
MTH :352/6.32
Holllewx)rk #2

Due Date: -January :31. 202.5

2% QFind all real valued siliititms to tne tvo-tbniensional Laplace eqnation ar. n,,, = U thai
depeiid on the radial inordinate r = /.r2 + y2.

Suppose it (i. I) and c(a’. t) are infinitely different mdc fund ions in both a’ and I that sat isfv
I w fo] ] w ing svst em of ec1uat ions:

(t =

U?

(a) Show t hat hot h a and c are sointions to the Wave equation o, 1’rs’ = r.. WInch
result from mnltivariable calculus (10 von need to justify the conclusion?

(la) Conversely, given a solution a (a’. I) to the wave equation. (an you construct a function
i’(a. I) such that it(x. I). i’(x. I) solve a, e. awl ‘, = a.

9C1assi[v the following differential equations as either (i) lioniogenous linear. (ii) inlioinogeneotis
linear, or (iii) nonlinear.

(a) at = “ a + 2.iii
(h) —u — n, = cos(u)

(c) Urr -f-2ya3 :3

(l) a, —r = :3,

(e) r”,t. = e n,

(0 ‘l 5tt, + .i—n — a:

0 Suppose L and ‘iJ are linear operators. Prove that the following are also linear operators:

(a) L —

(h) 3L.

(c) IL. where J’ is an arbitrary function.
(d) L o

5. The displacement n(.r. I) of a forced violin string is niodeletl in’ the POE a,, = 1n + FUr. I).
When FC. 1) = cos(.c). the solution is n(a. 1) cosCv — 21) + cos(), while vlieii FUr. I) =
sin(a’). the solntioii is a(.r. t) = sin(.r—21)+ sin(a’). Find a solution when the forcing function
F(.c. I) is

(a) cos(.r) — 5 sin(,c)

(b) sinU’ — :3).
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1 ® Find the general solution to the fol]owiiig partial differential equat jolis

(a) n, 0

(b) a, 1

(c) a, £ — t

(d) o + 3a = 0

(e) o, + to = 0

(f) o,, + -In = 0

2 Solve the following initial value problems and graph lie solutions at t lilies t = 0. 1 2. 3.

(a) a, — 3u 0. a(.r.0) =

(h) a, + 2a, 0. n. —1) = ‘/0 + r2)

(i’) a, + a. + a = 0. o(a’. 0) tan’cr)
(d) it, — -1°r + U = 0. 11(1.0) 1/(1 + ,2)

Get c 0. Prove that if the initial data satisifes 11(2:. 0) ,‘(r) 0 as a’ +Dc, then, for each
fixed .i’, the solution to the advectiori equation a + t0r = 0 satisfies ,i(a’. t) —> 0 as t —* j.

the following initia value problem a, — 2u.. sin(a). ,,Cr. 0) = sin(.r).

It). Consider the partial differemial equatton + Or + 0 0, u(a’.O) = j(’) for £ e Rand / 0.

(a) Find the general fornniia for tie solution to this PDE.

(h) Show that if [(i) is positive and botindcci. i.e., 0 f(r) < Al, then tIm solution exists
for all 1>0. and aC, 1) 0 as / —> -.

(c) On the other hand, if f(x) is negative somewhere, then show that the solution blows up
in finite time: liin,— a(y. t) — for sonic r > 0 and some y 6 R.

(d) Find a formula for the earliest blow—u1) tnne r 0.

11. Consider the initial value problem a, — .ro,. 0, i,(,i’.O) = (,2 + 1)_i.

(a) Write down t lie ili Iferent ial equation satisfied b’ the characteristic enrves and sketch t be
curves. Note. von clout have to find an explicit ft)rmIlula for the characteristic cnrves.

(h) Sketch the solution a(.z’. I) at tiiiies 1 = 0.1.5. 10.
c’) Compute liiii,._, ‘d.c. /).

12. Consider the initial value problemim ii, -I- (1 + 0. u(fl.:r)

(a) Write down the different ml equation satisfied by the cliaracterist ic curves and find an
explicit solution for the characteristic curves.

ii) Sketch the characteristic curves.

(c) Write clown t lie general sol it um u ,(a’. I)

(d) Discuss firopert ies Of ;‘our sohit ion as I increases.
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