Homeworlk 5

Analysis

Due: February 23, 2018

. Sequence Spaces:
@ iiven 1 € p < g < oo give an example of a sequence .r,, which is in {7 but not in '
@ Given |1 € p < g < o0 prove that P C ™.
Given 1 < p < q < co prove that [P C 7. .

Let x be a real valued sequence with components x,. Suppose for q satisfying | < ¢ < o0 we
know that for every y € {7 with components y; the sequence x;y; is absolutely summable, and

oo
‘Z il

< Cllgl

for some constant C. Show that z € I? where p = g/{q — 1).
2. Young’s Inequality:
@Let £ be a continuous strictly increasing function on [0, 00) with () = 0. Prove that fora, b = O:

a b
ab < f Jitydt +[ F~Yeyd.
o 0
Prow that for all a,b > 0:

explaj + {1 +b4)In(1+b) 2 {1+ a)(1 +b).

3. Hélder's and Minkowski’s inequalities on spaces of functions:

If f,g € C([0, 1]). show that

1
f (Og(O1dt < [ f e lglize
O

with I/p+1/g=1,1 < p < 0o, where

Wil o = (ful ()™ dt)

If fig€ C([0,1]) and | < p < oo, prove that

:Lf + gI I < !Lfllp 4'||g||p-

1/m

. Function Spaces:

Let f, € C(fa, b)) be a sequence of functions converging uniformly to a function f. Show that

S l b Sulr)de = / ! fleyde.



@Consider the space of continuously differentiable Munctions:
ety = {F: [0, 0] = R: [, f € C({a, b))}
with the C? norm:

1fller = sup [ flxe} + sup | f/ ().

asrah pgr<t
Prove that C'([a,b]) is a Banach space.
@Slmw that the space C'([u, 8]} with the L' norm || - || defined by

I
1l = f \F(e)

is incomplete. Show that if f, — f with respect to || - f~, then f, — f with respect to || - ||,
5. Lebesgue Spaces:

For each of the following functions f, find the set of p € [1,00] for which f € L} on the given

interval.
S =e"ton o, oo)
f(!) l/t on (1, 00).
e f(t)=1/vTon (0,1].
e f(t)=In(t) on (0,3].
o f(1)=1/vT on (0,00).
L]~ <1
e f{1)= {21_,_, > 1 on (0,00). -

(b)) For each of the following functions f, find the set of o € R for which f € LE on the given interval,
taking iy p=L1,ii) p=2,ili) p=o0o
o f(1) =1"on (0,1,
o f(t) =1 on [1,00).
e f{t) = 1* on (0,00).

B 0<t<l
o_f(t‘):{t_0 l<"<mon [1,00).

Is there a function f on (0,00) which belongs to L} but not to L. Is there one that belongs to
L3 but not to L}?

Is there a function f on (0, 1) which belongs to L§ but not to L. Is there one that belongs to L3
but not to L}?
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a.) Lc-l— i be A (ontinvous .S-I-ri‘c-\-—I/ ?hcrcqs‘n), -Fun(,f-\‘ah on ED, ¢0s)
With 3U)=0, Prore that Sor ab> 0!

al = S:—‘}(r) A4+ S:.g"(,g- Ve,

/
W,

Case 4.
@
1. ab= Stde+ S§ ) dxt 0 (b-5e)
6 L)
£ $6x 4§ M5 Lx) Ax
2. ab= ko §P5 dx + b (a-57(1)
= 075 o) dr 4+ 5P560elx.

'h) Prove +hat for all ab=0"
exp(a) + (o) A (1+k) = (V +a) (1 +b)

’ We apply Youms,'s Tne,fbuatli-ly with ${x)= eI,
=> ab = § ™ (dy+§ o txedx

= e a -]+ (yp)A(1+b)- b

= a+abt+bi| < €xplo) + Utk ) A-L1+b)
%’(‘\m)lmﬂﬁexftaH(uHLCHh). B

xX A\
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b)I'F '??ECU:O r]) and l<r<oo show Fhat
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Q) Let K.eC(Cak]) be a Segunce of Luactions Converying unihrmly
to a Fonction . Show +hat

i SRt o
;&14:4: b A .
‘ Sa ¥ 0) dy— S‘ -ﬁx)dxl: \ S:@.,\lx]-}(x))dxl
= S 1300 - St dx

= G- 51, dx
= (h-a) -,
Mee £, — 0,

b.)Can:r.dcr +he spate of ConHv\uousI/ diterendiable Funetians,

Clab)= 5 Taw]—=R % $% ¢ (T4 b])
With He ' norm.

HHL= 11,0 ¢ S0
Prove tha+ C_'(Y_a,b]) 1S a Banach space.

The resolt Follows 5
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b
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L] 5 p=2

=> |£p<2

Av), FHR=L(B), on (0,3].
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