PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWF Olin 103
Plan for Lecture 15:
Start reading Chapter 4

1. Small oscillations about
equilibrium

2. Normal modes

9/30/2013
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[Date F&W Reading [Topic
[1 [wed, 872812013 [Chap. 1 |Review of basic principles, Scattering theory

[2 |Fri, 8302013 [Chap |Scattering theory continued

|3 Mon, 9/02/2013 [Chap |Scattering theory continued

|4 jWed, 9/0472013 [Chap |Accelerated Coordinate Systems

T | TEE| B B

[6 [Mon, 9/09/2013 [Chap |Calculus of variations - continued

1
1
2
[6 [Fri. 9/06/2013  [Chap. 3 |Calculus of vanations
3
3

|7 [Wed, 9/11/2013 |Chap

&

[Calculus of variations applied to Lagrangians #6

[8 [Fri, 9132013 [Chap. 3 [Lagrangian mechanics 7
[9 [Mon, 9/16/2013 [Chap. 3&6 [Lagrangian mechanics ]
[10[wed, 91812013 [Chap. 3&6 [Lagrangian mechanics {9
|11 [Fri, 9/20/2013 [Chﬂp 386 |Lagrangian & Hamiltonian mechanics #10
[12]Mon; 9/23/2013 [Chap.3&6 [Hamil i 1
[13 'ed, 9/25/2013 |Chap. 3&6 |Hamilicnian formalism #12
[14[Fri 9272013 [Chap. 3&6 |t i i

- HE Maon, 9/30/2013 |Chap. 4 [Small Oscillations
ﬁ?ﬁv‘;ﬂ?‘ﬂ'ﬁﬁﬁ}chan 4 fgnmﬁclllalmns

Please use this time to complete all
outstanding assignments
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Motivation for studying small oscillations — many interacting
systems have stable and meta-stable configurations which
are well approximated by:
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Equations of motion for a single oscillator :

L(x,x,t)= 1 mx’ 1 mao’x’
2 2

daL_a
dt ox  Ox
x(t) = Asin(wt + ¢)

= mi=-mao’x
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Example — linear molecule
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L :Emlxl2 +Em2xz2 +Em3x32

1 1
751‘(’52 X *le)z *Ek(x3 —X; *Z23)2
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L==mx] +—m,x} +—m,x;
2 2

1

Coupled equations of motion :

mi, = k(xz 7x1)

my¥; = 7k(x3 7x2)
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1
7Ek(x2 —X *le)z *Ek(xs X *[23)2

. 0 0 0
Let: x,=>x—-x x,2>x,-x =0, x3>x-x —(,—{,

1, 1 ., 1 5, 1 1
L :Emlxl2 +5m2x22 Jr5m3x32 7Ek(x2 7x1)2 75k(x3 7x2)2

myx, = 7k(x2 7x1)+k(x3 7x2): k(xl -2x, +x3)




Coupled equations of motion :

m %, = k(x, —x,)

myx, = 7k(x2 7x1)+ k(x3 —X, ) = k(xl —2x, + x3)
mX; = 7k(x3 7x2)

Let x(t)=X/e™

—wtm X =k(xg - x7)

—wim XY = k(X7 -2X7 + X7)

—tm XY =—k(Xx7 - x7)
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Coupled linear equations:
—atmX¢ =k(xg - x7)
—lm XY = k(X7 —2X7 + X7)
—lm X7 =—k{x7 - x7)

Matrix form:
k—awlm, —k 0 Xz
-k 2k —clm, -k X5 |=0
0 —k k—wlm, )| X¢
Matrix form:
k—awlm, —k 0 Xz
-k 2k —clm, -k X5 |=0
0 —k k—wlm, || X¢

More convenient form:

Let ¥, E\/;,X . Equations for ¥, take the form:

Ky _a)i —kKp 0 Yla
—Kp 25, _a)czz —Ky Yza =0
0 —Kx K33 _a)ozt Y
k
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Digression:

Eigenvalue properties of matrices My, =4y,
Hermitian matrix : H s =H i
Theorem for Hermitian matrices :

A, have real values and 'y, -y, =6,
Unitary matrix : uu” =1

|2,|=1 and yi -y, =6,
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Digression on matrices -- continued

Eigenvalues of a matrix are “invariant” under a similarity

transformation
Eigenvalue properties of matrix : My, =4y,
Transforme d matrix : M'y' =4y,
If M'=SMS then A',=1,andS'y', =y,
Proof SMSly', =4, y',

My, )=, (sy,)

(]
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Example of transformation:
Original problemwritten in eigenvalue form:
kim, — —kl/m, 0 Xy Xy
—kim, 2kim, —kim, | X{|=al| X§
0 —kimy kimy; )\ Xy Xy
\/;1 0 0 Ky —kp 0
Let S=| 0 m, 0 | SMS'=|-x, 2x, -k
0 0 my 0 -k Ky
Let Y=SX
Kiu Ky 0 Y« re
Ky 2K, —Ky | XY =a)§ Yy
0 —Ky Ky Yza qu
where
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In our case :

a o

Ky —Kp 0 Y 4
a | _ .2 a

—Kp 2K22 — Ky Yz - Wy Yz
a (23

0 —xy i NN Y

for m =my=m, andm, =m, (CO,)
Koo ~Koc 0 Yla Yla

a | _ 2 a
—Koc 2Kee Koo | 1y |=o,| T

o o
0 —Koc Koo N\ Y5 Y
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Eigenvalues and eigenvectors :

(] ()
o} =0 =N 1 | |X)|=N1
n)o e ) b
YIZ 1 Xlz
a)ZZ:L Y2 |=N,| 0| | X2 |=N"| 0
Mo Y2 -1) |x2 -1
3 3
Y 1 X} 1
w§=i+& V=N =245 L XS = NY| -2
Mo Me |y 1 X3 1
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General solution :

xX,(t) = ‘Ji(z cax,ae-"w«']

For example, normal mode amplitudes

C“ can be determined from initial conditions
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Additional digression on matrix properties
Singular value decomposition

It is possible to factor any real matrix A
into unitary matrices V and U together
with positive diagonal matrix X :

A=UxVv"
o, 0 - 0
0 o, 0
r=| . . )
0 0 - o,
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Singular value decomposition -- continued

Consider using SVD to solve a singular
linear algebra problem AX =B

A =UxzV”?

X= z v, .

iforo; >& i

w1
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