PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWF Olin 103
Plan for Lecture 28:

Introduction to hydrodynamics

1. Correction — Euler formulation
revisited

2. Euler’s equation for fluid
dynamics

3. Bernoulli’s integrals
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|7 |Wed, 9/12/2012 |Chap. 3 |Calculus of Variation continued
8 [Fri, 9/14/2012 [Chap. 3 Lagrangian H#7
9 [Mon, 9/17/2012 [Chap. 3&6 [Lagrangian #8
[10(Wed, 9/19/2012 [Chap.3&6 |Lagrangian #9
M1 [Fri, 9/21/2012 [Chap. 3&6 [Lagrangian #10
[12|Mon, 9/24/2012 [Chap.3&6 [Lagrangian and Hamiltonian 11
[13|Wed, 9/26/2012 [Chap. 6 Lagrangian and Hamiltonian 12
[4Fri, 9/28/2012  [Chap. 6 [Lagrangian and Hamiltonian #13
lﬁ IMon, 10/01/2012 |Chap. 4 |Small oscillations #14
16 [Wed, 10/03/2012[Chap. 4 |Small oscillations #15
[17Fri, 10/05/2012 [Chap. 4 ISmall oscillations
|§|Mon, 10/08/2012 [Chap. 7 |Wave equation Take Home Exam
[‘E]Wed, 10/10/2012 Chap. 7 |Wave equation Take Home Exam
20 [Fri, 10/12/2012 [Chap. 7 |Wave equation Take Home Exam
21 [Mon, 10/15/2012 [Chap. 7 |Wave equation [Exam due
|§]Wed, 10/17/2012|Chap. 7,5  [Moment of inertia
| [Fri, 10/19/2012 [Fall break
23 [Mon, 10/22/2012 [Chap. 5 Rigid body rotation #16
24 [Wed, 10/24/2012[Chap. 5 IRigid body rotation 17
[25Fri, 10/26/2012 [Chap. 5 IRigid body rotation #18
|E|Mon, 10/29/2012 [Chap. 8 \Waves in elastic membranes #19
[27 [Wed, 10/31/2012[Chap. 9 lIntroduction to hydrodynamics
9 [Introduction to hydrodynamics

»Iﬁ‘Fri,11lO1l2012 [Chap.
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Newton’s equations for fluids
Use Euler formulation; properties described in terms of

stationary spatial grid

Variables: Density  p(X,y,z,t)
Pressure p(X,y,z,1)
Velocity v(x,y,z,t)

Particleatt: r,t

Particleatt': r+vat,t'
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Euler analysis -- continued

Particleatt: r,t

Particleatt': r+vat,t' where & =t'—t
For f(r,1):

df . f(r,t')—f(r,t) f(r+vot,t)— f(r,t)
E‘L!EP( a 3 j

df  of
dt ot

+(v-V)f



Continuity equation:

op

+V-(pv)=0
V- (ov)
op

—+oV-V+Vp-v=0
ot
Consider d—p a'O+V,o Vv

dt ot
dp —+pV-v=0 alternative form

dt
of continuity equation



Solution of Euler’s equation for fluids

a—V+V(lv2)—v><(V><v):f _Vp

2 applied

Consider the following restrictions::

1. (Vxv)=0 “irrotational flow"
—>V=-VOD

2. f =—-VU conservative applied force

3. p=(constant) incompressible fluid

o V(D)JFV(%VZ): yy-YP
ot yo,

= V(£+U +1v? —@]:O
yo, ot

applied




Bernoulli’'s integral of Euler’s equation for constant p

V(£+U+ Vv —@j 0

yo, ot
Integrating over space:
Pyt >V —aE—C(t)
yo, ot
where v =-V®(r,t) = -V(d(r,t) + C(t))
Pyt Ly? 90 _ =C, Bernoulli's theorem

yo, ot



Examples of Bernoulli’'s theorem for constant p

Ly +1v? —@—C

P ot

For steady flow : %it):o

Continuity equation : V-v="0 %\
p1: p2: patm y
Ul_UZ :gh 7,

| A

I (W ?
pl _|_U ‘|‘1V p2 +U +1V P

& 4
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Examples of Bernoulli's theorem -- continued

@ P1 = P2 = Pam

) U, =V, = gh
oy V20 (LA =V,A,)
@"“’*—A-J?L |\ I01+U +1v I02+U +1v
S A — p

h X\ \\ﬁ,‘v p
p T _<é>> V, =,/2gh

1.013x10°
24U, +1y)” =Y s Pam. _

= m
P o pg  (1000)9.8)
=10.3m
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Examples of Bernoulli’'s theorem -- continued

Ly +1v? = constant

g0 =
®

F
pl — K+ patm p2 — patm
U1 — Uz
V,A=Vv,a continuity equation
pl+U +1v pz+U +1v
Yo,
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Examples of Bernoulli’'s theorem -- continued

£+U + 1v — constant

-4Dg
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Examples of Bernoulli's theorem — continued
Approximate explanation of airplane lift

Cross section view of airplane wing
http://en.wikipedia.org/wiki/Lift %28force%29

upper %
lower

U, =U,

Py
Yo,

P, — Py :%p(vlz _V22)
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Some detalls on the velocity potential
Continuity equation :
op
+V-(pv)=0
V()

op
ot
For incompressible fluid : p = (constant)

—=V-v=0
Irrotational flow: Vxv=0 = Vv=-VO
—V°®d=0

—+pV-V+Vp-v=0



Example — uniform flow

o)
a
Z
VD =0
0°® 0°D oD
PV oy* s =0
Possible solution :
D=-v z
v=-VD =V 7
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Example — flow around a cylinder

N\
Vo £

\AAAAS

VD =0
oo
or

r=a
to be continued...
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Solution of Euler’s equation for fluids -- isentropic

a—V+V(%v2)—v><(V><v):f _Vp

ot applied
Consider the following restrictions::
1. (Vxv)=0 “irrotational flow"
—>V=-VOD

2. T.omiea =—VU conservative applied force
3. p=(constant) isentropic fluid

A little thermodynamics

First law of thermodynamics: dE, =dQ —dW

For isentropic conditions: dQ =0
dE. . =—-dW =—pdV



Solution of Euler’s equation for fluids — isentropic (continued)
dE. . =—-dW = pdV

In terms of mass density : p = %
- - M
For fixed M and variableV : dp =-—-dV
V
M
dV = —?dp

In terms In intensive variables: Let E. . =Me

dE, = Mds = —dW = —pdV = M p—pzdp

dg:%dp [8_5) :%
P 0P Jioo P



Solution of Euler’s equation for fluids — isentropic (continued)

(@_ej P
P J do-0 p’

Consider : Vg:(@j vpzﬂzvp
op dQ=0 P
Rearranging : V(g + B) — vp
P P



Solution of Euler’s equation for fluids — isentropic (continued)

oV Vp
EJFV( ) Vx(VxV)=F, g ——
@=V(5+£j
P P
Vxv=0 V=—VO f -VU

applied —

o-Vvo) + V(%vz): -VU —V(g +£)
ot yo,

:v(g+£+u +2V —@j
yo, ot

0



