PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWF Olin 103
Plan for Lecture 23:

Rigid body rotational motion (Chap. 5)

1. Moment of inertia tensor

2. Rotational equations of motion
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Course schedule

(Proliminary schedule ~ subject to fequent adjustment )

Date [F&W Reading [Topic [Assignment
i Wed, 87292012 [Chap. 1 [Review of basic principles Scattering theory £
[ [Fi. 83v2012__[Chap. 1 FScattaring theary continued 7]
B [Mon, 91032012 Chap 1 FScattaring theory continued &=
[4_[Wed. 80572012 [Chap. 182 _[Scanering theury/Accslerated courdinate rame &4
5 [Fr oi07r2012 [chap 2 (Accelerated coordmats fame 3
/6 [Mon, 91072012_[Chap. 3 [Calculus of Variation 53
[7 [Wea. 51122072 [Ghap 3 [Caiculus of Variation continued
|8 [Fn. 91412012 [Chap. 3 [Lagrangian 4
| [Mon, 911772012 [Chap 386 _ [Lagrangian I
o] [Chap 386 _[Lagrangian e
i [Chap 386 [Lagrangian |5
2 {Ghap 386 _[Lagrangian and Hamionian a1t
[13[Wed. 9/2672012_[Chap. & [Lagrangian and HamiRonian #1;
a[Fr szaz01z_[chap & Cagrangian and Hamitonian 7]
[15[Mon. 1070172012 [Chap. 4 [Small oscillations mm
[16[Ved. 1070372012 (Ghap. 4 [Eman osciuations 53
[17[Fr, 10572012 Chap 4 [Small escilations
[18[Mon. 1070872012 Chap. 7 [Wave equation Take Home Exam|
[13[Wed. 10102012 Chap. 7 Wave equation Take Home Exam|
[20[Fn. 10/1212012 [Chap. T Wave equation Take Home Exam|
[24 Won, 1011572012 [Chap. 7 Waws oquation [Exam aue
[22[Wed. 101772012 [Chap. 7.5 [Moment of inertia
Fr_ 10182012 [Fall break
- [23]Mon. 107222012 [Chap. § [Rigd body rotation [#18
[24[Wed, 102472012 Chap & [Figid body rotation aiT
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r=s ool %) o]

=0- i M
Moment of inertia tensor :
i=>m, (lrp2 - rprp) (dyad notation)
r

Matrix notation :

X X xz
i=1, 1, I,
1 zx 1 zy 1 zz
_ 2
Ii/' = Z m, é‘f/rn Tpi r/)/)
P
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X

z
Matrix notation :
IXX ].YV I\’
i=|7, 1, I,
11‘( I:y 1::
— 2
a Y Ie/ =Zmz>(5urp _rplrp/)
4
b
Moment of inertia tensor :
X
%(b2+cz) —tab —tac
I=M| -%ab %az+cz) —4be
—4ac —4bc %(az-f-bz)
2. 1 PH’ 1 i 1 ture 2:
Properties of moment of inertia tensor:
» Symmetric matrix =»real eigenvalues 11,15
> =>»orthogonal eigenvectors
16=1¢, i=123
0/22/201: PHY 711 Fall 2012 1
Changing origin of rotation
— 2
z AZ Itj :;mp(aknl 7r1"rpj)
o a2 4
1 i Zmp(é‘u’ p T p/)
- 4
Iy 7'r’n r,=r,+R
Y Define the center of mass:

Xmr, 2myr,
P __r

X
b r,, = ————=*%———
\ o Zrnp M
P

ry=1,+M(R?*5, - RR, )+ M(2re, -RS, — 1y R, — Ryy)

y v




I'y=1,+M(R?5,~RR,)+ M(2r,, RS, —ro R, Rieyy )

z

Az Suppose that R = — 4% — 2§ —£7
and ry, = —-R
' 2
N, r,=1,-M(R?,~RR,)
fpmm y’

, y
a \X %(b2+cz) —4ab —4ac

b I'=M| -iab %(aercz) —+bc
—fac —+bc %(aZerZ)
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X %(b2+cz) —%ab —4ac
- M| —iab %(az-%—cz) —ibe
“rae —fbe )
2 1 PHY 711 1 1 ture 2!
z 1
AZ

y
a \X' Y
b
« L(p?+c?) 0 0
I'=M 0 ﬁ(azvtcz)

Descriptions of rotation about a given origin

For general coordinate system

1
T= 2 Z 0,0,
i
For (body fixed) coordinate system that diagonalizes

moment of inertia tensor :
Ie=1e, i=12,3
O = 0,8, +@,8,+D;€,

= T:%ZI,.E),.Z




Descriptions of rotation about a given origin -- continued
Time rate of change of angular momentum

dL (dL

Z (dflmzy +oxL

For (body fixed) coordinate system that diagonalizes
moment of inertia tensor :

I1-e=1g¢, © = 0,8,+1,8,+1,€,

L = [,we,+1,w,8,+1,0,,

dL ~ A ~ A ~ A ~ o~ ~
ar = l,oe,+1,0,€,+1;00,€,+0,0, (13 -1, )el

+ 5’351(11 _13)é2+551552(12 _11)63
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Descriptions of rotation about a given origin -- continued

Note that the torque equation
dL dL
dar [E
is very difficult to solve directly in the body fixed frame.
For T = 0 we can solve the Euler equations :

j +oxL=1
body

dL ~ A ~ A ~ A _—~ o~ ~
—= Ila)le1+lza)2e2+13w3e3+w2w3(13 -1, )e1
t

+ 5)35)1([1 _13)é2+a~)10~)2(12 _Il)éaz 0

Euler equations for rotation in body fixed frame :
1151 +a~)za~)3(13 _12): 0
1252 +0~)30~)1(11 _13): 0

1353+0~)10~)2([z _[1):0

Solution for symmetric top--7, =1, :

Lo, + @,,(I, — 1,)=0

L, + @yw,(1,~1,)=0

Lo,=0 = @, =(constant) .

Define: Q=a, Ii=h a-:)l ) _j)ZQ
@, = 0,
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Solution of Euler equations for a symmetric top -- continued

o =—0,Q0 w, = Q2

where Q = @, L=l

1
Solution: @, (f) = Acos(Q + @)
@, (t) = Asin(Qt + @)

1 ~ 1 1 -
T =EZI,.@,? =511A2 +513a)§
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Euler equations for rotation in body fixed frame :
1151 +5’253(13 _12): 0
1252 +5‘735771(11 _13): 0
13533 7L5‘71“—32(12 _11): 0
Solution for asymmetric top-- 7, # [, # 1, :
Lo, + @,,(I,~1,)=0
1,00, + @y, (I, — 1,)=0
Lo, + @@, (1,~1,)=0
13 _12
11
I,—1,

Suppose: @,~0  Define:Q, =@,

Define: 2, = o,
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