
MTH 352/652
Homework #5

Due Date: February 28. 2025

1. Consider the wave equation for x C and t > 0:

(a) By taking the Fourier transfonn of this equation. show that if u(a. t) is a solution then

ñ(k. 1) F(k)e’t + G(k)c ,kct

for some functions F and G.
(h) If f(x) F’ [F(k)] and g(a = F-1 [G(k)], show that

cC. t) = f(: — ct) * g(x + cfl.

2. Solve the following PDE on the domain x C lR and t 0:

an = c2a.

u(x.0)
=

u(i. 0) = sinQ).

3. Let ‘I’(x) be the fnnction defined by

(r)
= [ <a

I0 x0

for some constant a > 0. Snppose u(t. x) is a solution to the following PDE

Utt = C2U1r.

v(a. 0) = 0,
utC. 0)

(a) Sketch a graph of ‘I’(x).

(b) Show that the solntion to this PDE is given by

u(. t) = I(x — ct.x + ct) fl (—a. a)I.

where here denotes the length of an interval on the real line.
(c) Sketch the solntion at times t = a/2c, t a/c, t 3a/2c. t = 2a/c, and t = 5a/c.
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1. In a long rransnnssion line the voltage I (.r. t) and current I(i. I) sat isfv the tm nsmissiou line
eqitat 11)115:

L + CI + G1 = 0 and l + LI, + RI = 0.

where (‘ > 0 is the capacitance. G > 0 is the leakage. R > 0 is the resistance. and L > 0 is
lie i nth icr ance.

(a) Show that both V and I satisfy the telegraph equation

LCu,, + (RC + LOla, + ROn = an.. (1)

(h) Ii for the moment we assnme that R C = U show that Equation (1) become the wave
eqnation. What is the speed? WiLy is this case unrealistic?

(c) If we let c = /v’LC. a = d(LC — RC) and It = c1RC show that EquatiolL (1) becomes

i1 + (itt + bit = c2

(d) B making a snhstitutioii of the form a (x. I) c_A’ v(x. t) and by appropriate]v picking
A in terms of a, h, and c, show that Equation (4c) becomes

+ kI = C2V1.

where k is a constant that depei ids on a, b, and c.

(e) Show that k = 0 only when RC LO.

(f) In the case when JIG LO with the initial couditious t’(x. 0) = f(:r) and c,(x. 0) o,
- Qshow that a solution to the telegraphers equation is given b

u(t.x) = (f@ -et) + f@+cfl).

What does this solntion mean in practical terms’? In particular. why is it useful for send
ing signals?

Remark This process of tuning the electrical parameters so the RC = LO called Pupiniz—
ing the cable after one of its discoverers )dicliael Piipiii.

3. Solve the following PDE fbr .r E hR and I 0:

Urt- —
1u,, 0.

u(.r, II) =
a, (x. 0)

Flint: Factor the rhiffereirtial operator like we did in class.
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