
MTH 225

Honwwork #7

Due Date: Maceli 19. 2025

1 Prove that il 6 > 1 then the function ( ) : x defined by

Ky. w) c1 Ol — ‘i 02 — t20’l + 612 112

is an inner prod let on

2. Show that the function ) : x 1k2 F—+ 1k dcii ned by

(v.w) = c1a1 + t’1a2 + i2U’1 + I’2W2

does not define an inner product on 1k2

3. Let V lIe a vector space with a complex iuhler product (..) : V x V > C.

(a) Prove that Kx. v) 0 for all v e V if and oiIiv ii X = 0.

(h) Prove that (x. v) = (y,v) for all v c V ii acid only if x = y.

(c) Let {v[ v,} he a basis for I’. Prove that Kx.v) / 1 a, if and only
if x = y.

(d) Prove that x E 1k’ solves the linear svsteici .4x = b if and only if

xTtiv bTv

br all v.

-1. Let V = Prove that

K.4. B) tr(.1TB)

defines an inner product on V.

5. Let V (‘([Oil). Let (.): V x V —*1k he defined hy

(f. g’
= f (f(.r)q(.c) + f’(.r)g’(.r)) di.

(a) Prove that K ) defines all inner product on V

(b) \VriI e out an expression for the norm corresponding to this inner product.
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ti. Let V=C([OU and W{fcCH0.1]):f(0)0}. Let (-.): V x V—>Rhedehiedhv

(f. y)
=

f’ (.x )q’ (.r ) tr

(a) Prove that (-, •) is not an inner prodmt on V.

(h) Prove that ( •) is an inner product on I

7. Let V he a complex inner product space with inner product (-- ) V x V F—* C.

(a) If z cc, prove that z+I 2Re() and z—!= 2iIni(:).

b) Prove for all v, w E V that

Iv -f w.V I!v 12 — 2i{e(v. w)) + I w 2

(c) Prove for all v.w e V that

liv — /w V iv112 ± 2ImUv.w)) — 1w 12.

(d) Prove for all v, w C V that

(v.w) = (v±wH2 - - wU2 j + iwU2 ±ijv - iwi2).

8. Let v, w e V and suppose (-. ) is a real inner product on V. Prove that

]v + w2 iv2 + iwi]2

if and on! if v and w are orthogonal. I-low does tins result change if K •) is a coriLplex inner

prodict

9. Let v. w C I - he a basis for I antI suppose that K- -) is an inner product on V. Suppose
fort her that liv 1 and iwU = 1.

(a) If K- -) is a real-valned inuer )rodllcr - prove that v + w and v — xv forms an orthogonal
basis for I -

(h) How does this result change if (-, -) is a complex—valued inner product?

10. Prove that the polynomials po(a) 1, m (.v) = a. po(x) .2 — and p:3(x) = .r3 —

an orthogonal basis for P2 (IR) with respect to the following inner product:

Kf- q) f f(x)g()di.

1. Show for K- € N that the complex expoiieritials are ort ingot al nnder the inner product
defined by —

Kf-g) .L fi.r)g(i)d.r.
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