
MTH 225
Homework #8

Due Date: March 26. 2025

1. Coisidei the foflowing vectors

1
1 i11

Ui= I .Ucl

(a) Show that ti u1. U: forms an orthonorma] basis for F vitli respect to the standard
inner product.

(h) Find the coordinates of v = [2 1 3]
T

with respect to I lie above basis. Hint: Do not
solve a 3 x :3 svsteln of equations.

2. Let u u be an orlioiiorma1 svsteni in C” with respect t a t lie standard complex hitler

product. If v C C”. prove that

IIvI2 = v. tt,;12.

tv[lere denotes the complex modulus.

:1. Let 1 c ,, (ci. In these roblems we assume the standard cui’ plex inner product on C”.

(a) Prove for all v.w e C’ that (Av,w1 v.Aw:.

(II) Prove that ker( A) = (im(A 3’
(c) Prove that in(_4) (].er(Afl’

(d) Prove t lint ker (A) = (im( A* ) ) t

(e) Prove that im( A) = (ker( A* ) )t

(fl Let b C C”. Prove there exists v C C” that satisfies 4v = b f and only if (b. w) U for
all w satisfying Aw = 0.

-1. Let A e M (C). In these problems we assume the stantlarrl complex inner product on C”

(a) Prove that ker(A) c ker(A* A)

(h) Prove that ker(4*A) c ker(A). Hint: If v e ker(A11). what is (Av .4v)?

(c) Prove that rank(A A) rank(A)

(d) Prove that the columns of A are linearly independent if anti only if :1 A is invertible.
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5. Find an orthonorinal basis, with respect to the standard nitier prOdII(t. for the following
subspaces of lR1:

(a) The span of the vectors
1 —1 2
1 1) —1

—1 1 2
1) 1 1

b ) The ken wl of the matrix
2 1 (1 —1
3 2 —1 —1

(c) The image of the gnat rix
2]

(d) The set of all vectors ortnogonal to the vector

I
1

—1
—1

U. L.et - P_ (R) be the veercr space of pol ioinials of arbit ra v large degree and S C I li’

(lenhled liv S = span{ 1. t. t2}. On I ‘ define the i:mer product (.. ) by

1f.g) / f(t)q(t)cdL

(a) Use integration b parts to show that for all k C N hat

1A_t11

(h) With respect to this inner product. prove that for in. in e N thai (t’”. t’) = (iii * n)! and

‘

(2
= (2m)!.

(c) Wit Ii respect to this inner product, find a set of ort honorina] fimit ions { q . . q } sneh
Iliat span{qo.qi.q2} S.

7. Show .4 e A’2X2 (C) is Ilmtarv with respect to the standard coiiiplex 11111Cr product if and only
if

(I Li

— _beO eo

for sonic n.h c C satisfying 1a12 + 1h12 = 1 and ç C R.

8. Suppose 4 e .I, (C) is a nnitarv matrix with respect to the standard complex inner prodnet.
Prove that 4v = b has a solntion if and only if be (ker(A))’.
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