PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM  MWF Olin 103
Plan for Lecture 29:
Introduction to hydrodynamics

1. Euler’s equation for fluid
dynamics

2. Potential flow

3. Bernoulli’s integrals
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and Hamiltonian B
‘and Hamiltonian B2
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(7 [Fri, 10052012 [Chap 4 Small oscillations
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" [Take Home Exam

Wave equation

Take Home Exam

e
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Wave equation

Take Home Exam

[21(Mon, 10152012 [Chap 7 Wave equation Exam due
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[ |Fn, 101192012 Fall break
[23 Won, 10/22/2012 [Chap 5 [Rigid body rotation [#18
[24 Wed, 1012472012 Chap. 5 Rigid body rotation (1)
[25[Fn, 10262012 [Chap 5 Rigid body rotation [E18
[28[Mon, 1072012012 [Chap & " [Waves in elastic membranes e
[27 [ Wed, 10/31/2012 Chap & Intraduction to hydredynamics
[28Fri 110172012 [Chap. @ introduction to hydredynamics
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Some details on the velocity potential

Continuity equation :

op
PL.y. =0
= (ov)

%+pV~V+Vp-v:O

For incompressible fluid : p = (constant )

=V.-v=0
Irrotational flow : Vxv=0
=>VD=0
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Example — uniform flow

b

Vd=0

o’ o’d 9D
+ + =

ox* oy oz’

Possible solution :

0

O=—v,z
v=-VDh=v1
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Example — flow around a long cylinder (oriented in
the Y direction)

A
2 X
Vo =a A
— voZ
—_— 2 0
j— —
_—
Vd=0
()
2 _,
or

r=a
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Laplace equation in cylindrical coordinates

(7,0,defined in x-z plane; y representing cylinder axis)
VO =0= lﬁr@Jriz anz) + 62?

ror oOr r°060° 0y
In our case, there is no motion in the y dimension

= (I)(r,ﬂ, y) = (I)(r, 6’)
From boundary condition : v, (r — )=,
oD

67(,,_”0):_1;0 = ®(r > x,0)=—v,rcos 6
z

8% cosd

92

7Guess form: <I>(r,6?) = f{r)cos @
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Note that : =—cosf




Necessary equation for radial function

10 o 1

L =0

ror or r’ 4

f(ry=4r+ B where 4, B are constants
r

Boundary condition on cylinder surface :

ob 0

or .-,

af

B
Y r=a)=0=4-=
dr(r %) a’

= B=Aa’
Boundary condition atoo: = 4 =-v,

11/05/2012 PHY 711 Fall 2012 - Lecture 29

11/12/2012

2
(D(r, 0)= —vo[r + aJ cos 6
r

2
v, = —aq):vo[l—azjcosﬂ
or r

1 0D a) .
v, =———=v,| | +— [sin @
0 r 06 0[ 7’ ]
For homework; consider similar boundary value problem for
a spherical obstruction
Laplacian in spherical polar coordinates :
VO =0 :%i(rz angr 5 1 i[sinﬁa;()jJriZ 1 5 qu)
r or or ) r sinf 00 060 ) r-sin” @ 0¢
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Momentum in fluids:
Newton - Euler equation of motion :

ov Vp
o + (V 'V)V =L pied —
- . op
Continuity equation : o +V -(pv): 0
Want to find an expression for the momentum density : pv
ov
po PV VNV =l = Vp
olpv op
% - Vg + p(V : V)V = Pl opica =VP
0
%) 5 () VYW = Pl s~
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Momentum in fluids -- continued

A0V) 9 (o) 5V = s~V

Defining the "stress" tensor :
Ti/’ =p 5,‘]‘ +pvv;
The momentum equation can be written in component form :

a(p"i) > %_
or +,Z::'ax, =
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Solution of Euler’s equation for fluids -- isentropic

% + V(%v2 )— vx(Vxv)= £ opica = Vp
Consider the following restrictions :

1. (Vxv)=0 "irrotational flow"
=>v=-Vd

2. f

wpica =—V U conservative applied force
3. p#(constant) isentropic fluid

A little thermodynamics

First law of thermodynamics: dE,, =dO—dW

For isentropic conditions : dQ =0

dE,, =—dW =—pdV
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Solution of Euler’s equation for fluids — isentropic (continued)

dE, =—dW =—pdV

int

In terms of mass density : p = %

For fixed M and variable V' : dp = —%d V
dv = —%dp
P
In terms in intensive variables : Let E, = Ms¢
dE,, = Mds =—dW =—pdV =M L_dp
P
de =P ap [afj _»
0P Jageg P
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Solution of Euler’s equation for fluids — isentropic (continued)
[68] _r
P )i P
Consider : Vg:(agj Vp= pz Vp
Q=0

Rearranging : V(s + p] = Vp
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Solution of Euler’s equation for fluids — isentropic (continued)

ov Vp
5+V(%V2)_vx(vxv):fapplied -
Vp_v[ﬁpj
p P
Vxv=0 v=-VO fupplft‘d:_vU

M+v(%v2):_VU_vtg+£j

ot Yol
=V g+£+U+%v2—6£ =0
P ot
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Energy in isentropic fluids

Newton - Euler equation of motion :

x + (V 'V)V =f o ptiea — Yo

ot
- . op
Continuity equation : o +V- (pv) =0

Want to find an expression for the energy density : pe + 1 pv’

where L pv’ represents kinetic energy density of center of mass
0 [ ov
)=t L v
e

ot P ot ==V (% pvzv)7 v-Vp+pv- fapp/fed
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Energy in isentropic fluids -- continued
\%
Recall: V(a + p] =P

p) p
a(ps)

o = Vellee s+ pl]rv-vp

Combining internal energy and center of mass energy :

w =V-{lpe et o ot
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Application of fluid equations to the case of air in
equilibrium plus small perturbation

Newton - Euler equation of motion :

ov Vp
5 + (V . V)V = fapplied -0
Continuity equation : 66/; +V ‘(pv): 0
Near equilibrium :
pP=py+0p
P=Dy+p
v=0+06v
fapplied = 0

Equations to lowest order in perturbation :
osv _ Vp

ot Po
0op
—+p,V-ov=0
ot Po




