/DW/zpdo=">AAACGHicbVDLSgNBEJz1GeMr6tHLYBCSS9wVQY9BIXiMYB6QDcvsZDYZMju7zvRqwpLP8OKvePGgiNfc/Bsnj4MmFjQUVd10d/mx4Bps+9taWV1b39jMbGW3d3b39nMHh3UdJYqyGo1EpJo+0UxwyWrAQbBmrBgJfcEafv9m4jcemdI8kvcwjFk7JF3JA04JGMnLnVUKg6Ir2AN2BQ+5DLxUuop3e0CUip6wayQYjiqeLAw8WSx5ubxdsqfAy8SZkzyao+rlxm4noknIJFBBtG45dgztlCjgVLBR1k00iwntky5rGSpJyHQ7nT42wqdG6eAgUqYk4Kn6eyIlodbD0DedIYGeXvQm4n9eK4Hgqp1yGSfAJJ0tChKBIcKTlHCHK0ZBDA0hVHFzK6Y9oggFk2XWhOAsvrxM6uclxy45dxf58vU8jgw6RieogBx0icroFlVRDVH0jF7RO/qwXqw369P6mrWuWPOZI/QH1vgHhl+gEA==</latexit><latexit sha1_base64="Os2LIFqx5sBlcNjMqtb/DW/zpdo=">AAACGHicbVDLSgNBEJz1GeMr6tHLYBCSS9wVQY9BIXiMYB6QDcvsZDYZMju7zvRqwpLP8OKvePGgiNfc/Bsnj4MmFjQUVd10d/mx4Bps+9taWV1b39jMbGW3d3b39nMHh3UdJYqyGo1EpJo+0UxwyWrAQbBmrBgJfcEafv9m4jcemdI8kvcwjFk7JF3JA04JGMnLnVUKg6Ir2AN2BQ+5DLxUuop3e0CUip6wayQYjiqeLAw8WSx5ubxdsqfAy8SZkzyao+rlxm4noknIJFBBtG45dgztlCjgVLBR1k00iwntky5rGSpJyHQ7nT42wqdG6eAgUqYk4Kn6eyIlodbD0DedIYGeXvQm4n9eK4Hgqp1yGSfAJJ0tChKBIcKTlHCHK0ZBDA0hVHFzK6Y9oggFk2XWhOAsvrxM6uclxy45dxf58vU8jgw6RieogBx0icroFlVRDVH0jF7RO/qwXqw369P6mrWuWPOZI/QH1vgHhl+gEA==</latexit><latexit sha1_base64="Os2LIFqx5sBlcNjMqtb/DW/zpdo=">AAACGHicbVDLSgNBEJz1GeMr6tHLYBCSS9wVQY9BIXiMYB6QDcvsZDYZMju7zvRqwpLP8OKvePGgiNfc/Bsnj4MmFjQUVd10d/mx4Bps+9taWV1b39jMbGW3d3b39nMHh3UdJYqyGo1EpJo+0UxwyWrAQbBmrBgJfcEafv9m4jcemdI8kvcwjFk7JF3JA04JGMnLnVUKg6Ir2AN2BQ+5DLxUuop3e0CUip6wayQYjiqeLAw8WSx5ubxdsqfAy8SZkzyao+rlxm4noknIJFBBtG45dgztlCjgVLBR1k00iwntky5rGSpJyHQ7nT42wqdG6eAgUqYk4Kn6eyIlodbD0DedIYGeXvQm4n9eK4Hgqp1yGSfAJJ0tChKBIcKTlHCHK0ZBDA0hVHFzK6Y9oggFk2XWhOAsvrxM6uclxy45dxf58vU8jgw6RieogBx0icroFlVRDVH0jF7RO/qwXqw369P6mrWuWPOZI/QH1vgHhl+gEA==</latexit><latexit sha1_base64="Os2LIFqx5sBlcNjMqtb/DW/zpdo=">AAACGHicbVDLSgNBEJz1GeMr6tHLYBCSS9wVQY9BIXiMYB6QDcvsZDYZMju7zvRqwpLP8OKvePGgiNfc/Bsnj4MmFjQUVd10d/mx4Bps+9taWV1b39jMbGW3d3b39nMHh3UdJYqyGo1EpJo+0UxwyWrAQbBmrBgJfcEafv9m4jcemdI8kvcwjFk7JF3JA04JGMnLnVUKg6Ir2AN2BQ+5DLxUuop3e0CUip6wayQYjiqeLAw8WSx5ubxdsqfAy8SZkzyao+rlxm4noknIJFBBtG45dgztlCjgVLBR1k00iwntky5rGSpJyHQ7nT42wqdG6eAgUqYk4Kn6eyIlodbD0DedIYGeXvQm4n9eK4Hgqp1yGSfAJJ0tChKBIcKTlHCHK0ZBDA0hVHFzK6Y9oggFk2XWhOAsvrxM6uclxy45dxf58vU8jgw6RieogBx0icroFlVRDVH0jF7RO/qwXqw369P6mrWuWPOZI/QH1vgHhl+gEA==</latexit>

x 2 X

<latexit sha1_base64="9whs3+XX3gr+yjX24GgTLfdZk8Y=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJmdmaZmRVDyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bRmWaYZ0poXQrogYFl1i33ApspRppEglsRsObqd98RG24kvd2lGKY0L7kMWfUOqnx1OGStLqlsl/xZyDLJMhJGXLUuqWvTk+xLEFpmaDGtAM/teGYasuZwEmxkxlMKRvSPrYdlTRBE45n107IqVN6JFbalbRkpv6eGNPEmFESuc6E2oFZ9Kbif147s/FVOOYyzSxKNl8UZ4JYRaavkx7XyKwYOUKZ5u5WwgZUU2ZdQEUXQrD48jJpnFcCvxLcXZSr13kcBTiGEziDAC6hCrdQgzoweIBneIU3T3kv3rv3MW9d8fKZI/gD7/MHLCiO2Q==</latexit><latexit sha1_base64="9whs3+XX3gr+yjX24GgTLfdZk8Y=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJmdmaZmRVDyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bRmWaYZ0poXQrogYFl1i33ApspRppEglsRsObqd98RG24kvd2lGKY0L7kMWfUOqnx1OGStLqlsl/xZyDLJMhJGXLUuqWvTk+xLEFpmaDGtAM/teGYasuZwEmxkxlMKRvSPrYdlTRBE45n107IqVN6JFbalbRkpv6eGNPEmFESuc6E2oFZ9Kbif147s/FVOOYyzSxKNl8UZ4JYRaavkx7XyKwYOUKZ5u5WwgZUU2ZdQEUXQrD48jJpnFcCvxLcXZSr13kcBTiGEziDAC6hCrdQgzoweIBneIU3T3kv3rv3MW9d8fKZI/gD7/MHLCiO2Q==</latexit><latexit sha1_base64="9whs3+XX3gr+yjX24GgTLfdZk8Y=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJmdmaZmRVDyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bRmWaYZ0poXQrogYFl1i33ApspRppEglsRsObqd98RG24kvd2lGKY0L7kMWfUOqnx1OGStLqlsl/xZyDLJMhJGXLUuqWvTk+xLEFpmaDGtAM/teGYasuZwEmxkxlMKRvSPrYdlTRBE45n107IqVN6JFbalbRkpv6eGNPEmFESuc6E2oFZ9Kbif147s/FVOOYyzSxKNl8UZ4JYRaavkx7XyKwYOUKZ5u5WwgZUU2ZdQEUXQrD48jJpnFcCvxLcXZSr13kcBTiGEziDAC6hCrdQgzoweIBneIU3T3kv3rv3MW9d8fKZI/gD7/MHLCiO2Q==</latexit><latexit sha1_base64="9whs3+XX3gr+yjX24GgTLfdZk8Y=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJmdmaZmRVDyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bRmWaYZ0poXQrogYFl1i33ApspRppEglsRsObqd98RG24kvd2lGKY0L7kMWfUOqnx1OGStLqlsl/xZyDLJMhJGXLUuqWvTk+xLEFpmaDGtAM/teGYasuZwEmxkxlMKRvSPrYdlTRBE45n107IqVN6JFbalbRkpv6eGNPEmFESuc6E2oFZ9Kbif147s/FVOOYyzSxKNl8UZ4JYRaavkx7XyKwYOUKZ5u5WwgZUU2ZdQEUXQrD48jJpnFcCvxLcXZSr13kcBTiGEziDAC6hCrdQgzoweIBneIU3T3kv3rv3MW9d8fKZI/gD7/MHLCiO2Q==</latexit>

xn ! x

<latexit sha1_base64="SGFszpQqNHtIYfuI9CV1VL/iPnI=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0lE0GPRi8cKthXaEDbbTbt0sxt2J7Ul9J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5USq4Ac/7dkpr6xubW+Xtys7u3v6Be3jUMirTlDWpEko/RsQwwSVrAgfBHlPNSBIJ1o6GtzO/PWLacCUfYJKyICF9yWNOCVgpdN1xKLua9wdAtFZPeBy6Va/mzYFXiV+QKirQCN2vbk/RLGESqCDGdHwvhSAnGjgVbFrpZoalhA5Jn3UslSRhJsjnl0/xmVV6OFbalgQ8V39P5CQxZpJEtjMhMDDL3kz8z+tkEF8HOZdpBkzSxaI4ExgUnsWAe1wzCmJiCaGa21sxHRBNKNiwKjYEf/nlVdK6qPlezb+/rNZvijjK6ASdonPkoytUR3eogZqIohF6Rq/ozcmdF+fd+Vi0lpxi5hj9gfP5A+Hlk80=</latexit><latexit sha1_base64="SGFszpQqNHtIYfuI9CV1VL/iPnI=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0lE0GPRi8cKthXaEDbbTbt0sxt2J7Ul9J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5USq4Ac/7dkpr6xubW+Xtys7u3v6Be3jUMirTlDWpEko/RsQwwSVrAgfBHlPNSBIJ1o6GtzO/PWLacCUfYJKyICF9yWNOCVgpdN1xKLua9wdAtFZPeBy6Va/mzYFXiV+QKirQCN2vbk/RLGESqCDGdHwvhSAnGjgVbFrpZoalhA5Jn3UslSRhJsjnl0/xmVV6OFbalgQ8V39P5CQxZpJEtjMhMDDL3kz8z+tkEF8HOZdpBkzSxaI4ExgUnsWAe1wzCmJiCaGa21sxHRBNKNiwKjYEf/nlVdK6qPlezb+/rNZvijjK6ASdonPkoytUR3eogZqIohF6Rq/ozcmdF+fd+Vi0lpxi5hj9gfP5A+Hlk80=</latexit><latexit sha1_base64="SGFszpQqNHtIYfuI9CV1VL/iPnI=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0lE0GPRi8cKthXaEDbbTbt0sxt2J7Ul9J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5USq4Ac/7dkpr6xubW+Xtys7u3v6Be3jUMirTlDWpEko/RsQwwSVrAgfBHlPNSBIJ1o6GtzO/PWLacCUfYJKyICF9yWNOCVgpdN1xKLua9wdAtFZPeBy6Va/mzYFXiV+QKirQCN2vbk/RLGESqCDGdHwvhSAnGjgVbFrpZoalhA5Jn3UslSRhJsjnl0/xmVV6OFbalgQ8V39P5CQxZpJEtjMhMDDL3kz8z+tkEF8HOZdpBkzSxaI4ExgUnsWAe1wzCmJiCaGa21sxHRBNKNiwKjYEf/nlVdK6qPlezb+/rNZvijjK6ASdonPkoytUR3eogZqIohF6Rq/ozcmdF+fd+Vi0lpxi5hj9gfP5A+Hlk80=</latexit><latexit sha1_base64="SGFszpQqNHtIYfuI9CV1VL/iPnI=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0lE0GPRi8cKthXaEDbbTbt0sxt2J7Ul9J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5USq4Ac/7dkpr6xubW+Xtys7u3v6Be3jUMirTlDWpEko/RsQwwSVrAgfBHlPNSBIJ1o6GtzO/PWLacCUfYJKyICF9yWNOCVgpdN1xKLua9wdAtFZPeBy6Va/mzYFXiV+QKirQCN2vbk/RLGESqCDGdHwvhSAnGjgVbFrpZoalhA5Jn3UslSRhJsjnl0/xmVV6OFbalgQ8V39P5CQxZpJEtjMhMDDL3kz8z+tkEF8HOZdpBkzSxaI4ExgUnsWAe1wzCmJiCaGa21sxHRBNKNiwKjYEf/nlVdK6qPlezb+/rNZvijjK6ASdonPkoytUR3eogZqIohF6Rq/ozcmdF+fd+Vi0lpxi5hj9gfP5A+Hlk80=</latexit>

X
<latexit sha1_base64="hf6hOeTjseL13iz+i/MO/ptaY5E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AtbmM3A==</latexit><latexit sha1_base64="hf6hOeTjseL13iz+i/MO/ptaY5E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AtbmM3A==</latexit><latexit sha1_base64="hf6hOeTjseL13iz+i/MO/ptaY5E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AtbmM3A==</latexit><latexit sha1_base64="hf6hOeTjseL13iz+i/MO/ptaY5E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AtbmM3A==</latexit>

x 2 X

<latexit sha1_base64="9whs3+XX3gr+yjX24GgTLfdZk8Y=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJmdmaZmRVDyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bRmWaYZ0poXQrogYFl1i33ApspRppEglsRsObqd98RG24kvd2lGKY0L7kMWfUOqnx1OGStLqlsl/xZyDLJMhJGXLUuqWvTk+xLEFpmaDGtAM/teGYasuZwEmxkxlMKRvSPrYdlTRBE45n107IqVN6JFbalbRkpv6eGNPEmFESuc6E2oFZ9Kbif147s/FVOOYyzSxKNl8UZ4JYRaavkx7XyKwYOUKZ5u5WwgZUU2ZdQEUXQrD48jJpnFcCvxLcXZSr13kcBTiGEziDAC6hCrdQgzoweIBneIU3T3kv3rv3MW9d8fKZI/gD7/MHLCiO2Q==</latexit><latexit sha1_base64="9whs3+XX3gr+yjX24GgTLfdZk8Y=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJmdmaZmRVDyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bRmWaYZ0poXQrogYFl1i33ApspRppEglsRsObqd98RG24kvd2lGKY0L7kMWfUOqnx1OGStLqlsl/xZyDLJMhJGXLUuqWvTk+xLEFpmaDGtAM/teGYasuZwEmxkxlMKRvSPrYdlTRBE45n107IqVN6JFbalbRkpv6eGNPEmFESuc6E2oFZ9Kbif147s/FVOOYyzSxKNl8UZ4JYRaavkx7XyKwYOUKZ5u5WwgZUU2ZdQEUXQrD48jJpnFcCvxLcXZSr13kcBTiGEziDAC6hCrdQgzoweIBneIU3T3kv3rv3MW9d8fKZI/gD7/MHLCiO2Q==</latexit><latexit sha1_base64="9whs3+XX3gr+yjX24GgTLfdZk8Y=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJmdmaZmRVDyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bRmWaYZ0poXQrogYFl1i33ApspRppEglsRsObqd98RG24kvd2lGKY0L7kMWfUOqnx1OGStLqlsl/xZyDLJMhJGXLUuqWvTk+xLEFpmaDGtAM/teGYasuZwEmxkxlMKRvSPrYdlTRBE45n107IqVN6JFbalbRkpv6eGNPEmFESuc6E2oFZ9Kbif147s/FVOOYyzSxKNl8UZ4JYRaavkx7XyKwYOUKZ5u5WwgZUU2ZdQEUXQrD48jJpnFcCvxLcXZSr13kcBTiGEziDAC6hCrdQgzoweIBneIU3T3kv3rv3MW9d8fKZI/gD7/MHLCiO2Q==</latexit><latexit sha1_base64="9whs3+XX3gr+yjX24GgTLfdZk8Y=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJmdmaZmRVDyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bRmWaYZ0poXQrogYFl1i33ApspRppEglsRsObqd98RG24kvd2lGKY0L7kMWfUOqnx1OGStLqlsl/xZyDLJMhJGXLUuqWvTk+xLEFpmaDGtAM/teGYasuZwEmxkxlMKRvSPrYdlTRBE45n107IqVN6JFbalbRkpv6eGNPEmFESuc6E2oFZ9Kbif147s/FVOOYyzSxKNl8UZ4JYRaavkx7XyKwYOUKZ5u5WwgZUU2ZdQEUXQrD48jJpnFcCvxLcXZSr13kcBTiGEziDAC6hCrdQgzoweIBneIU3T3kv3rv3MW9d8fKZI/gD7/MHLCiO2Q==</latexit>

xn 2 X

<latexit sha1_base64="6H1PYntCaU+le4xwWpIrIrBtVIc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBtoE2lM120i7dbOLuRiyhf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBy2dJIphk2WiET5IdUouMSm4UagnyqkcSiwHY5upn77EZXmibw34xSDmA4kjzijxkr+U092uSR+r1J1a+4MZJl4BalCgUav8tXtJyyLURomqNYdz01NkFNlOBM4KXczjSllIzrAjqWSxqiDfHbvhJxapU+iRNmShszU3xM5jbUex6HtjKkZ6kVvKv7ndTITXQU5l2lmULL5oigTxCRk+jzpc4XMiLEllClubyVsSBVlxkZUtiF4iy8vk9Z5zXNr3t1FtX5dxFGCYziBM/DgEupwCw1oAgMBz/AKb86D8+K8Ox/z1hWnmDmCP3A+fwCyGY+6</latexit><latexit sha1_base64="6H1PYntCaU+le4xwWpIrIrBtVIc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBtoE2lM120i7dbOLuRiyhf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBy2dJIphk2WiET5IdUouMSm4UagnyqkcSiwHY5upn77EZXmibw34xSDmA4kjzijxkr+U092uSR+r1J1a+4MZJl4BalCgUav8tXtJyyLURomqNYdz01NkFNlOBM4KXczjSllIzrAjqWSxqiDfHbvhJxapU+iRNmShszU3xM5jbUex6HtjKkZ6kVvKv7ndTITXQU5l2lmULL5oigTxCRk+jzpc4XMiLEllClubyVsSBVlxkZUtiF4iy8vk9Z5zXNr3t1FtX5dxFGCYziBM/DgEupwCw1oAgMBz/AKb86D8+K8Ox/z1hWnmDmCP3A+fwCyGY+6</latexit><latexit sha1_base64="6H1PYntCaU+le4xwWpIrIrBtVIc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBtoE2lM120i7dbOLuRiyhf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBy2dJIphk2WiET5IdUouMSm4UagnyqkcSiwHY5upn77EZXmibw34xSDmA4kjzijxkr+U092uSR+r1J1a+4MZJl4BalCgUav8tXtJyyLURomqNYdz01NkFNlOBM4KXczjSllIzrAjqWSxqiDfHbvhJxapU+iRNmShszU3xM5jbUex6HtjKkZ6kVvKv7ndTITXQU5l2lmULL5oigTxCRk+jzpc4XMiLEllClubyVsSBVlxkZUtiF4iy8vk9Z5zXNr3t1FtX5dxFGCYziBM/DgEupwCw1oAgMBz/AKb86D8+K8Ox/z1hWnmDmCP3A+fwCyGY+6</latexit><latexit sha1_base64="6H1PYntCaU+le4xwWpIrIrBtVIc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBtoE2lM120i7dbOLuRiyhf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBy2dJIphk2WiET5IdUouMSm4UagnyqkcSiwHY5upn77EZXmibw34xSDmA4kjzijxkr+U092uSR+r1J1a+4MZJl4BalCgUav8tXtJyyLURomqNYdz01NkFNlOBM4KXczjSllIzrAjqWSxqiDfHbvhJxapU+iRNmShszU3xM5jbUex6HtjKkZ6kVvKv7ndTITXQU5l2lmULL5oigTxCRk+jzpc4XMiLEllClubyVsSBVlxkZUtiF4iy8vk9Z5zXNr3t1FtX5dxFGCYziBM/DgEupwCw1oAgMBz/AKb86D8+K8Ox/z1hWnmDmCP3A+fwCyGY+6</latexit>

xn ! X

<latexit sha1_base64="SnkgZYwsTzcjYTV81IaXjDi6F5I=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cK9gPaEDbbTbt0sxt2N9US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8KOVMG8/7dkpr6xubW+Xtys7u3v6Be3jU0jJThDaJ5FJ1IqwpZ4I2DTOcdlJFcRJx2o5GtzO/PaZKMykezCSlQYIHgsWMYGOl0HWfQtFTbDA0WCn5iDqhW/Vq3hxolfgFqUKBRuh+9fqSZAkVhnCsddf3UhPkWBlGOJ1WepmmKSYjPKBdSwVOqA7y+eVTdGaVPoqlsiUMmqu/J3KcaD1JItuZYDPUy95M/M/rZia+DnIm0sxQQRaL4owjI9EsBtRnihLDJ5Zgopi9FZEhVpgYG1bFhuAvv7xKWhc136v595fV+k0RRxlO4BTOwYcrqMMdNKAJBMbwDK/w5uTOi/PufCxaS04xcwx/4Hz+ALFlk60=</latexit><latexit sha1_base64="SnkgZYwsTzcjYTV81IaXjDi6F5I=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cK9gPaEDbbTbt0sxt2N9US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8KOVMG8/7dkpr6xubW+Xtys7u3v6Be3jU0jJThDaJ5FJ1IqwpZ4I2DTOcdlJFcRJx2o5GtzO/PaZKMykezCSlQYIHgsWMYGOl0HWfQtFTbDA0WCn5iDqhW/Vq3hxolfgFqUKBRuh+9fqSZAkVhnCsddf3UhPkWBlGOJ1WepmmKSYjPKBdSwVOqA7y+eVTdGaVPoqlsiUMmqu/J3KcaD1JItuZYDPUy95M/M/rZia+DnIm0sxQQRaL4owjI9EsBtRnihLDJ5Zgopi9FZEhVpgYG1bFhuAvv7xKWhc136v595fV+k0RRxlO4BTOwYcrqMMdNKAJBMbwDK/w5uTOi/PufCxaS04xcwx/4Hz+ALFlk60=</latexit><latexit sha1_base64="SnkgZYwsTzcjYTV81IaXjDi6F5I=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cK9gPaEDbbTbt0sxt2N9US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8KOVMG8/7dkpr6xubW+Xtys7u3v6Be3jU0jJThDaJ5FJ1IqwpZ4I2DTOcdlJFcRJx2o5GtzO/PaZKMykezCSlQYIHgsWMYGOl0HWfQtFTbDA0WCn5iDqhW/Vq3hxolfgFqUKBRuh+9fqSZAkVhnCsddf3UhPkWBlGOJ1WepmmKSYjPKBdSwVOqA7y+eVTdGaVPoqlsiUMmqu/J3KcaD1JItuZYDPUy95M/M/rZia+DnIm0sxQQRaL4owjI9EsBtRnihLDJ5Zgopi9FZEhVpgYG1bFhuAvv7xKWhc136v595fV+k0RRxlO4BTOwYcrqMMdNKAJBMbwDK/w5uTOi/PufCxaS04xcwx/4Hz+ALFlk60=</latexit><latexit sha1_base64="SnkgZYwsTzcjYTV81IaXjDi6F5I=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cK9gPaEDbbTbt0sxt2N9US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8KOVMG8/7dkpr6xubW+Xtys7u3v6Be3jU0jJThDaJ5FJ1IqwpZ4I2DTOcdlJFcRJx2o5GtzO/PaZKMykezCSlQYIHgsWMYGOl0HWfQtFTbDA0WCn5iDqhW/Vq3hxolfgFqUKBRuh+9fqSZAkVhnCsddf3UhPkWBlGOJ1WepmmKSYjPKBdSwVOqA7y+eVTdGaVPoqlsiUMmqu/J3KcaD1JItuZYDPUy95M/M/rZia+DnIm0sxQQRaL4owjI9EsBtRnihLDJ5Zgopi9FZEhVpgYG1bFhuAvv7xKWhc136v595fV+k0RRxlO4BTOwYcrqMMdNKAJBMbwDK/w5uTOi/PufCxaS04xcwx/4Hz+ALFlk60=</latexit>

X
<latexit sha1_base64="hf6hOeTjseL13iz+i/MO/ptaY5E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AtbmM3A==</latexit><latexit sha1_base64="hf6hOeTjseL13iz+i/MO/ptaY5E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AtbmM3A==</latexit><latexit sha1_base64="hf6hOeTjseL13iz+i/MO/ptaY5E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AtbmM3A==</latexit><latexit sha1_base64="hf6hOeTjseL13iz+i/MO/ptaY5E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AtbmM3A==</latexit>

F (x) � lim sup
n!1

Fn(xn).
<latexit sha1_base64="UNgWcOs/F9TtYIRLOgEWj4USMGs=">AAACGXicbVDLSgNBEJyNrxhfUY9eBoOQXMKuCHoMCsFjBPOAbFhmJ7PJkNnZdaZXE5b8hhd/xYsHRTzqyb9x8jhoYkFDUdVNd5cfC67Btr+tzMrq2vpGdjO3tb2zu5ffP2joKFGU1WkkItXyiWaCS1YHDoK1YsVI6AvW9AdXE795z5TmkbyFUcw6IelJHnBKwEhe3q4WhyW3x+6wK3iok9hLpat4rw9EqegBu1wGMBrjqieLQ0+Wyl6+YJftKfAyceakgOaoeflPtxvRJGQSqCBatx07hk5KFHAq2DjnJprFhA5Ij7UNlSRkupNOPxvjE6N0cRApUxLwVP09kZJQ61Hom86QQF8vehPxP6+dQHDRSbmME2CSzhYFicAQ4UlMuMsVoyBGhhCquLkV0z5RhIIJM2dCcBZfXiaN07Jjl52bs0Llch5HFh2hY1REDjpHFXSNaqiOKHpEz+gVvVlP1ov1bn3MWjPWfOYQ/YH19QMQJqBQ</latexit><latexit sha1_base64="UNgWcOs/F9TtYIRLOgEWj4USMGs=">AAACGXicbVDLSgNBEJyNrxhfUY9eBoOQXMKuCHoMCsFjBPOAbFhmJ7PJkNnZdaZXE5b8hhd/xYsHRTzqyb9x8jhoYkFDUdVNd5cfC67Btr+tzMrq2vpGdjO3tb2zu5ffP2joKFGU1WkkItXyiWaCS1YHDoK1YsVI6AvW9AdXE795z5TmkbyFUcw6IelJHnBKwEhe3q4WhyW3x+6wK3iok9hLpat4rw9EqegBu1wGMBrjqieLQ0+Wyl6+YJftKfAyceakgOaoeflPtxvRJGQSqCBatx07hk5KFHAq2DjnJprFhA5Ij7UNlSRkupNOPxvjE6N0cRApUxLwVP09kZJQ61Hom86QQF8vehPxP6+dQHDRSbmME2CSzhYFicAQ4UlMuMsVoyBGhhCquLkV0z5RhIIJM2dCcBZfXiaN07Jjl52bs0Llch5HFh2hY1REDjpHFXSNaqiOKHpEz+gVvVlP1ov1bn3MWjPWfOYQ/YH19QMQJqBQ</latexit><latexit sha1_base64="UNgWcOs/F9TtYIRLOgEWj4USMGs=">AAACGXicbVDLSgNBEJyNrxhfUY9eBoOQXMKuCHoMCsFjBPOAbFhmJ7PJkNnZdaZXE5b8hhd/xYsHRTzqyb9x8jhoYkFDUdVNd5cfC67Btr+tzMrq2vpGdjO3tb2zu5ffP2joKFGU1WkkItXyiWaCS1YHDoK1YsVI6AvW9AdXE795z5TmkbyFUcw6IelJHnBKwEhe3q4WhyW3x+6wK3iok9hLpat4rw9EqegBu1wGMBrjqieLQ0+Wyl6+YJftKfAyceakgOaoeflPtxvRJGQSqCBatx07hk5KFHAq2DjnJprFhA5Ij7UNlSRkupNOPxvjE6N0cRApUxLwVP09kZJQ61Hom86QQF8vehPxP6+dQHDRSbmME2CSzhYFicAQ4UlMuMsVoyBGhhCquLkV0z5RhIIJM2dCcBZfXiaN07Jjl52bs0Llch5HFh2hY1REDjpHFXSNaqiOKHpEz+gVvVlP1ov1bn3MWjPWfOYQ/YH19QMQJqBQ</latexit><latexit sha1_base64="UNgWcOs/F9TtYIRLOgEWj4USMGs=">AAACGXicbVDLSgNBEJyNrxhfUY9eBoOQXMKuCHoMCsFjBPOAbFhmJ7PJkNnZdaZXE5b8hhd/xYsHRTzqyb9x8jhoYkFDUdVNd5cfC67Btr+tzMrq2vpGdjO3tb2zu5ffP2joKFGU1WkkItXyiWaCS1YHDoK1YsVI6AvW9AdXE795z5TmkbyFUcw6IelJHnBKwEhe3q4WhyW3x+6wK3iok9hLpat4rw9EqegBu1wGMBrjqieLQ0+Wyl6+YJftKfAyceakgOaoeflPtxvRJGQSqCBatx07hk5KFHAq2DjnJprFhA5Ij7UNlSRkupNOPxvjE6N0cRApUxLwVP09kZJQ61Hom86QQF8vehPxP6+dQHDRSbmME2CSzhYFicAQ4UlMuMsVoyBGhhCquLkV0z5RhIIJM2dCcBZfXiaN07Jjl52bs0Llch5HFh2hY1REDjpHFXSNaqiOKHpEz+gVvVlP1ov1bn3MWjPWfOYQ/YH19QMQJqBQ</latexit>



Examples:
�� limn!1 cos(nx)?

<latexit sha1_base64="gAvTvv2Rr8tiuaoeQ2FH/zVpA0k=">AAACFnicbVDLSgNBEJz1bXxFPXoZDIIeDLsi6E3Rgx4VjArZEHons8ngPJaZXjUs+Qov/ooXD4p4FW/+jZOYg6+ChqKqm+6uJJPCYRh+BCOjY+MTk1PTpZnZufmF8uLSuTO5ZbzGjDT2MgHHpdC8hgIlv8wsB5VIfpFcHfb9i2tunTD6DLsZbyhoa5EKBuilZnmziI9AKdiMpVC9ZqFjK9odBGvNDY2FTrHbi5lx6/p2Y482y5WwGg5A/5JoSCpkiJNm+T1uGZYrrpFJcK4ehRk2CrAomOS9Upw7ngG7gjave6pBcdcoBm/16JpXWjQ11pdGOlC/TxSgnOuqxHcqwI777fXF/7x6juluoxA6y5Fr9rUozSVFQ/sZ0ZawnKHsegLMCn8rZR2wwNAnWfIhRL9f/kvOt6pRWI1Otyv7B8M4psgKWSXrJCI7ZJ8ckxNSI4zckQfyRJ6D++AxeAlev1pHguHMMvmB4O0Txl+ftg==</latexit><latexit sha1_base64="gAvTvv2Rr8tiuaoeQ2FH/zVpA0k=">AAACFnicbVDLSgNBEJz1bXxFPXoZDIIeDLsi6E3Rgx4VjArZEHons8ngPJaZXjUs+Qov/ooXD4p4FW/+jZOYg6+ChqKqm+6uJJPCYRh+BCOjY+MTk1PTpZnZufmF8uLSuTO5ZbzGjDT2MgHHpdC8hgIlv8wsB5VIfpFcHfb9i2tunTD6DLsZbyhoa5EKBuilZnmziI9AKdiMpVC9ZqFjK9odBGvNDY2FTrHbi5lx6/p2Y482y5WwGg5A/5JoSCpkiJNm+T1uGZYrrpFJcK4ehRk2CrAomOS9Upw7ngG7gjave6pBcdcoBm/16JpXWjQ11pdGOlC/TxSgnOuqxHcqwI777fXF/7x6juluoxA6y5Fr9rUozSVFQ/sZ0ZawnKHsegLMCn8rZR2wwNAnWfIhRL9f/kvOt6pRWI1Otyv7B8M4psgKWSXrJCI7ZJ8ckxNSI4zckQfyRJ6D++AxeAlev1pHguHMMvmB4O0Txl+ftg==</latexit><latexit sha1_base64="gAvTvv2Rr8tiuaoeQ2FH/zVpA0k=">AAACFnicbVDLSgNBEJz1bXxFPXoZDIIeDLsi6E3Rgx4VjArZEHons8ngPJaZXjUs+Qov/ooXD4p4FW/+jZOYg6+ChqKqm+6uJJPCYRh+BCOjY+MTk1PTpZnZufmF8uLSuTO5ZbzGjDT2MgHHpdC8hgIlv8wsB5VIfpFcHfb9i2tunTD6DLsZbyhoa5EKBuilZnmziI9AKdiMpVC9ZqFjK9odBGvNDY2FTrHbi5lx6/p2Y482y5WwGg5A/5JoSCpkiJNm+T1uGZYrrpFJcK4ehRk2CrAomOS9Upw7ngG7gjave6pBcdcoBm/16JpXWjQ11pdGOlC/TxSgnOuqxHcqwI777fXF/7x6juluoxA6y5Fr9rUozSVFQ/sZ0ZawnKHsegLMCn8rZR2wwNAnWfIhRL9f/kvOt6pRWI1Otyv7B8M4psgKWSXrJCI7ZJ8ckxNSI4zckQfyRJ6D++AxeAlev1pHguHMMvmB4O0Txl+ftg==</latexit><latexit sha1_base64="gAvTvv2Rr8tiuaoeQ2FH/zVpA0k=">AAACFnicbVDLSgNBEJz1bXxFPXoZDIIeDLsi6E3Rgx4VjArZEHons8ngPJaZXjUs+Qov/ooXD4p4FW/+jZOYg6+ChqKqm+6uJJPCYRh+BCOjY+MTk1PTpZnZufmF8uLSuTO5ZbzGjDT2MgHHpdC8hgIlv8wsB5VIfpFcHfb9i2tunTD6DLsZbyhoa5EKBuilZnmziI9AKdiMpVC9ZqFjK9odBGvNDY2FTrHbi5lx6/p2Y482y5WwGg5A/5JoSCpkiJNm+T1uGZYrrpFJcK4ehRk2CrAomOS9Upw7ngG7gjave6pBcdcoBm/16JpXWjQ11pdGOlC/TxSgnOuqxHcqwI777fXF/7x6juluoxA6y5Fr9rUozSVFQ/sZ0ZawnKHsegLMCn8rZR2wwNAnWfIhRL9f/kvOt6pRWI1Otyv7B8M4psgKWSXrJCI7ZJ8ckxNSI4zckQfyRJ6D++AxeAlev1pHguHMMvmB4O0Txl+ftg==</latexit>

�� limn!1

✓
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<latexit sha1_base64="DsBz0oFzKLA2YdQvh7QzZuRBPhs="></latexit><latexit sha1_base64="DsBz0oFzKLA2YdQvh7QzZuRBPhs="></latexit><latexit sha1_base64="DsBz0oFzKLA2YdQvh7QzZuRBPhs="></latexit><latexit sha1_base64="DsBz0oFzKLA2YdQvh7QzZuRBPhs="></latexit>
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?

<latexit sha1_base64="JHzTW/Az1E3Y4qHZGjdwEC5yw7I="></latexit><latexit sha1_base64="JHzTW/Az1E3Y4qHZGjdwEC5yw7I="></latexit><latexit sha1_base64="JHzTW/Az1E3Y4qHZGjdwEC5yw7I="></latexit><latexit sha1_base64="JHzTW/Az1E3Y4qHZGjdwEC5yw7I="></latexit>

�� limn!1nx exp(nx)?

<latexit sha1_base64="vWQ0fUG4usjmbDr5uZjEEkLlnns=">AAACF3icbVDLSgNBEJz1bXxFPXoZDIIeDLsi6M2gBz0qmChkQ+idzCaDM7PLTK8mLPkLL/6KFw+KeNWbf+PkcfBV0FBUddPdFaVSWPT9T29icmp6ZnZuvrCwuLS8Ulxdq9kkM4xXWSITcx2B5VJoXkWBkl+nhoOKJL+Kbk4G/tUtN1Yk+hJ7KW8oaGsRCwbopGaxnIenoBTshlKofjPXoRHtDoIxyR0NhY6x19fdkHfTbd3dOWoWS37ZH4L+JcGYlMgY583iR9hKWKa4RibB2nrgp9jIwaBgkvcLYWZ5CuwG2rzuqAbFbSMf/tWnW05p0TgxrjTSofp9IgdlbU9FrlMBduxvbyD+59UzjA8budBphlyz0aI4kxQTOgiJtoThDGXPEWBGuFsp64ABhi7Kggsh+P3yX1LbKwd+ObjYL1WOx3HMkQ2ySbZJQA5IhZyRc1IljNyTR/JMXrwH78l79d5GrRPeeGad/ID3/gU3xKCO</latexit><latexit sha1_base64="vWQ0fUG4usjmbDr5uZjEEkLlnns=">AAACF3icbVDLSgNBEJz1bXxFPXoZDIIeDLsi6M2gBz0qmChkQ+idzCaDM7PLTK8mLPkLL/6KFw+KeNWbf+PkcfBV0FBUddPdFaVSWPT9T29icmp6ZnZuvrCwuLS8Ulxdq9kkM4xXWSITcx2B5VJoXkWBkl+nhoOKJL+Kbk4G/tUtN1Yk+hJ7KW8oaGsRCwbopGaxnIenoBTshlKofjPXoRHtDoIxyR0NhY6x19fdkHfTbd3dOWoWS37ZH4L+JcGYlMgY583iR9hKWKa4RibB2nrgp9jIwaBgkvcLYWZ5CuwG2rzuqAbFbSMf/tWnW05p0TgxrjTSofp9IgdlbU9FrlMBduxvbyD+59UzjA8budBphlyz0aI4kxQTOgiJtoThDGXPEWBGuFsp64ABhi7Kggsh+P3yX1LbKwd+ObjYL1WOx3HMkQ2ySbZJQA5IhZyRc1IljNyTR/JMXrwH78l79d5GrRPeeGad/ID3/gU3xKCO</latexit><latexit sha1_base64="vWQ0fUG4usjmbDr5uZjEEkLlnns=">AAACF3icbVDLSgNBEJz1bXxFPXoZDIIeDLsi6M2gBz0qmChkQ+idzCaDM7PLTK8mLPkLL/6KFw+KeNWbf+PkcfBV0FBUddPdFaVSWPT9T29icmp6ZnZuvrCwuLS8Ulxdq9kkM4xXWSITcx2B5VJoXkWBkl+nhoOKJL+Kbk4G/tUtN1Yk+hJ7KW8oaGsRCwbopGaxnIenoBTshlKofjPXoRHtDoIxyR0NhY6x19fdkHfTbd3dOWoWS37ZH4L+JcGYlMgY583iR9hKWKa4RibB2nrgp9jIwaBgkvcLYWZ5CuwG2rzuqAbFbSMf/tWnW05p0TgxrjTSofp9IgdlbU9FrlMBduxvbyD+59UzjA8budBphlyz0aI4kxQTOgiJtoThDGXPEWBGuFsp64ABhi7Kggsh+P3yX1LbKwd+ObjYL1WOx3HMkQ2ySbZJQA5IhZyRc1IljNyTR/JMXrwH78l79d5GrRPeeGad/ID3/gU3xKCO</latexit><latexit sha1_base64="vWQ0fUG4usjmbDr5uZjEEkLlnns=">AAACF3icbVDLSgNBEJz1bXxFPXoZDIIeDLsi6M2gBz0qmChkQ+idzCaDM7PLTK8mLPkLL/6KFw+KeNWbf+PkcfBV0FBUddPdFaVSWPT9T29icmp6ZnZuvrCwuLS8Ulxdq9kkM4xXWSITcx2B5VJoXkWBkl+nhoOKJL+Kbk4G/tUtN1Yk+hJ7KW8oaGsRCwbopGaxnIenoBTshlKofjPXoRHtDoIxyR0NhY6x19fdkHfTbd3dOWoWS37ZH4L+JcGYlMgY583iR9hKWKa4RibB2nrgp9jIwaBgkvcLYWZ5CuwG2rzuqAbFbSMf/tWnW05p0TgxrjTSofp9IgdlbU9FrlMBduxvbyD+59UzjA8budBphlyz0aI4kxQTOgiJtoThDGXPEWBGuFsp64ABhi7Kggsh+P3yX1LbKwd+ObjYL1WOx3HMkQ2ySbZJQA5IhZyRc1IljNyTR/JMXrwH78l79d5GrRPeeGad/ID3/gU3xKCO</latexit>



Calculus of Variations Example 3
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Good guess:
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Optimize over W:W
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Limiting Energy

lim

✏!0
E✏[f ] =

(
8
3# of triangles, if f = ±1 a.e.

1, o.w.



1. Competition between different terms energy scales drives pattern formation. 
2. “Simple” differential equations give the correct pattern. 
3. Knowing how the patterns partition energy (scaling laws), the problem 

reduces to solving a discrete optimization problem. 

Observations

E[f ] = �
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Big Picture:  
• In an indirect manner we have developed rigorous asymptotic 

approximations to solutions to a fourth order nonlinear differential equation. 
• We have also developed a simple robust discrete numerical algorithm for 

solving the equation. 
• This technique is similar to the viscosity method for regularizing shocks in 

hyperbolic systems.



Why Care?Shaping Thin Elastic Sheets



Live Update on Rare Events

Snowing in  
Tucson!


