MTH 225
Homework #8

Due Date: March 26, 2025

1. Consider the following vectors

1|1 1|1 1|
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(a) Show that uj, ug, us forms an orthonormal basis for R3 with respect to the standard
inner product.

(b) Find the coordinates of v = [2 1 B]T with respect to the above basis. Hint: Do not
solve a 3 x 3 system of equations.

2. Let uy,...,u, be an orthonormal system in C™ with respect to the standard complex inner
product. If v € C™, prove that
v = ZI V)|

where | - | denotes the complex modulus.

3. Let A € M;,x,(C). In these problems we assume the standard complex inner product on C™.
(a) Prove for all v,w € C” that (Av,w) = (v, A*w).
(b) Prove that ker(A*) = (im(4))*.

(c) Prove that im(A4*) = (ker(A))*
(d) Prove that ker(A) = (im(A*))+
(e) Prove that im(A) = (ker(A*))L.
(f)

all w satisfying A*w = 0.

4. Let A € M;,x,(C). In these problems we assume the standard complex inner product on C™.



5. Find an orthonormal basis, with respect to the standard inner product, for the following
subspaces of R*:

(a) The span of the vectors

1 -1 2
1 0 -1
=171 1|72’
0 1 1

(b) The kernel of the matrix

(c) The image of the matrix

1 -2 2
2 -4 1
B= 0 0 -1
-2 4 5

(d) The set of all vectors orthogonal to the vector

1
1
-1
-1

6. Let V = P, (R) be the vector space of polynomials of arbitrary large degree and S C V be
defined by S = span{1,t,#?}. On V define the inner product (-, -) by

(fig9) = /Ooo f(t)g(t)e tat.

(a) Use integration by parts to show that for all £ € N that

/ the~tdt = k.
0

(b) With respect to this inner product, prove that for m,m € N that (t",t") = (m+n)! and
[t = (2m)!.

(¢) With respect to this inner product, find a set of orthonormal functions {qg, ¢1,¢2} such
that span{qo, q1,q2} = S.

7. Show A € My42(C) is unitary with respect to the standard complex inner product if and only

if
a b
A= [—bew aeid’] ’
for some a,b € C satisfying |a|? + |b]> = 1 and ¢ € R.

8. Suppose A € M,,«,,(C) is a unitary matrix with respect to the standard complex inner product.
Prove that Av = b has a solution if and only if b € (ker(A))*.



