MTH 352/652 Name (Print): k ey
Spring 2025 7
Exam 2

02/19/25

This exam contains 9 pages (including this cover page) and 9 problems. Check to see if any pages
are missing. Enter all requested information on the top of this page, and put your initials on the
top of every page, in case the pages become separated.

The following rules apply:

e If you use a “fundamental theorem” you
must indicate this and explain why the theorem Problem | Points | Score
may be applied.
1 15
¢ Organize your work, in a reasonably neat and
coherent way, in the space provided. Work scat- 2 10
tered all over the page without a clear ordering
will receive very little credit. 3 5
¢ Short answer questions: Questions labeled as
“Short Answer” can be answered by simply writ- 4 o 18
ing an equation or a sentence or appropriately T I
drawing a figure. No calculations are necessary or _ 3 10
expected for these problems. [
6 10
¢ Unless the question is specified as short an-
swer, mysterious or unsupported answers i 7 10
might not receive full credit. An incorrect —
answer supported by substantially correct calcu- 8 15
lations and explanations might still receive partial
credit. 9 10
Do not write in the table to the right. Total: 100
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1. (15 points) Consider the differential equation (

dx

E f(x)v

where f(z) is plotted below.

f(x)

(a) (5 points) On the graph, circle the r-coordinate of any fixed points.

(b) (10 points) Sketch the solution curves to this differential equation on the set of axes pro- ( ]
vided below. Be sure to plot cnough curves to illustrate the full behavior of the system.
Hint: At a minimum, this is five curves.
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2. (10 points) Find the solution to the following partial differential equation on the domain z € R
and t > O

%1—‘ = ucos(t),
u(z,0) = f(x).
where f(r) is an arbitrary smooth function.
X = posi)
ok
v | £
=\ 1 V:S cos(s)ds

) vV X

=5 L (0)~ A= 51a(2)
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3. (5 points) Short Answer: Classify the following differential equations as either homogenous
linear, inhomogeneous linear, or nonlinear. Just check the appropriate box, no work needs to
be shown.

(a) w+uu, =0
I:I Homogenous Linear

D Inhomogenous Linear
MNonlinear

(b) cos(t)us + sin{z)u, =0

Mﬂomogenous Linear

D Inhomogenous Linear

D Nonlinear

(c) uy + uzr = sin(u)
D Homogenous Linear

D Inhomogenous Linear

IjNonlinear

(d) w = uzz + sin(x)
D Homogenous Linear
Mlnhomogenous Linear

D Nonlinear

() ug +uuz =0
I:l Homogenous Linear

D Inhomogenous Linear

M, Nonlinear
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4. (15 points) Suppose u{z,t) solves the following initial value problem:

Ut = ’U,;;I.

u(z,0) = f(=z),

where f(z) is plotted below.

(a) (5 points) Short Answer: At points (a), (b). and (c) indicate on the figure whether
u(zx,t) is increasing or decreasing in time at ¢ = 0.

Ca) Pecreasia
(b) Tnhere as:..},
Lc) Decrca52n7

x 1 4
(b) (5 points) Short Answer: Given that f(x) > 0 and / flz)dx = (—-—%ﬁ, what
~2C

is lim u(x,t) for all z € R.
t-roc

[f~ VX, A)=D

A 5 50
o 1 4
{c) (5 points) Short Answer: Given that f(z) > 0 and / flz)dz = (—%4)—\/77, what
—o0
is lim u(z,t) dx.
t— 20

\?“——Smu(x,x-)o!x-ﬂ (re"N

>0 le"
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5. (10 points) Consider the following partial differential equation on R: ()
aur + buy = 0,

where a,b € R. By changing variables to X = az + by and Y = bz — ay, show that if a,b # 0
then this equation can be expressed in the form:

wy =0.

bet X = am—b/, Y:"-b)(“ﬁ/’. Theretere,

ﬁ-z@_—_&.&.-ﬁ-&.&.:d.&.fbﬁ_
oX X IX IXJY X ¥

i:é.‘é.én—.@l._é_:bé -a9d
o X X X Y

Th erctore,
O:avxm:/: a”ux-fabux: + Ioz’uz-abur
=> (4" )Uup=0
=2 sz 0.
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6. (10 points) Short Answer: Suppose u(z,t) solves the following initial value problem:

ut:u+6uxx_Uxxxx,x€R.t>0

u(m,[}) - f(x)7

where & > 0 is a constant. Using Fourier transforms, write down an initial value problem
satisfied by u(k.t). Be sure to include the initial conditions satisfied at @(k,0). Do not solve
this equation!

0*: 0-sE0+xT0
Gk o0)=T (k)

7. (10 points) Given that
9 sl 4(1 — 3k%)
2 = Y 4
J:[.L(’ ](k)— (L3 k2

1 - 3z2
calculate F [(1_'_—12)3] (k).

?TL:;;’:)"] SNI " e

=2, L (%4 (1-3%) ikx
S ho U+ x)> € %
g ,Q——‘—L‘[,‘;i‘;, € v

=TT Akt
T K
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MTH 352/652
8. (15 points) Suppose that u(z,t) is Schwartz class function that satisfies the following partial

differential equation on R:
Ut = ~Ugzrz-

x
(a) (5 points) Show that the total mass M (t) = f u(z, t)dz is constant in time.
[o 0]

d (~ 00
Ie) Y dx = S UgdX
200 _;9”
= S u”,xalx
-0
— bo
- Uxxx\
~5d
=0
(b) (10 points) Show that the total energy E(t) = /oc- u(z,t)%dz is decreasing in time.
po po -
I.S v dx —“—S 200 4dx
k. P ] -8

-25 UUyxnxdX

=-2( ny \ S Uxux,gxelx)
= 25 UxUkoxx dX
=2 (u%\ S U:;‘ob()

- -2.5 DX)(
<0)
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9. (10 points) The figure below is a plot of the characteristic curves for the following initial value

problem
u + c(x)uy =0
z
u(z.0) = N
x(t)
2
[—
1
./> /\‘} W'
-1 e
e

If u(x,t) is a solution to this PDE, compute

u*(xr) = ‘li_’na)ou(a',f).

V= 0, Ixl>|
=% 1 4X<0
0, Xx=0

% ,04x%|



