PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWF Olin 103
Plan for Lecture 29:

Introduction to hydrodynamics

1. Euler’s equation for fluid
dynamics

2. Potential flow

3. Bernoulli’s integrals
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Some details on the velocity potential
Continuity equation :

op

—+V-(pv)=0

-+ V-(pv)

op
E-I—,OV'V-I-V,O'V:O

For incompressible fluid : p = (constant)
=>V-v=0
Irrotational flow: Vxv=0 =V

— VD =0

-VO



Example — uniform flow

b

V@ =0

0°® 0'Dd 0°D
—+t—5+—=0

OxX 0y Oz

Possible solution :

O=-vz
v=-VD=v7z7
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Example — flow around a long cylinder (oriented in

the Y direction)

\AAAAL

VD =0
L
or

r=a
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Laplace equation in cylindrical coordinates

(r,0,defined in x-z plane; y representing cylinder axis)
vzq):o:l 0 raq>+ 12 azq2>+azc£>
ror or r°00° oy
In our case, there 1s no motion in the y dimension

= (D(V, (9,)/) = (D(V, (9)
From boundary condition : v_(r — o) =,
oD

8_(7'_)00):—\;0 :>(D(7‘—)OO,9)=—VOVCOS(9
Z

2
Note that : 0 0028 0 =—cosd

06

Guess form: ®(r,8)= f{r)cosH



Necessary equation for radial function
l@rﬁ_l

=0
ror or r’ /
B
f(r)y=Ar+— where 4, B are constants
v
Boundary condition on cylinder surface :
a
or|._,
df B
—((r=a)=0=4——
dr ( ) a’
= B=Aa’

Boundary condition atco: = 4=-v,



2
D(r,0)= —vo(r + a_] cos

r
2
v, :—@:vo(l—a—zjcosé’
or r
1 0O a’ ) .
Vg :_;EZVO(I—FV_ZJSHIQ

For homework; consider similar boundary value problem for
a spherical obstruction

Laplacian in spherical polar coordinates :

2
V2®:O=%Q(r2@j+ . 1 g (sin@ag}r . .12 8C12)
r° or or ) r°smé o6 00 ) r sin" 6 0¢



Momentum in fluids:
Newton - Euler equation of motion :

ov Vp
5 T (V . V)V = fapplied -
.. . op
Continuity equation : A +V-(pv)=0
Want to find an expression for the momentum density : pv
ov
pg_l_ IO(V V)V = pfapplied _Vp
o\ pv op
(8t )_ VE_F IO(V V)V — pfapplied _Vp
o\ pv
e (ov)+p(v-V)v=pf, 00 = VP

Ot



Momentum in fluids -- continued

o(pv)
ot
Defining the "stress" tensor :

+VV- (pv)+ p(V-V)V = pf

applied

Vp

Tl.j = p5l.j + P,V

The momentum equation can be written in component form :

a(p"i) 2 aTiJ’ _
D) o, 7



Solution of Euler’s equation for fluids -- isentropic

oV ) Vp
54‘ V(%sz— V X (V X V): fapplied —7
Consider the following restrictions :

. (Vxv)=0 "irrotational flow"
=>v=-VO
2. f,.s =—VU conservative applied force
3. p#(constant) 1sentropic fluid
A little thermodynamics
First law of thermodynamics: dE. =dQ—dW
For 1sentropic conditions: dQ =0

dE. =—dW =—pdV



Solution of Euler’s equation for fluids — isentropic (continued)
dE.  =—-dW =—-pdV

In terms of mass density : p = %
. M
For fixed M and variable V': dp = _Fd V
M
dV = ——de
yo,

In terms 1n intensive variables : Let E. = Me¢

dE. =Mde =—dW =—pdV =M %dp

de = %a’p (8—8) = %
0P ) sgo



Solution of Euler’s equation for fluids — isentropic (continued)

(@j P
0P )ige P
oc

Consider: Ve = [—] Vo= ﬁVp
dO=0

op P’

Rearranging : V(g + Ej _Vr
P) P



Solution of Euler’s equation for fluids — isentropic (continued)

ov Vp
5+V( ) VX(VXV):fapplied _7
vr_ V(e +£j
P P
Vxv=0 vV=-VO t s =—VU

o VCI))+v(%v2)= VU —v(g +£]
ot yo,

:V(a+£+U+ % _53]

0
Yo, ot



Energy in isentropic fluids

Newton - Euler equation of motion :

ov Vp
E T (V . V)V = fapplied -
Continuity equation : Z—'[; +V- (pv) =0

Want to find an expression for the energy density : pe + 1 pv’

where L pv? represents kinetic energy density of center of mass

%(%pv2)__2_/;v TPV (;_:__v ( PV V) V-Vp+ Vet e



Energy in isentropic fluids -- continued

Recall: V(g + £j = E
P 1Y
o(pz)

az =—V-|(ps+p)v]+v-Vp

Combining internal energy and center of mass energy::

8(pg+%pv2):_v.
ot

[(,08+p "'%:0‘/2 )V]"'pv‘fappzzed



Application of fluid equations to the case of air in
equilibrium plus small perturbation

Newton - Euler equation of motion :

Z_‘; T (V ' V)V =t e — %
Continuity equation : %—';) +V- (pv) =0
Near equilibrium :
p =Py +op
p=p,+top
v=0+0v
f =0

applied



Equations to lowest order in perturbation :

ooy __Vap
ot Po
@+pov-5V=O

ot



