PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWF Olin 103
Plan for Lecture 21:
More mathematical methods
1. Laplace transforms
2. Fourier transforms

3. FFT

10/15/2012
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Course schedule
(Preliminary schedule — subject to frequent adjustment.)
Date FaW Reading [Topic [Assignment

1 [wed, 8/29/2012 [Chap. 1 Review of basic principles Scattering theory  [#1
[2 [Fr, 83172012 [chap. 1 Scattering theory continued 22
[3 [Mon. 810372012 [Chap. 1 Scattering theory continued [e2
4" [Wed, 9/05/2012 [Chap. 182 [Scattering theory/Accelerated coordinate frame [#4
5 [Fi 9/072012 [chap. 2 ccelerated coordinate frame e
6 [Mon, 911072012 [Chap. 3 Calculus of Variation [
[7[Wed, 571272012 [Chap. 3 Calculus of Variation continued
8 [Fr. 942012 [chap. 3 Lagrangian
9 [Mon, 8/17/2012 [Chap 346 Lagrangian
[10fwed, 9/13/2012 [Chap 3& 6 |Lagrangian
[#1Fri 92172012 [chap. 346 |Lagrangian
[12[Mon, 872472012 [Chap. 38 6 [Lagrangian and Hamitonian
[13[Wed, 9/2672012 [Chap. 6 Lagrangian and Hamiltonian
[14[Fr, 92872012 [Chap. Lagrangian and Hamiltonian

Small oscillations
Small oscillations

[15[Men. 10/01/2012 [Chap.
[16[wed, 10/03/2012 [Chap.

6
4
4
[17[Fri, 10/0572012 [Chap. 4 [Small oscillations.
[18[Mon, 1070872072 [Chap. 7 [Wave equation [Take Home Exam
[19[Wed, 10/10/2012 Chap. 7 [Wave equation [Take Home Exam
[20[Fri. 10/1272012 Chap. 7 [Wave equation [Take Home Exam
‘121 [Mon, 10/15/:2012 [Chap. 7 [Wave equation [Exam due
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Laplace transforms

Laplace transforms can be used to solve initial value problems. The Laplace transform of
a function ¢(x) is defined as

Lo(p) = /% e o(x)dr (24)

o

Assuming that o(x) is well-behaved in the interval 0 < x < oo, the following properties

are

and

useful:
Laosaz(p) = —0(0) + pLo(p). (25)
do(0 o
Larggasr(p) = - ?;(:-) ~ po(0) + PPLop). (26)
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These identities allow us to turn a differential equation for o(x) inte an algebraic equation
for Ls(p). We then need to perform an inverse Laplace transform to find o(z).
For illustration, we will consider a simple example with 7(z) = 1, o(z) = 1, A = 0. The
differential equation then becomes

_ dolz)

pra F(z), (27)

where we will take the initial conditions to be &(0) = 0 and do(0)/dx = 0. For our
example, we will also take F(x) = Fype™*. Multiplying, both sides of the equation by e=»*
and integrating 0 < z < 0, we find

Fa

Lo(p) = R +p)

(28)
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In general the inverse Laplace transform involves performing a contour integral, but we
can use the following simple relations

- 1
L= / ePdr = -, (29)
o p
oa 1
L,= / re Fdr = —. (30)
0 I
c % e=1remrag 3]
e = [ e P (31)
Noting that
Fy 1
- = -=+ (32
(v +p) P )
we see that the inverse Laplace transform gives us
F .
G(IJ:TQ(I*G_I*‘I)‘ (33)

We can check that this a solution to the differential equation

d’¢ - d¢
———=Fe” for 0)=0 and —(0)=0
eIkl #(0) dx( )
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Fourier transforms
A useful identity

Jare oy = 278(0-w,)

Note that
e _2sllo-au)r
r 0=y

204




Definition of Fourier Transform for a function f(¢) :
f(@0)= [do F(o)e™
Backward transform:
_ 1 K y iot
Fl) = J;dt_ ) e
Check:

)= jdw[i idf 1) ] o

f@)= Tdt' fit') [i _T'da; e’“’("”‘]: _T'dz'f(t‘) S(t'-t)
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Properties of Fourier transforms - - Parseval's theorem :

[ar (1) 110 = [dor (F(o)) F(e)
Fourier transform for periodic function :
Suppose f(t+nT)= f(¢) forandintegern
F(@) == [difine = Z[ dz/(r)e“”"*“”J
- 0

2z —

Note that :

ie‘"”’r :Qié(a)—vﬁ), where 9:27”

10/15/2012 HY 711 Fall 2012 -- Lecture 21

Some details:
& ot _ sin(M +1)oT)
n—M Sin(%a)T)

“Iﬁw[ sin(} ) j 2 Z’S( T-1Q7) TZ5( Q)

= ie’”‘”r =Qi5(a}—vﬁ), where 95277[

v=—a0

= F(o)= % Tdtf(t)e""‘ = i Q5(w- vQ)[j dt fi)e™ j




Thus, for a periodic function

1= 2 PR

Now suppose that the transformed function is bounded;
|F()<e for v|=N

Define a periodic transform function function

F(Q)= Fi+v'(2N +1)Q))

Effect on time domain :

1= SRt =2 S Fuak ol i-

2N +1
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Doubly periodic functions

- HT
2N +1
- 1 &~ i27vl (2N +1)
— Fe—: v +:
“ 2N+1V:Z_:N Y

f i2vl (2N +1)

“sz
ﬁMZ
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More convenient notation

2N+1->M

3 :7M_lj5 orizmiM
Y a v

~ M

F = Zf 2yl M

Note t_ﬁat for w = '™

Fy=f W0+ W0+ W0+ 70 +
E = f0°+ W+ f 02+ fr° +
F fOWO + WP +f2W4 +f3W6
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Note that for W = e2*'¥

Fy=fV°+ [+ 00+ f 00+
EzﬁW%ﬁWﬂjﬁﬂ+ﬁWﬁm-
Ey= [ W0+ WP+ W+ e+

However, " = (e ' =1

and WM/Z — (eiZﬂ/M )M/Z_: -1

Cooley-Tukey algorithm: J. W. Cooley and J. W. Tukey, “An
algorithm for machine calculation of complex Fourier
series” Math. Computation 19, 297-301 (1965)
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