PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWF Olin 103
Plan for Lecture 26:

Traveling and standing waves in 1 and
2 dimensions

1. Brief review of 1-d from Chap. 7

2. Waves In 2-d elastic membranes —
Chap. 8
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6 [Mon, 9/10/2012 [Chap. 3 |Calculus of Variation #6
7 [Wed, 9/112/2012 [Chap. 3 |Calculus of Variation continued
8 [Fri, 9/14/2012 [Chap. 3 Lagrangian #7
9 [Mon, 9/17/2012 [Chap. 3&6 [Lagrangian #8
[10[wed, 9/19/2012 [Chap.3&6 [Lagrangian #9
[11[Fri, 91212012 [Chap.3&6 [Lagrangian #10
[12Mon, 9/24/2012 [Chap. 3&6 |Lagrangian and Hamiltonian #11
|E|Wed, 9/26/2012 |Chap. 6 Lagrangian and Hamiltonian [#12
[4[Fri, 9/28/2012  [Chap. 6 |Lagrangian and Hamiltonian #13
[15[Mon, 10/01/2012 [Chap. 4 [Small oscillations 14
[16[wed, 10/03/2012[Chap. 4 \Small oscillations #15
[17 [Fri, 10/05/2012 [Chap. 4 |Small oscillations
[18[Mon, 10/08/2012 [Chap. 7 \Wave equation Take Home Exam
[19 \Wed, 10/10/2012[Chap. 7 \Wave equation Take Home Exam
[20[Fri, 10/12/2012 [Chap. 7 \Wave equation Take Home Exam
[21[Mon, 10/15/2012 [Chap. 7 \Wave equation [Exam due
22|wed, 10/17/2012[Chap. 7,5  [Moment of inertia
| [Fri, 1011912012 |Fall break
[23 [Mon, 10/22/2012 [Chap. 5 IRigid body rotation #16
[24 [Wed, 10/24/2012 [Chap. 5 Rigid body rotation 17
[25[Fri, 10/26/2012 [Chap. 5 IRigid body rotation #18
6 [Mon, 10/29/2012 |Chap. 8 \Waves in elastic membranes #19
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Review of wave equation in one-dimension — here x(X,t) can
describe either a longitudinal or transverse wave.

Traveling wave solutions --

2 2

g ’g — ¢ g ’él =0
ot ox

Note that for any function f(g)or g(q):
ux)= f(x—ct)+g(x+ct)

satisfies the wave equation.




Initial value problem: x(x,0)=¢(x) and Z—’l;(x,O) =y (x)
then: p(x0)=¢(x)=f(x)+g(x)

O o)y [ dfX)_dg()
a(x,O)—w(x)— C( I I j

= /() -g0) == [y (x)ax

For each x, find f(x)and g(x):

/()= %{qﬁ(x) —%jw(x')df]
o(x) - %[m) -2 w(x')dX'j

= u(x,t) = %(¢(x—ct) +P(x+ Ct))+2ic jw(x')dx'



Standing wave solutions of wave equation:

2 2

g ’f — c° g é‘:O
ot Ox

with u(0,t) = u(L,t)=0.

Assume:  u(x,t) = fR(e_ia”p(x))

2
where dd'fch)+k2p(x)20
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Extension of ideas to wave motion on a two-dimensional
surface — elastic membrane (transverse wave; linear regime).

u(x,y.t)
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Lagrangian density : B(u,ﬁu,au au;x,y,t]

L:IB u,au,au,au;x,y,t xdy
ox Oy ot

Hamilton's principle :

oL o0 0L o oL o oL

ou ot o(ouldt) ox oloulex) oy o(ouloy)



Lagrangian density for elastic membrane:

2
B( ou ou 6u;x,y,tj=£a(a—uj —ET(VM)Z

“Yox oy o 2 2
0L 0 oL o oL 8 o

ou ot o(ouldt) ox o(ouldx) oy o(ouloy)
O°u

.
——c*Viu=0 where ¢* = —
ot o

Two - dimensional wave equation :
O°u T

——c*Viu=0 where ¢* = —
ot o

Standing wave solutions:
u(x, y,6)=Rle™ p(x,))

(V2 + kz)p(x, y)=0 where k =&

C



Consider a rectangular boundary:

b
Clamped boundary conditions::

p(0,y) = p(a,y) = p(x,0) = p(x,b) =0
= p, (x,y)= Asin(mm)sin(%j

a

2 2
a b
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More general boundary conditions:

Vu|, = /cu\ , represents boundard side constrained with spring

Vu|, =0 represents "free"side

Mixed boundary conditions:
op(0, op(a,
p(x,O):p(x,b)z ,0( y): ,0( y)ZO

Ox Ox
= p,. (X, )= Acos(mmjsin(%j
A

| /‘"
)
/n
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a b
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Consider a circular boundary:

Clamped boundary conditions for p(7, @) :
P(R,p)=0

(V2 + kz)p(r, @) =0 where k = %
In cylindrical coordinate system

6° 10 1 0°
U LS R

or: ror r°op
Assume: p(r,p) = f(r)D(p)
Let: D(p) =e™?
Note : DO(p) =D(p+27)

= m = integer

VZ
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Consider circular boundary -- continued

Differential equation for radial function :

[d_zé d_m +k2]f(r)=o

ar® rdr r°

—> Bessel equation of integer order with transcendential solutions
Cylindrical Bessel function J (z)

Cylindrical Neumann functjo
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Some properties of Bessel functions

Asendingseries: J (z) = ( j i : ( jj

= ]+m kZ
. . 2m
Recursion relations: (Z)+Jm+1(z)——J (2)
dJ (z
Ja(2)=J,.4(2) =2 mZ( )

Asymptoticform: J,,(2)— : COS(Z_mzﬂ‘Zj
7z

Zeros of Bessel functions J, (z, )=0
m=0: z, =2.406, 5.520, 8.654,..
m=1: z =3.832, 7.016, 10.173,...
m=2: =z, =5136, 8.417, 11.620,...



Some properties of Bessel functions -- continued

Note: Itis possible to prove the following

Identity for the functions Jm(zl’“é” rj ;

]EJ (Zm” er (Z’"”' rjra’r:R—z(J (z, )75,
) m m R 2 m+1\"mn nn

R

Returning to differential equation for radial function :

(d_2+1 ; ‘m22+k2]f(r)=o

dr’ rdr r

= f (r)= Ajm(zlné" rj; f = Zmn
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