November 19, 2010

Notes on estimating Coulomb repulsion
integrals in multielectron atoms

In order to evaluate the “term” splittings of open shell atoms, we need to evaluate matrix
elements of the Coulomb repulsion

62

Hl

- 1"2|

For example, consider the 2p? configuration of carbon. The part of the 6-electron Slater
determinant corresponding to the L=2 M=2 state of the 'D term can be written:

|1D, L=2M = 2> = Rp(rl)Rp(Tg)}/ll(f‘l)}/11<f'2).

In order to evaluate the expectation value (!D; L =2M = 2|H'|'D; L = 2M = 2), we need
to make use of the expansion
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Here r-(r~) denotes the smaller (larger) of r; and re. It will also be useful to define the
radial integral

R} =e /dem/ drg A+1 (Ri(r1))*(Ri(r2))*.

It will also be useful to define Gaunt coefficients in terms of the integral of 3 spherical
harmonic functions:
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Then, we can evaluate
1
<1D; L=2M = 2|H1’1D3 L=2M=2)= R?<G(1)(1)11)2 + 573%(6?(1)11)2-
In this case, G%,, = 1 and G%),, = —1//5, so that

1
('D: L=2M =2/1'['D; L=2M =2) =R)+ R},

The evaluation of the term integrals for an example of the *P term is a little more compli-
cated. In this case, the spatial part is antisymmetric. A representative wavefunction in this
term can be written:

PPy L=1M =1) = \/ng(Tl)Rp(ﬁ) (Y11 (£1)Y10(F2) — Y1o(F1)Y11(E2)) -



In this case we can evaluate the matrix element:
1
<3P§ L=1M = 1|H1|3P§ L=1M=1)= R?G??nG?glo + gRi (G%?HG%&O - (G%(lnl)z) ‘

In this case, GV, = G%,, =1, GX,, = —1/V5, GB,, = 2/V/5, and G%,, = /3/5, so that

5
(P, L=1M=1H'|?P; L=1M =1) =R{ — %Rf.

The energy for the 'S term can be found in a similar (but more tedious) way. To summarize
the energies of the 3 2p? terms of carbon:
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