PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWF Olin 103

Plan for Lecture 18:

Finish reading Chapter 4 and start
reading Chapter 7

1. Coupled motion for extended
systems; relationship to
continuum models

2. Wave equation
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Course schedule

(Preliminary schedule - subject to frequent adjustment.)

|Date |FE.W Reading |Tﬂpic |ﬂ.s:5ignme nt

|1_|Wed: 8/29/2012 |Chap. 1 |Fiex-'iew of basic principles;Scattering theory |ﬂ

[2 |Fri. 8/31/2012  [Chap. 1 |Scattering theory continued 2

|3—|M|:|n: 9/03/2012 [Chap. 1 |Scattering theary continued l#3

|4_|Wed: 9/05/2012 |Chap. 18&2 |Scattering theory/Accelerated coordinate ﬁame|ﬂ

[5 [Fri. 9/07/2012  [Chap. 2 IAccelerated coordinate frame l#5

[6 [Mon, 9/10/2012 [Chap. 3
[7 [Wed, 9/12/2012 [Chap. 3

|Ea|+:u|us of Variation |ﬁ

[Calculus of Variation continued

[8 [Fri. 9/14/2012  [Chap. 3 |Lagrangian &7
[9 [Mon, 9/17/2012 [Chap. 3&6  [Lagrangian #8
[10[wed. 9/19/2012 [Chap. 3&6 [Lagrangian 49
[11[Fri, 9/21/2012  [Chap. 3& 6  [Lagrangian 10
[12[Mon, 9/24/2012 [Chap. 3& 6  [Lagrangian and Hamiltonian 11
[13Wed, 9/26/2012 [Chap. 6 [Lagrangian and Hamiltanian 12
[14[Fri, 9/28/2012  [Chap. |Lagrangian and Hamiltonian #13
[15[Man. 10/01/2012 [Chap. |Small oscillations #14
[16[wed, 10/03/2012 [Chap. |Small oscillations #15

[17 [Fri. 10/05/2012  [Chap.

|Small oscillations

18 |Mon, 10/08/2012 [Chap.

|Wave equation

ITake Home Exam

[19[Wed. 10/10/2012 [Chap.

|Wave equation

|Tal-r.e Home Exam

[20[Fri. 10/12/2012  [Chap.

|Wave equation

|Tak.e Home Exam

[21[Mon, 10/15/2012 [Chap.

E I (R (R NP N R R (O I

|Wave equation

|E:sf.am due
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Lattice vibrations for 3-dimensional lattice

Example: diamond lattice

Ref. http://phycomp.technion.ac.il/~nika/diamond_structure.html
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(b0s)- Lm0 v, -3 o

ab,j.k
Equations of motlon

a ab b
b,k
Solution form:

1 b
ue_l t)= Age—la)tﬂq-Ro
(0 T
Details: R, =71"+T wheret” denotes
unigue sites and

T denotes replicas



Define:

b ialt?= b
D?kelq(r T )Qiq-T

Wjib(Q):ZT: W ©
a''b

Eigenvalue equations :
a ab
a)zAj = ZW(q)jk A1l<)
b,k

In this equation the summation is only over
unigue atomic sites.
= Find "dispersion curves" w(q)




B. P. Pandy and B.
Dayal, J. Phys. C.
Solid State Phys. 6
2943 (1973)

Note: Longitudinal,
transverse, and
combination modes
oCCur.
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Figure 2. Phonon dispersion curves of diamond. Experimental points
et al (1965, 1967). A and O represent the longitudinal and transverse mu
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Longitudinal versus transverse vibrations
Images from web page:
http://www.physicsclassroom.com/class/waves/ul0Ollc.cfm
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http://www.physicsclassroom.com/class/waves/u10l1c.cfm

Longitudinal case: a system of masses and springs:

o0

L=T V__mzx _%kZ( Xiyg — i)

—mR = k(X — 2% 4% )

|+1

Now imagine the continuum version of this system:

2
0= a0 %=L

2

Xy~ 2Xi T X, = ZX/; (AX)Z
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Discrete equation:  mx, =k(x,,, —2X +X_,)
2

0" u > 0° 11
= k(AX

ot ( )6x2

82;1_( KAX j&z,u

ot®  \m/Ax ) ox?

Continuum equation: m

system parameter with
units of (velocity)?

For transverse oscillations on a string
with tension 7 and mass/length o :

(kAXj T
- —
m/ AX o
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Transverse displacement:

T \
N

u(x,t)
Wave equation :
O°u_ 20
ot’ OX’
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Lagrangian for continuous system
Denote the generalized displacement by z(x,1):

L:L(y,aﬂ,@ﬂ;x,tj
ox ot

Hamilton's principle:

5tjfdtxfdx L(,u OH aﬂ'xtij
tl XI ] ] at b) ]

OX

oL o oL 0 oL
:> —_ —
ou ox 0(6ulox) ot o(ouldt)




Euler - Lagrange equations for continuous system:

oL 0 oL o al
ou  ox 0(0ulox) ot o(oulot)

Example:
L_z(a_ujz_ z(a_ujz
2\ ot 2\ OX
2 2
:>0a 'g — z'8 ’121:0
ot OX
2 2
8/21_(:28/21_0 for ¢®=—
ot OX o



General solutions u(x,¢) to the wave equation :

2 2

O éj e O /2120
ot OX

Note that for any function f(q)or g(q):
ux,t)= f(x—ct)+g(x+ct)

satisfies the wave equation.




Initial value solutions u(x,¢) to the wave equation;
attributed to D' Alembert:

%t/; _ 2 ‘2)(/; =0  where u(x,0)=¢(x) and Z—i‘(X,O) =y(X)
Assume:

u(x,t)= f(x—ct)+g(x+ct)
then: u(x0)=¢(x) = f(X)+9g(x)

ou B _ [di(x) dg(x)
% 0) = () - c( e dxj

= 100- 900 = [y ()



Solution - - continued : u(x,t)= f(x—ct)+g(x+ct)
then:  u@x0)=¢(x)=1(x)+9g(x)

L x0) =y (x) = —c(d;(xx) dgix)j

= f(0-90)=-= iy ocyax

For each x, find f(x)and g(x):

f(X) = %[qb(x) -2 t//(X')dX']

900 = %[qﬁ(x) v w(x')dx'j

X+ct

= u(X,t)== (¢(x ct) + ¢(X +ct) +2i jl//(X )dx'

X—Ct



Example:

O°u 0% re? o O
—C =0 where u(x,0)=e" ' and —/—(x,0)=0
ot X2 H(x0) o 0

— ,U(X, t) _ %(e—(xwt)z/o-2 n e—(x—ct)zlo-2 )



Example:

o’ 0% Ou 2X
—C =0 where u(x0)=0 and —(x,0)=——e"*'°
ot o2 #(x0) o 0=

= u(x,f) = 1 (e‘(x+0t)2 lo® _ g=(x=ct)’fo” )
2C

2

Note that aﬂ@(:’v = —iz ((X + Ct)e_(x+ct)2 lo® n (X . Ct)e—(x—ct)2 lo? )
O
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