PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWF Olin 103
Plan for Lecture 14:
Finish reading Chapter 6

1. Liouville’s theorem

2. Hamilton-Jacobi formalism
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Course schedule

(Preliminary schedule -- subject to frequent adjustment.)

|Date |F&W Reading |Tnpi|: |Assignment
|T|Wed, 8/29/2012 |Chap. 1 |Review of basic principles;Scattering theory |ﬂ
2 [Fri, 8/31/2012 [Chap. 1 |Scattering theory continued #2
|37|I1-1Dr1: 9/03/2012 |Chap. 1 |Scattering theory continued |ﬂ
|4_|Wed, 9/05/2012 |Chap. 1&2 |Scaﬁering theory/Accelerated coordinate frame |ﬁ
|?|Fri, 9/07/2012 |Chap. 2 |Accelerated coordinate frame |ﬁ
6 [Mon, 9/10/2012 [Chap. 3 Calculus of Variation #6
7 [Wed, 9/12/2012[Chap. 3 Calculus of Variation continued
8 [Fri, 9/14/2012 [Chap. 3 ILagrangian #7
0 [Mon, 9/17/2012 [Chap. 3&6 [Lagrangian #8
[10 \Wed, 9/19/2012|Chap. 3& 6 [Lagrangian #9
[11 [Fri, 9/21/2012 [Chap.3&6 [Lagrangian #10
[12[Mon, 9/24/2012 [Chap. 3 &6  [Lagrangian and Hamiltonian #11
[13 [Wed, 9/26/2012[Chap. 6 ILagrangian and Hamiltonian #12
-IEFH, 9/28/2012 |Chap. 6 lLagrangian and Hamiltonian #13
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Liouville’s theorem:

Imagine a collection of particles obeying the
Canonical equations of motion in phase space.

Let p denote the "distribution™ of particles in phase space:

P :p({ql"'%N }’{pl"' Psn }’t)
Liouville's theorm shows that :

4 _g

- = plIsconstant in time



Proof of Liouville’e theorem:;

=

Continuity equation :
op _

s P -V -(vp)
vp

-

4

Note :In this case, the velocity is the 6N dimensional vector :
V=_(F,F...F, PPy Py )

We also have a 6N dimensional gradient :
vV=(V,,V,,.V, .V, V. .V, )
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Notion of “Canonical” distributions

q,=9.({Q,--Q,},{P---P,},t)  foreacho
p,=p.({Q--Q },{P---P}t) foreacho

2. P4, ~H (i, ) 1P, t)=

>P.Q, - A, 1P, 1)+ 5 Flla .}
Apply Hamilton's principle :
5j| R -AQIR10- Srla i ot
oH : oH

) = P —_
< oP 0 0Q




Note that it is conceivable that if we were extraordinarily
clever, we could find all of the constants of the motion!

2. P8, = H (i) 1P, t)=

SP.Q, - (R} R b+ S F(la, bR, b

S Fa b= Fo o[ £ Jo. |2







Note that it is conceivable that if we were extraordinarily
clever, we could find all of the constants of the motion!

g = p__H
oP. 0Q
Suppose: Q. _ M o and P __ 9
oP. 0Q

= Q_, P, areconstants of the motion

Possible solution — Hamilton-Jacobi theory:

Suppose:  F(i9,1,1Q, jit)= -2 P,Q, +S(ig, 1P, 1 t)






When the dust clears:

Assume {Q_!{P.} H areconstants; choose H =0
Need to find S({q_},{P. },t)

(o}

0S 0S
Q, =
oq., oP._

:H[{qa},;as }tj &,

Ps =

], ot

Note: Sisthe "action"'

qu—H )=

O] ;94/ IR T REIn)




D PG, —H({d, 1P, fit)



Differential equation for S:

H[{qo},{%},tj +2 -0

2

Example:  H(fa) {pht)= - +2 matq’

Hamilton - Jacobi Eq: H({q}{ﬁ}tj S g

og ot
1|95 +£ma)2q2+@:0
2m\ oq

Assume:  S(q,t)=W(q)-Et (E constant)




Continued:

2
L[5 +£ma)2q2+§:0
2m\ oq

Assume:  S(g,t)=W(q)-Et

1 (dw) 1
( ] +=—me°q° =E

2m | dg 2
dd—vc\]/ = \/ZmE —(mw)q?

W () = [ y/2mE - (me)’ gdg

(E constant)



Continued:

W () = [y/2mE - (me)’ gdg

:iq\/ZmE—(ma))zq2 +Esin1( A j+C

2 0, A 2MmE

1 2 .2 E - 1 ma)q
S(g,E,t)=—q+/2ME —(mM +—5SIn — Et
(@, E.t) =20/ 2mE —(mo) ¢ ( Jﬁ)

Q
§=Q _Lginy M j—t
ok 0,

= q(t) = sin(a)(t+Q))
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