PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM  MWF Olin 103
Plan for Lecture 36:

Chapter 10 in F & W: Surface waves

1. Water waves in a shallow or deep
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channel - linear equations

2. Nonlinear effects — soliton
solutions
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Consider a container of water with average height h
and surface h+{(x,y,t) (slightly different notation than
last time):

Po
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Euler's equation for incompressible fluid :

ﬂ:a—VvaVV:a—v+V(%\12)+V><(va):—VU—E
dt ot ot P

Assume that Vxv=0 (irrotational flow) = v=-V®

:V(—M)+;v2+U+pj:0
ot P

= _662 +IV +U+ £ _ constant (within the fluid)
4 Y

For the same system, the continuity condition becomes
V-v=-V®=0
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Within fluid : 0<z<h+(

@ +1v? + g(z—h)=constant (We have absorbed
a ?

~-V®=0 P, in our constant.)
Atsurface: z=h+¢ with ¢ = ¢(x, »,¢)

a 9% ,, 9% ,, 9%
o “ox oy
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wherev,  =v, | (. ,h+¢ 1)

Full equations:
Within fluid : 0<z<h+d

756;1;+ 132 + g(z—h)=constant (We have absorbed

-V =0 P, in our constant.)
Atsurface: z=h+¢ with;’:{(x,y,t)
& o, o, K

wherev, =v_ (x,y,h+,t
ot N CRW I )
Linearized equations:

For 0<z<h+(: 7%?“(27}'):0 -V0=0
g _o¢
At surface : =h+ ——=—=v.(x,y,h+,t
p=heg = (x.y.h+ 1)
78(I)(x,y:h+§,t)+gé,:0

ot
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For simplicity, keep only linear terms and assume that
horizontal variation is only along x:

2 2
o a—sz)(x,z,t) -0

0z*  ox
Consider and periodic waveform : ®(x,z,t) =Z(z) cos(k(x - ct))

= [ @ 7k2JZ(z) =0

For 0<z<h+{: V®= (

dar’
Boundary condition at bottom of tank : v_(x,0)=0
= d—Z(o) =0 Z(z) = Acosh(kz)
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For simplicity, keep only linear terms and assume that
horizontal variation is only along x — continued:

Atsurface: z=h+¢ %:vz(x,th{,t):fM
ot Oz
o0(x,h+¢ 1)
T =0
o +g¢
I0(x,h+¢,t) 0 O(x,h+ (1) 0D(x,h+ (1)
_ g2 = > -g =0
ot ot ot 0z

For  ®(x,(h+¢).t) = Acosh(k(h+¢ ) cos(k(x —ct))

o SinhCk(h+ &) sinh(k(h+¢)) )
cosh(k(h+¢)))

Acosh(k(h+¢ ) cos(k(x 7ct))[kzcz -
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For simplicity, keep only linear terms and assume that
horizontal variation is only along x — continued:

o2 = & sinh(k(h+£))
k cosh(k(h+¢))

Assuming & << h: o =%tanh(kh)

e 0 Y o
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For simplicity, keep only linear terms and assume that
horizontal variation is only along x — continued:

i x %tanh(kh) For A >> h, ¢* ~ gh

O(x,z,1) = Acosh(kz)cos(k(x —ct))
o®(x,h+¢,1)

1 NLCY cosh(kh)sin(k(x —ct))
g ot g

Note that for A >>h, ¢’ ~gh

(solutions are consistent with previous analysis)
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General
problem: P
T e
B A et s AT AT P e e e B
AEATA
n—[ R
L . X
Within fluid : 0<z<h+¢
oD
vy +1v7+ g(z—7)=constant (We have absorbed
t
~-V®=0 P, in our constant.)
Atsurface: z=h+¢ with ¢ = ¢(x, »,¢)

de _oe,, %, %

a - i a "y wherev,  =v, | (v, 3. h+¢,1)
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Some links:

Details of soliton equations

Maple animation
Website — http://www.ma.hw.ac.uk/solitons/
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