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PHY 711 Classical Mechanics and 
Mathematical Methods

10-10:50 AM  MWF  Olin 103

Plan for Lecture 20:

Summary of mathematical methods

1. Sturm-Liouville equations

2. Green’s function methods

3. Laplace transform

4. Contour integration
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Sturm-Liouville equation:

)()()()()(

:ionsEigenfunct

)()()()()(:problemusInhomogeno

0)()()()(:problemHomogenous 0

xfxxfxv
dx
dx

dx
d

xFxxxv
dx
dx

dx
d

xxxv
dx
dx

dx
d

nnn 











 







 







 




























L
xFx

dx
d

L
xFxF

Lbaxvxx







sin)(1

:equationusInhomogeno

sin)(;1

and0;0)(;1)(;1)(:Example

02

2

0



10/14/2013

2

10/14/2013 PHY 711  Fall 2013 -- Lecture 20 4

2

2

2

sin2)(

:sEigenvalueionsEigenfunct

)()(

:equationEigenvalue


























L
n

L
xn

L
xf

xfxf
dx
d

nn

nnn





   

 ''sinsin2:exampleIn this

')'()(
:ionseigenfunctofssCompletene

xx
L
xn

L
xn

L

xx
N

xfxfx

n

n n

nn



























10/14/2013 PHY 711  Fall 2013 -- Lecture 20 5































nn n

nnn

L
n

L
xn

L
xn

L
NxfxfG(x,x')

1

'sinsin
2/)'()(

:examplefor thefunction sGreen'

2





 ')',()()()(

:functionsGreen'

xxxxGxxv
dx
dx

dx
d







   

10/14/2013 PHY 711  Fall 2013 -- Lecture 20 6
































































































 



L
x

L

Fx

dx
L
xF

L
xn

L
n

L
xn

L
x

dx
L
xFxxGxx

L
xFx

dx
d

n

L

L

















sin
1

)(

''sin'sin
1

sin
2)(

''sin)',()()(

sin)(1

:equationusinhomogenosolveofunction tsGreen'Using

2
0

0

0
0

20

0
0

0

02

2



10/14/2013

3

10/14/2013 PHY 711  Fall 2013 -- Lecture 20 7

   

   

               

 



























































L
x

L

Fxx

dx
L
xFxL

L
x

dx
L
xFx

L
xLxx

L

xLxxxL
dx

xdgxg
dx

xdgxgW

xLxgxxgxg
dx
d

xgxg
W

xxG

L

x

x

b
a

a
b

bai

Ba










sin
1

)()(

''sin)'sin(
)sin(
)sin(

''sin)'sin(
)sin(

)sin()()(

sin

cossincossin

);sin();sin(0)(1

1)',(

:methodfunction sGreen'Alternate

2
0

0

0

0
00

2

2

10/15/2012 PHY 711  Fall 2012 -- Lecture 21 8

10/15/2012 PHY 711  Fall 2012 -- Lecture 21 9



10/14/2013

4

10/15/2012 PHY 711  Fall 2012 -- Lecture 21 10

0)0(and0)0(for    

equationaldifferenti theosolution ta thischeck thatcan We

02

2

 

dx
deF

dx
d x  

10/14/2013 PHY 711  Fall 2013 -- Lecture 20 11

00,0)0(h          witsin)(1

:equationsolve tos transformLaplaceUsing

02

2


















dx
)(d

L
xFx

dx
d 

 
 

 


































































2
2

220

2
22

0

1
1

1
1/

/

1

L
p

pL
LF

L
pp

F
L

p







L

 

 
  


























)sin(sin
1/

sin: thatNote

2
0

0
22

x
LL

x
L
Fx

pa
adteat pt






10/14/2013 PHY 711  Fall 2013 -- Lecture 20 12

   

   dppe
i

t

dttep

i

i

pt

pt



























L

L

2
1

: transformLaplaceInverse

0

   

         

      
 



 









































otherwise0
0if

2
2
1

2
1

2
1

2
1

2
1:Check

0

00

0

tt

utieduu
i

idseeduu
i

dpeduu
i

duuedpe
i

dtpe
i

ut

utisut
i

i

utp

pu
i

i

pt
i

i

pt





























L


