PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM  MWF Olin 103
Plan for Lecture 11:
Continue reading Chapter 3 & 6
1. Constructing the Hamiltonian
2. Hamilton’s canonical equation

3. Examples
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Course schedule

(Preliminary schedule - subject to frequent adjustment.)

Date fFEW Reading Topic !Asslgnment
|1 |Wed, 8/28/2013 |Chap. 1 |Review of basic principles;Scattering theory }ﬂ
12 |Fri, 8/30/2013 |Chap. 1 |Scattering theory continued ‘%2
13 |Mon, 9/02/2013 [Chap. 1 Scattering theory continued 3
{4 [Wed, 8/04/2013 [Chap. 2 Accelerated Coordinate Systems B4
5 [Fri, 2/08/2013 |Chap. 3 Caleulus of variations #5
16 Mon, 9/09/2013 |Chap. 3 |Caleulus of variatiens - continued
[7 |weq, 91117201 VSV}Chaip‘ 3 [Calculus of variations applied to Lagrangla;s [ﬁﬂj
\’e |Fn. 9/13/2013 (Chep 3 Lagrangian mechanics Eﬂﬂ
[9 [Mon, 9/16/2013 [Chap. 3&6  [Lagrangian mechanics e
[10[Wed, 8118/2013[Chap. 3& 6 |Lagrangian mechanics 9
*1 Fri, 8/20/2013 |Chap.3&6 La‘grang:an & Hamiltonian mechanics @
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Lagrangian picture
For independent generalized coordinates ¢, (f):
L=L{{g,0}{,0}1)
don oL _

dtoq, o,

= Second order differential equations for g (¢)

Switching variables — Legendre transformation
Define:  H =H(lg, (0} {p,(0)}.1)

H=Yd,p,-L  wherep, -~
= o4,
oL oL oL
dH =Yg dp +p.di —ag - ai |-Lar
;[qo Pt poddy =2 a2 qg] py
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Hamiltonian picture — continued

H=H({g, O} {p,Oht)

oL
H=) ¢,p,—L where p, =——
zo: o4,
oL oL oL
dH =Y\ ¢,dp, + p,diq, ———dq, ——dqj, |- < dt
;(q, s+ Py =7 = da, = 2" ,,] a
:Z 67Hdq(ﬁ_aﬂdp[T +6£dt
- 94, P, ot
. OH oL d oL . OH 0oL OH
=, =—— = =P, =m o o=
op, 0q, dt 0q, oq, Ot ot
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Hamiltonian function --
Generalized coordinates :

L )

Define - - Lagrangian: L=T-U

L=1(a, 13, 1)
iy
= Minimization integral : § = jL({qa L{g, L t)at
Expressed in terms of Hamiltonian :

H=H(g,O}{p,0}t)
H=Y§,p,~L

ecture 11
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Direct application of Hamiltonian’s principle using the

=>L=Y4,p,-H(lg,OL{p,O}t)

Hamilton’s principle continued:
Minimization integral :

5= 1(Sar. a0k b i

t . . oH
&= ) [Z‘T:(qﬁpg +8,p, f@ﬁq, o
_oH
o,
. oH
= Ps =—a

=q, . .
i Canonical equations

Detail :
R e
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oH », Dd[ =0
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Constants of the motion in Hamiltonian formalism

H=H(g, O} {p, O}t

44, _ OH => constant g if o _ 0
e dp, o,
LA = _oH = constant p_ if oH =0
dar 0q, oq,
dH OH .  OH . OH
By g Ly, |+ L
dt T\ oq, p, ot
=>constant H if o _ 0
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Recipe for constructing the Hamiltonian and analyzing
the equations of motion

1. Construct Lagrangian function : L= L({g, (t)},{4, () }¢)

2. Compute generalized momenta: p_ = o

94,
3. Construct Hamiltonian expression : H = Z G,p,—L
4. Form Hamiltonian function : H = H({g, ()}, {p, () }1)
5. Analyze canonical equations of motion :
da, _OH  dp, _ OH

dt  0p, dt aq,

o
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Example1: one-dimensional potential :
L=im(#+y*+2)-V(2)
p,=mx p,=my p =m

H=mi +mp* +mz> = (Lm(i> + 3 +22)-V (2)

2 2 2
— P Py +p—:+V(z)
2m  2m  2m

Constants:  p,p,,H

Equations of motion : @ = 6—H _p dp. =— av

dt op, m dt dz
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Example 2: Motion in a central potential

L= %m(ﬁz +r2g? )— V(r)

p, =mr Py = mr2¢

H=mi+ mr2¢5z - (izm(f2 + r2¢2)— V(r))
=1 m(ﬁ2 +r2g? )+ V(r)

=2 Py
2m  2mr’

Constants :  p,, H

Equations of motion :

dr_p. dp,_ OH_p OV
dt m dt or  mr* or
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Other examples

Lagrangian for symmetric top with Euler angles , 5,7 :

L=L(a,f,y.a,p.7) =110 sin® g+ )+ L1, cos p+ 7

— Mghcos 8
po =1asin® B+1,(dcos f+7)cos B
pﬂzllﬁ
p, =I(@cos f+7)
H:%11(0':2sin2ﬁ+ﬂz)+§13(dcos,6'+}?)z + Mghcos B
2 2 2
- p, cos .
(o=, 0SB 2h 22 hcoss
21 sin” B 21, 21,
Constants : PasPyH
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Other examples

L=1m(+57 +z'2)+2130(—xy+y'x)
C

p,= mx—%Boy

.9
p, = my+EBox

p.=mz

H :%m(x2+j;2+z‘2)

2 2
(Px +%Boyj (py _%Boxj 2
H= + + 2=

2m 2m 2m
Constants:  p_,H
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Canonical equations of motion for constant magnetic field:

2 2
(px +%Boyj (pv —%BOXJ 2
H= + +&

2m 2m 2m
Constants:  p,,H

4q _4
dv _ Pt By v _ P50 Byx
dt m dt m

dt ox 2mc 2¢
dp,
L__@ﬂ__qBo( 4 Boyj

dp, __OH _ qBo[ 4 ij
- y 0

+ 1
dt oy 2mc P

2¢
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Canonical equations of motion for constant magnetic field
-- continued:

q q
dx p.+=-Byy dy P).—ZBOX

ax _ " 2¢ 7
dt m dt m
. _4B [, 4 p \_Bdy
= , x| =

dt  2mc 2¢ 2¢ dt
dp, qBo( q j 9B, dx
— - _1T0 +-L1B —_170
dt 2me P 2c oy 2¢ dt
2 .

df:pw 9 pj-9Bdy

dt m  2mc mc dt
Ay _ Py 4 g 4B dx

dr’ m 2mec ° mc dt
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Poisson brackets:

Recall:
H=H(lg,O}{p, (O}h1)
44, _ O = constant g, if o _ 0
dt op, Po
dps __OH = constant p_ if of _ 0
a o, 45
dH OH .  OH . O0H
LUy fa R et
di 0q,, op,, ot

Similarly for an arbitrary function : F = F({g, (1)}, {p, ®)},1)
di %, %, . 04,
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) B R ) P L S
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Poisson brackets -- continued:

For an arbitrary function : F = F({g, ()}, {p, (t)},1)

a T\ oq, op, o “T\oq, p, p,oq,
Define :
OF 0G OF 0G
[EG]PE EZ PP :_[G’F]I’B
= \ 04, p, Op, 0q,

dr OF
Sothat: —=|FH [, +—
o al dt [ ]PIJ 6[
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dF oF . OF . oF OF O0H OF oH
Loy Loy p Loy LU LA,

oF

ot
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Poisson brackets -- continued:

[F.Gs -z(% x. %] (G.F],s

2

Examples :
[X’x]PB =0 [X’P V]PB =1 [X’P ) ],,,, =0

Liouville theorem

Let D =density of particles in phase space :
dD oD
—=|DH|p +—=0

dl [ ]PB 8[
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