PHY 711 Classical Mechanics and
Mathematical Methods

10-10:50 AM  MWF Olin 103

Plan for Lecture 23:

Rotational motion (Chapter 5)

1. Rigid body motion

2. Moment of inertia tensor
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Mon, 9/06/2013 |Chap 3

[Calculus of vanations - continued

Wed, 8/11/2013 [Chap 3

[Calculus of vanations applied to Lagrangians #6

]
7
[8 [Fr 9132013 [Chap 3
R
1o

Lagrangian mechanics #7

Mon, 9/1672013 [Chap 3846 [Lagrangian mechanics 5

Wed 9182013 [Chap 386 |Lagrangian mechanics. ]
[1Fr, 92022012 [Chap 346 |Lagrangian & Hamiltonian mechanics #10

[12 Mon, 92372013 [Chap 346

Hamiltonian formalism

21 [Wed, 10/16/2013 [Chap 7

[Wave equation (Presentation topic due)

“Mathemalical methods

13 [Wed, 6252013 [Chap 3&6 Hamiltonian formalism 12
[14[Fri, 92772013 [Chap 3&6 Hamitonian formaiism |7IE]
115 Mon, /3072013 |Chap 4 iSmall Oscilfations #14
[16 [Wed 10/02/2013[Chap 4 Small Oscillations
[17 Fn, 1000472013 [Chap 4 Small Oscillations 15
118 |Mon, 1040772013 [Chap 4 &7  [Small Oscillations and waves #16
Ved, 1 13 [Chap 7 * [Wave equation
No class (Fall Break)
Mon, 10/14/2013 [Chap. 7 w7

3
=

53
I
IS

[Rigid rotations

[chap 5
3 [No ciass

[Rigid rotations
Take-home exam

Wed, 10/30:2013 |No ciass

Take-home exam

[Fri 111012013 [No class
26 Mon, 11/04/2013

Take-home exam
Take-nome exam due
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The physics of rigid body motion; body fixed frame vs

inertial frame:

Figws &1 Transformation 1 4 rosating. so-
oodinate wynem.

Let ¥ be a general vector, e, the position of a partile. This vector can be
hosormal &

cah write

riad. Thus we

(61a)

(6.15)
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Comparison of analysis in “inertial frame” versus “non-

inertial frame”

Denote by &/ a fixed coordinate system

Denote by ¢, a moving coordinate system

10/20/2013

V=3¢ =3 Ve
i=1 i=l
av SV, dV. &, dé,
— =) —Lel=) —e + ) V,—
(dt jmw, Z:,: dr ; dr Z:,: ' dt
3
Define : (d—vj Ezﬂé
t oy T At
dv dav 3 dé
-(5)_ (5.2
dt inertial dt body  i=1 dt
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Properties of the frame motion (rotation):
do e,
de, de, = doe
de, =-dOe
= de
de
dt

YR epend (E
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5 R
ORCR
At ) yeria at )y =0 dt

(). &)
— +oxV
At ) eriar dt body

Effects on acceleration:

(%) G o))
—— =||— +oOx 5| — +oxV
dr dt inertial dt body dr body
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2 2
[d YJ :[d YJ +2(0X[ﬂj +d—me+c)><c)><V
dt inertial dt body dt body dt




Kinetic energy of rigid body :

[ dr ] [ dr
= =|=—| +oxr
Aar ) eriiar dr body

[ o j
—_— =OXr
dt inertial

1 1 S
Tzzampvi :ZEmFmerp‘)
r

P

=Z%mp(u)><rp)-(mxrp)

4
= Z%m,’ [((D-(D)(l‘p -I‘p )—(l'p (1))2]
4
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Tzzp“%mp[(m-m)(rp -rp)—(l'p m)z]

—o-l-o
Moment of inertia tensor :
I=>"m, (lrp2 - rprp) (dyad notation)
r

Matrix notation :

I, I, I

w Ay e
l = I.V«‘T 1)"." 1.VZ
I:x 1zy 1:z
— 2
Ilj = Zmp(é‘ijrp _rpirpj)
P
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z Example:
Cc
y
a
b
Moment of inertia tensor :
X
1 (1.2 2 1 1
g(b +c ) —yab —gac
1= 1 1,2, .2 1
I=M| —4ab $la"+c ) —+be
1 1 1 2 2
—jac —3bc ;(a +b )
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Properties of moment of inertia tensor:
» Symmetric matrix <»real eigenvalues /,,/,,/;

> =>»orthogonal eigenvectors
I¢=1g, i=123
Moment of inertia tensor :
%(b2+cz) —Lab —tac
I=M —+ab %(a2+cz) —+be
—+ac —+be %(a2+b2)
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Changing origin of rotation

z , I,=)>m (5 rl-rr )

A Z i ; pPNTYP pp

v 2
Ilj':zmp(é‘ijrp_rpirw')

@ r
r, ] (-
c [ 7I'p r',=r,+R

y Define the center of mass :

a ¥ Y Yo, T,
P e
M Zmp M
X !

I'y=1,+M(R*S, ~RR )+ M(2re, RS, —reyyR, = Ry )

v
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I'y=1,+M(R*5,~RR, )+ M(2r, RS, —ro R, Rireyy )

z

4Z Suppose that R=-4X-2y-<2
and r,,, = -R
" 2
Wt I,=1,-M(R*5,-RR,)
y

X %(b’Jrcz) —+ab —tac
- M| —tab %(az+cz) —Lbc
—+ac —+bc %(a2+bz)
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ﬁ(b2+cz) 0
=M 0o Ll@®+e?) 0
0 0 La®+5?)
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Descriptions of rotation about a given origin

For general coordinate system

1
r= 2 Z l;0,0;
7

For (body fixed) coordinate system that diagonalizes

moment of inertia tensor :
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Descriptions of rotation about a given origin -- continued
Time rate of change of angular momentum

dL (dL

—=— +oxL

de \dt )y,

For (body fixed) coordinate system that diagonalizes

moment of inertia tensor :

ie=1¢ O = @8, +@,8, 43,8,
L= 1,68 +1,,8,+1,0.,
dL

" 1,60,8,+1,0,8,+ 1,08, +@,0, (I, — 1,
+a~)351(11 _13)é2+51a~)2(12 _11)é3

10/21/2013 PHY 711 Fall 2013 - Lecture 23




Descriptions of rotation about a given origin -- continued
Time rate of change of angular momentum

a )

—=|— +oxL

e~ \dt )y,

For (body fixed) coordinate system that diagonalizes

moment of inertia tensor :

1-e=1¢, O = @,€,+0,€,+1,¢,

L =10 +1,0,6,+1,0,¢,

dL ~ A ~ A ~ A ~ o~ A
- 1,8, +1,,8,+1,00,8,+,0,(I, - I, B,

+a~)351(11 —13)é2+510~)2(12 _11)é3
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Descriptions of rotation about a given origin -- continued

Note that the torque equation
dL (dL

—=|— +oxL=1
dt at )y

is very difficult to solve directly in the body fixed frame.

For T = 0 we can solve the Euler equations :
dIJ ~ A ~ A ~ A ~ o~ A
—= Ila)lel+12wzez+l3a)3e3+a)za)3(l3 -1, )e1

dt
+530~)1(11 _13)62"’5)15)2(12 _11)63=0
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Euler equations for rotation in body fixed frame :
1151 + 5253(13 _12): 0
1252 +a~)351(11 —13)= 0

1353 +a~)10~)2(12 _11)=0

Solution for symmetric top--1, =1, :

1,6, +@,@,(1,~1,)=0

Lo, +@,6,(1,-1,)=0

1, =0 = @, = (constant) )

Define: Q =, L= azl B _NON)ZQ
A @, = 0,Q2
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Solution of Euler equations for a symmetric top -- continued

@, = -, @y = &0
I,-1

3 1

where Q = @,
1

Solution:  @,(¢) = Acos(Qt + @)
@, (t) = Asin(Qt + @)

1 1 1, -
T=EZI,.a)f =511A2 +513w32
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Euler equations for rotation in body fixed frame :
Lo, +@,0,(1,-1,)=0
L, +@,,(1,-1,)=0
L, +@,a,(1,~1,)=0
Solution for asymmetric top -- 1y # [, # [, :
L&, +@,0,(1,-1,)=0
L, +@,a,(1,-1,)=0

1353 +5152(12_11):O
13 712

Suppose : @, =0 Define : Q, = @,
1

13711

Define : Q, = @,
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