MTH 225 Name (Print): _K_Q}’ T
Spring 2025

Exam 1

02/17/25

This exam contains 7 pages (including this cover page) and 7 problems. Check to see if any pages
are missing. Enter all requested information on the top of this page. and put your initials on the
top of every page, in case the pages become separated.

The following rules apply:

e If you use a “fundamental theorem” you

must indicate this and explain why the theorem Problem | Points | Score

may be applied.

1 10

e Organize your work, in a reasonably neat and

coherent way, in the space provided. Work scat- i 2 15

tered all over the page without a clear ordering !

will receive very little credit. i 3 10
e Short answer questions: Questions labeled as

“Short Answer” can be answered by simply writ- | 4 15

ing an equation or a sentence or appropriately

drawing a figure. No calculations are necessary or 5 15

expected for these problems.

6 20

e Unless the question is specified as short an-

swer, mysterious or unsupported answers 7 15

might not receive full credit. An incorrect

answer supported by substantially correct calcu- Total: 100

lations and explanations might still receive partial -

credit.

Do not write in the table to the right.
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1. (10 points) (Short Answer) Determine if the following statement is correct (C) or incorrect
(I). Just circle C or I. No need to show any work. In order for a statement to be correct it -
must be true in all cases.

C ® If z1, z9 € C, then Re(z)22) = Re(z1)Re(22).
@ I If z;,29 € C, then |z122| = |z1] + |22].
(©) 1 1fz=3rithen e = 1.

I If A, B € AMs4o(R) and AB = I, where I denotes the 2 x 2 identity matrix,
then A =B L

C @ If A, B € Myxs(R) and AB = 0, where 0 denotes the 2 x 2 zero matrix, then
A=0o0r B=0.
2. (15 points) For a € R consider the following system of equations:

ax+y+az=1,
y+z=1,
(e +1)z=1.

{(a) (5 points) Write down the augmented matrix that corresponds to this system of equations.

al a.l
o | 1.1
0 0a+\i|

(b) (10 points) For what values of @ € R does this system of equations have zero, one, or
infinitely many solutions.

"’UWTIIVQ 5plv+;0h 74‘ a¢0 and a#-",

~ No solvtion T a=-|
~ No §slobion ¥ a=0

der(A)= a(qﬂ)
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3. (10 points) Find all solutions to the following system of equations over Zj:

w+zr+y+2z=1,
2z + 2y + 2 =0,
2w+2y+2=1.

lllzj|' I T R | Lz
62 1] 0 “"0221,‘01‘-’0(00;2.]
‘ 2

20 2 L lftp (O 0O 2 o2z licgt
Py 20 (Ters : ;

_ |l {+ 00O 0]+*2Rr2 [ 0 0 0O}
0100‘2-}—90100;2_ ﬁotoo;é
0021 /2 00 21¢2X* oo | 241

T here fore,

W=
)(..":

Y+22=

= wz=|
X=2
=+

The Solvkions dre +hevedore,
w=l w=l o wed
XTL x=IL x=2
y=l y=2 y3?
2z Z=\ 2Z=2
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4. (15 points) (a) (5 points) Short Answer: If V is a vector space over a field F and W C V,
write down what you must show in order to prove that 1V is a subspace of V.

For all BVEW and AE€F we necd 0 show
T+ \V 6W.

{(b) (10 points) If V = C?*(R), and
W={feV:f()- fz) =0},
prove that W is a vector space by proving that it is a subspace of V.
Lev 456V and for pefR ler hix)= O+
Con 7c{wnf"|)g
h(x)=h ()= $ D)0 ) = FOK) ~Agix)
=4 ) = XY T A (f”[x)—/{x))

Therefore, h é:Ve'
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5. (15 points) Let V' be a vector space over a field F.

(a) {5 points) Short Answer: Write down the definition of what it means for the three
vectors u.v,w € V to be linearly independent in V.

The on/ Solvtion 4o the equskion

c,U+G V+LW~D
(s C, =G=(, --0

(b) (5 points) If uj,us.u3 € V are linearly independent, show that the vectors vi,vo. vy € V
given by

Vi =Uuj; — Uz, Vo2=Uz—u3, V3 =uz+u

are linearly independent.

dSoppse ¢, T+, L +¢ V=0
= (£46) 0+ (et w(-646)5=0
Therefore,
=G
C,=¢,
C’ :"(}
Which ¥ only 5 atis Led T c=0=4=0.
(c) (5 points) If u,v,w € V are linearly independent, show that the vectors vy, vy, vz € V

given by
Vi =uj+uz+ug, ve=uy+u3 vy=u

are linearly dependent.
V=V, +,
Vo Vo V5~
Th&nc@br-CJ the Vectsrs are \Tmet-rl/ Jff"hﬂa“‘*-
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6. (20 points) (a) (5 points) Short Answer: Let V and W be vector spaces over a field F.
Write down what you must show in order to prove that a mapping T: V +— W is a linear
transformation.

We need +o show fr all BV6V and NEF +hat
TIODV)= TV NT.

(b) (10 points) With respect to the standard basis, find the matrix representation of a linear
transformation 7' : R? — R? that satisfies

r([]) =[] war ([4]) - ]
T P[]
T =77 (] SR ["] L]

Therefore,

LTI=) % %4
% %

¢) (5 points) Short Answer: Suppose T : R? — R3 is a linear transformation satisfyin
g

(L)~ = (30) B == (3]) -4

With respect to the standard basis, find a matrix representation of 71,

-I"'l 2
[T]—Tr lthg_

N2 {7 17
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7. (15 points) Let T : P2(R) — AlLy2(R) be defined by

0
T(ap + a17 + asx?) = [21 2a2]

A= {l.z.27%) and3={[(1) 0}[8 (1)][(1) g][g {1}]}

be the standard bases for Py(R) and Afx2(R) respectively.

and let.

(a) (5 points) Show that T is a linear transformation.

Let p.(x):-aow.xwlx‘ and F*"‘): b, thX + b‘,Xl and \ER.
Therchre,

TLperpl=adb o :[a.o MNb 072 TT
F* F] ):a‘+)‘l’| L(ﬂﬁ‘)b‘)] al ZﬂJ+ ]>‘ Z.b,] TT-P ]i”)\ [:)74.]

(b) (10 points) Find the matrix representation of T with respect to A and B, ic., find

[TIA. B]].

T[l]:}:z g]
T e TR
T =2



