PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWF Olin 103
Plan for Lecture 23:

Rigid body rotational motion (Chap. 5)

1. Moment of Inertia tensor

2. Rotational equations of motion
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(Preliminary schedule — subject to frequent adjustment.)

Course schedule

|Date |F8.W Reading |T0pic |Ilssignment
|1_|Wed: 8/29/2012 [Chap. 1 [Review of basic principles: Scattering theory 21
[2 [Fri, 8/31/2012  [Chap. 1 |Scattering theory continued 12
|3_|M|:|n: 8/03/2012 |Chap. 1 |Scattering theory continued |ﬂ

|4_|Wed: 9/05/2012 |Chap. 1&2 |Scattering theory/Accelerated coordinate frame|ﬂ

5 [Fri, 9/07/2012  [Chap. 2 |Accelerated coordinate frame #5

[6 [Mon, 9/10/2012 [Chap. 3 [Calculus of Variation 46

[T [Wed. 9/12/2012 [Chap. 3 |Calculus of Variation continued

[8 [Fri, 9/14/2012  [Chap. 3 |Lagrangian B7

[9 [Mon, 9/17/2012 [Chap. 3&6 [Lagrangian 48

[10[wed, 9/19/2012 [Chap. 3& 6 [Lagrangian 49

[11[Fri, 9/21/2012  [Chap. 3& 6  [Lagrangian 1#10

[12[Mon, 9/24/2012 [Chap. 3 &6  [Lagrangian and Hamiltonian 11

[13[Wed. 9/26/2012 [Chap. 6 |Lagrangian and Hamiltonian #12

[14]Fri. 9/28/2012  [Chap. 6 |Lagrangian and Hamiltonian 13

[15[Mon, 10/01/2012 [Chap. 4 |Small oscillations 14

[16 [Wed. 10/03/2012 [Chap. 4 |Small oscillations l#15

[17[Fri. 10/05/2012 [Chap. 4 [Small oscillations

|ﬁ|h-‘1|:|n: 10/08/2012 |Chap. 7 |Wave equation |Take Home Exam
[19[wed, 10/10/2012 [Chap. 7 [Wave equation [Take Home Exam
[20[Fri, 1011212012 [Chap. 7 |Wave equation [Take Home Exam
E|Mnn: 10/15/2012 [Chap. 7 [Wave equation [Exam due
[22[Wed, 10/17/2012[Chap. 7,5 [Moment of inertia

[ [Fri, 10/19/2012 |Fall break

[23[Mon, 10/22/2012 [Chap. & Rigid body rotation l#16

[24]Wed. 10/24/2012 [Chap. 5 Rigid body rotation #17
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Moment of inertia tensor :
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\ Matrix notation :
(et 1
IE IyX IW IyZ
C \IZX l,, IZZ)
a -y |ijEZp:mp(5ijr§—rpirpj)

\ b
Moment of Inertia tensor :

’ /%(b2+cz) —1ab ~1ac )
i=M| -itab 1i(a®+c?) —ibc
| —%ac —ihbc %(a2+b2))
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Properties of moment of inertia tensor:
» Symmetric matrix =»real eigenvalues |,,1,,1,
> =»orthogonal eigenvectors

| €=1¢ 1=1,2,3



Changing origin of rotation
I = Zmp(@jrpz —rpirpj)
P

T 12 I 1
I =Zmp(5ijr p i I pj)
P

rp:rp+R

Define the center of mass:
Z mprp Z mprp
P — b

fom = >m, Y
P

I, =1, +M(R25, R R, )]+ M (2re,, - RS, — iR, —Rifey )

J J 1)
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J
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Descriptions of rotation about a given origin

For general coordinate system

T ZEZHJ—CO@]

For (body fixed) coordinate system that diagonalizes
moment of Inertia tensor :

8. i=1,2,3

=T :%Zlig)ﬁ

T'élz



Descriptions of rotation about a given origin -- continued
Time rate of change of angular momentum

dL (dLj
— =] — +oxL
dt dt Jpeq

For (body fixed) coordinate system that diagonalizes
moment of inertia tensor :

>

dL
—dt = Ila)le +I2a)ze +I3w3e +a)2a)3( 2)e1

+a)3a)l( 3)624—(5167)202 — |1)é3



Descriptions of rotation about a given origin -- continued

Note that the torque equation

d_L_(dL

—j +oxL=1
dt dt body

Is very difficult to solve directly in the body fixed frame.
For T = 0 we can solve the Euler equations :

dL

dt = Ila)le +I2a)ze +I3wge +a)2w3( 2)e1

"'0)3501( 3)e2+031032(|2_ |1)é3:



Euler equations for rotation in body fixed frame:

|151+a~)2(53(|3 - Iz):O
L&, +@,m,(1,—1,)=0

|353 Jr55167)2('2 - |1):O

Solution for symmetrictop--1, =1,:

|1(7)1 T 652(5303 - |1): 0
L, + @,,(1,—1,)=0
l.w,=0 = @, = (constant)

Il

Define: Q=o, |3|
1



Solution of Euler equations for a symmetric top -- continued

LJ
—~

~ |, -1
where Q = v, —=—+

1

Solution: @, (t) = Acos(Qt + @)
w,(t) = Asin(Qt + @)

T=12|.@.2=3|1A2+%|3a’3§



Euler equations for rotation in body fixed frame:
|151+a~)2(53(|3_ Iz):O
L&, +@,m,(1,—1,)=0
|353 Jr55167)2('2 - |1): 0
Solution for asymmetrictop--1, =1, =1, :
|151+5253(|3— Iz):O
L&, +@,m,(1,—1,)=0

|0, + &,0,(1,—1,)=0

Suppose: @,~0  Define:Q, = &, :

Define: Q, = o, ;
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