MTH 225
Homework #7

Due Date: March 19, 2025

1. Prove that if b > 1 then the function (-,-) : R? x R? — R defined by
<V, W> = VW] — V1Wg — Vawi + buaws

is an inner product on R2.
2. Show that the function (-,-) : R? x R? — R defined by
(v, W) = vjw1 + viws + vowy + vowsy
does not define an inner product on R2.

3. Let V be a vector space with a complex inner product (-,-) : V x V — C.

(a) Prove that (x,v) =0 for all v € V if and only if x = 0.
(b) Prove that (x,v) = (y,v) forall ve V if and only if x = y.

(¢) Let {vy,...,v,} be a basis for V. Prove that (x,v;) = (y,v;), i = 1,...,n, if and only
ifx=y.

(d) Prove that x € R™ solves the linear system Ax = b if and only if
xTATv =bTv
for all v.

4. Let V = M, xn(R). Prove that
(A, B) = tr(ATB)

defines an inner product on V.

5. Let V.= C'([0,1]). Let {-,-) : V x V + R be defined by

(f.g) = /0 (F@)g(@) + F(2)g (2)) da.

(a) Prove that (-,-) defines an inner product on V.

(b) Write out an expression for the norm corresponding to this inner product.
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Let V = C([0,1]) and W = {f € C1([0,1]) : f(0) =0}. Let (-,-) : V x V = R be defined by

<f79>:/0 I (z)g'(z)dz.

(a) Prove that (-,-) is not an inner product on V.

(b) Prove that (-,-) is an inner product on W.
Let V' be a complex inner product space with inner product (-,-) : V- x V — C.

(a) If z € C, prove that z +Z = 2Re(z) and z — Z = 2iIm(2).
(b) Prove for all v,w € V that

IV +wll* = [[v][* + 2Re({v, w)) + [[w]|*.
(¢) Prove for all v,w € V that

lv —iw[* = [|vI[* + 2Im({v, w)) + [|w]|*.
(d) Prove for all v,w € V that

(||V + WH2 —|lv— w||2 —i|lv+ iw||2 +iljv — inz) )

] =

<V, W> =

Let v,w € V and suppose (-, ) is a real inner product on V. Prove that
v +w|* = [[v[* + [[w]?

if and only if v and w are orthogonal. How does this result change if (-,-) is a complex inner
product?

Let v,w € V be a basis for V' and suppose that (-,-) is an inner product on V. Suppose
further that ||v|| =1 and ||w]|| = 1.

(a) If (-,-) is a real-valued inner product, prove that v+ w and v — w forms an orthogonal
basis for V.

(b) How does this result change if (-,-) is a complex-valued inner product?
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Prove that the polynomials po(z) = 1, p1(z) = z, p2(z) = 22 — %, and p3(z) = 2> — 22 form

an orthogonal basis for P»(R) with respect to the following inner product:

(f,9) = /_1 f(z)g(x)dx.

ikx

Show for £ € N that the complex exponentials e
defined by

are orthogonal under the inner product

™

(f,9) = f(z)g(z)dx.
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