9/17/2012

PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWF Olin 103
Plan for Lecture 9:

Continue reading Chapter 3

1. Hamilton’s principle

2. Lagrange’s equations in
presence of magnetic fields
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PHY 711 Classical Mechanics and Mathematical Methods

[MWF 10 AM-10:50 PM [OPL 103 |http://www.wfu.edu/~natalie/f12phy711/|

Instructor: Natalie Holzwarth [Phone:758-5510|Office:300 DPL|e-mai|:natalie@vﬁu.edu|

Course schedule

(Preliminary schedule —- subject to frequent adjustment.)

|Date |F&W Reading |Tc-pic |Assignment
H|Wed: 6/29/2012 |Chap. 1 |Review of basic principles;Scattering theory |ﬂ
[2[Fri, 8/31/2012  [Chap. 1 |Scattering theory continued [#2
[3[Mon, 9/03/2012 [Chap. 1 |Scattering theory continued 43
|E|Wed: 9/05/2012 |Chap. 1&2 |Scattering theory/Accelerated coordinate frame |ﬁ
|§|Fri: 9/07/2012 |Chap. 2 |Acce|erated coordinate frame |ﬁ

6[Mon, 9/10/2012 [Chap. |Calculus of Variation 6
[7[Wed, 9/12/2012 [Chap.

8[Fri, 9/14/2012  [Chap

» (9 [Mon, 9/17/2012 [Chap.

|Ga|c ulus of Variation continued

Lagrangian 7

Lo Lo L) L2

Lagrangian 48
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Hamilton’s principle:
Given the Lagrangian function: L =L({g,}{qd,ht)=T -U,

The physical trajectories of the generalized coordinates {qa (t)}

Are those which minimize the action : S :”j L({g, }{q, },t )t

Euler - Lagrange equations::

d oL oL (d oL oL
Z — =0 =foreacho: —— -0
- \dtag, aq, dt 6g, oq,




Example — simple harmonic oscillator
T =1mx U=imoX

Assume x(0)=0 and x(Z£)=0 S= [(T-U)dt

0
Trial functions  x,(t) = Asin(at) S, =0
X, (t) = At-(£—t) S, =0.002A’m
- X, (t) = Ae " sin(wt) S, =0.196 A’m
0.8- X,
0.6
s
0.4- X4
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Note: in “proof” of Hamilton’s principle:

d oL oL
- =0 f L=L 4. nt)=T-U
S0 Lot
It was necessary to assume that :
d oU

——— did not contribute to the result.
dt oq,

— How can we represent velocity - dependent forces?



Lorentz forces:
For particle of charge g in an electric field E(r,t) and magnetic field B(r,t) :

Lorentz force: F=q(E+1vxB)

x —component: F, =q(E, +(vxB),)

In this case, it Is convenient to use cartesian coordinates
L=L(x,y,z,%,y,2,t)=T -U

T :%m(x2 +y2+z'2)

| (d oL 8Lj
X - component : _—— |=
dt ox Ox
oJ d ouU
A tly: F, =—
PRaFEmy- M OX +d’[ OX
Answer: U= qCD(r,t)—%r-A(r,t)
where E(r,t):—VCD(r,t)—lﬁA(r’t) B(r,t)=VxA(r,t)

c ot



Lorentz forces, continued:

x —component of Lorentz force: F, =q(E, +1(vxB),)

Suppose: U =qo(r,t)- ¢ A(r,t)

C
Consider: F, - + d U
ox dt ox
oA, (r,t
LU __joolny) af oAalny AlY oA (nY)
OX OX C OX OX OX

oU g

—=-2A(rt

OX CAX( )
dou _ qdA(rt)_ g (an(r,t)Han(r,t)Wa&(n%ﬁ&(nt)j
dt ox c dt C OX oy 0z ot



Lorentz forces, continued:

LU _ ool g (Xan(r,tL GO ()
OX OX C OX OX OX
dou g 5Ax(r,t)).(+ oA (r,t) - oA (r,t) . oA (r,t)
dt ox cl oX oy 0z ot )
F_ U dau
ox dt ox
_ g a®(r’t)+ﬂy oA (r.t) 8A(r t)] q (aAZ(r t) aA&(r,t)j_q oA (r,t)
OX C OX oy C OX oy c ot
_ 4 od(r,t) qoA(r.t) g y(ﬁAy(r,t) ) 8Ax(r,t)]+q Z(@Az(r,t) B 8Ax(r,t)j
OX c ot C OX oy C OX 0z



Lorentz forces, continued:

In this case, It IS convenient to use cartesian coordinates
L=L(x,y,z,%,y,2,t)=T -U

T:%m(xz+y2+22) U :qq)(r,t)—%f’-A(r,t)

C10A(r,t)

where E(r,t)=-V®(r,t) ——

B(r,t)=VxA(r,t)

L=1m(x?+ y? + 22)- qCD(r,t)+%r-A(r,t)



Example Lorentz force

L=1m(x?+y2+2°)- qCD(r,t)+%r-A(r,t)
Suppose E(r,t)=0, B(r,t)=B,z

A(r,t) =1 By(yX—xy)

ngm(xz+y2+z'2)+2i|30(>'<y—yx)

C

d al.'—al':O :i(mX+iBoyj+iBoy:O
dt ox ox dt 2C 2C
daob_d_, :i(my—isoxj—iBoxzo
dt oy oy dt 2C 2C
daL_aL_O :>imz'=0

dt 6z 6z dt



Example Lorentz force -- continued

L=2m(x?+y? + zz)+2i B, (Xy — yX)
c
ms = — 1 B,y
c
my _4 B, X
c
mZ =0

Check:
Same result for

Direct application of Newton's laws: mr = i x B,Z
C

Different Gauge: A(r)= B,yX
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