PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWF Olin 103
Plan for Lecture 31:
Wave equation for sound

1. Standing waves

2. Green’s function for wave
equation; wave scattering
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Linearization of the fluid dynamics relations:
Newton - Euler equation of motion :
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Equations to lowest order in perturbation :

85V ~Vop
o Po

0op

—+ p,V-ov=0
Py Po

Velocity potential : ov=-VOd
Pressure in terms of the density :
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Wave equation for air :
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Boundary values :
Impenetrab le surface with normal n moving at velocity V :

nN-V=n-&N=-n-VO
Free surface :



Time harmonic standing waves in a pipe

o 2
—A o0-D
> c’Ved =0
Ot
L-<
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At free surface : %—dj =0
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In cylindrical coordinates :
O(r,p,z,1) = R(r)F(p)Z(z)e™
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O(r,p,2,1) = R(r)F(p)Z(z)e ™"

F(0)=e™; F(p)=F(p+272N) = m = integer
Z(z) =e'“; a = real plus other restrictions
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Bessel functions:  J (x)
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dJ, (x)
dx

Bessel function derviatives:
04_&4
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Zeros of derivatives: m=0: 0.00000, 3.83171, 7.01559
m=1: 1.84118, 5.33144, 8.53632
m=2: 3.05424, 6.70613, 9.96947
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Boundary condition for z=0, z=L.:

For open - open pipe:

Z(0)=2Z(L)=0 = Z(2) =sin(%j

—a =% 5=123.

L
Resonant frequencies :
—=k’=K’ + alf
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Example

k2 =

mnp

.

X

mn
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mp =3.14,6.28,9.42....
x' ~=0.001.84,3.05




Alternate boundary condition for z=0, z=L.:

For open - closed pipe:

4z (0) =/Z(L)=0 = Z(2)= cos((2p+1)ﬂzj
dz 2L

=, = (szzl)”  p=0123..
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Other solutions to wave equation:
2
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Plane wave solution :

O(r,t) = 4e™™" where

k2



Wave equation with source:
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Solution In terms of Green's function :
Dd(r,t) = der'jdz'G(r—r',t—z')f(r',z')

where
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Wave equation with source -- continued:

We can show that :
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