
MTH 3.52/652
Homework #3

Due Date: R-’]uuarv 07. 2025

%,1. Consider the niitial vahie problem ii
—
itt1- 0, u(x. 0) = (i2 + 1)_i.

(a) Write down the diflerential equation satisfied by the characteristic curves and sketch the
curves. Note. \ou dont have to hurl an explicit formula for the characteristic curves.

(b) Sketch the sointion u(x. t) at tilties t = (I. 1.5. 10.

(c) Compute lim,_,_ u(x. t).

2. Consider the initial value proolem u — (1 + .‘2)ir = 0, o(0. x) = f(r).

(a) Writ e down 11w (litferential equation satisfied by the cliaracterist ic curves and find an
explicit oIit ion for the characteristic cnrves,

(h) Sketch the cuaracteristic curves.

(c Write down t lie general solution u (x. /
(d) Discnss properties of ;our soint ion as / increases.

3. Consider the adv¤’ct 11)1’ ecluation with a speed that varies ill time and space

0 + cGr. OUr (1

0) = 00(1).

where x e IR and t e The characteristic curves are solutions to the followiug differential
eq iia t ioi

(LI
— = c(,r. t).
(It

(a) Show that any soltit ion to the above wlvect iou equation is constant along the character—
ist Ic curves.

(b) Suppose that the general form of the solntions to the characteristic equation call he
written in the form g(r( t). /) = A. where A is an arhitrarv constant - Show that u(. t) =
f (gO. /)) is a sointioll to tile above advection ec1uation for any smooth function f.
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1. (1otisitler the following auvectioti eçiiat ion
1

where fIr) is plotted below-:

it, ± f(c)a, 0.

oCt.01
+ x

f(x)

x

(a) Sketch a graph of o(x.O) as a nitiction of .c.

(h) Sketch a plot of the characteristic cttrves as a hmction of tinic /. Be sure to include
enougH of the cnn-es to fully ilitiat rate all possible types of ci irves.

(c) (‘onmute

and sket eli a graph of u (a’).

(.r) = lin is(t. i)
-t

5. Show that the advection—diffusioti—decay equation

6. If = .r
——

where i. y C . find Hei I /z) aiid lin( I—)

7. If z is complex numoer. show that

Re(ic) —lui(z) and Irn(iz) Re(z).

8. Show that = 1ci2 for any complex uttitiber z.
9. Show that - z + — I — = 1Rc zW) for any complex nuinljer a’. u,.

t’os(O)
= 2

(0)
= 21

4

2

—2

01 = flu.,. — Co1 — Au

can he t ranstorined into the diffusion equation to, = D tc.r.r by the traiisforniation

o(. () = o(a. t)e°’ 3t

for song values of o and b.

10. For C prove that

+ c_if) —
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Fe r ii C Z. prove t he toll( wing:

(ros(O) + I sin(Ofl” = eos(iiO) + I siii(n).

12. Show that it me C Z then
/2

[2
E”’”( ••“0(iO = f 2 if in =

.11) )0 if iii a

1:3. Calculate the Fourier transform oft Lie triangle fimet iou

Ii±i if —lCe<0
ifOcr<1

10 ifx<—lorx>1

14. Find the Fourier tiaiisforui of the function a defined Iuv n(.r) e°’ it .r > 0. and u(,r) = 0 if
I 0.

15. (olillaite Fiji ‘(k). where o > (I is a coiiraiut.

that F[.reHJ9(k)
= (1 *k2)2

find [ ±r2)21



‘C

yr
r

-
)

E’
_
‘
.
_

•
_I
-

‘‘

c.’
r’

s__
_

+ c
c

-a
—

‘4

(S
—
‘
5

—
‘

f
l
:

r
-
, —

n ,$
—
t

÷
,

-
0’ ‘S

* I
)ç

±
LI

II
; (‘

C

t
II

r

p tt
3

3: C +

C
—

4
—

td
’ II II P



I

—l

Ccl IuL%çb,Ma

Co5;1cr advec4on
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