PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWF Olin 103
Plan for Lecture 26:

Traveling and standing waves in 1 and
2 dimensions

1. Brief review of 1-d from Chap. 7

2. Waves in 2-d elastic membranes —
Chap. 8
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[6 [Mon, 970972013 [Chap 2 [Calculus of variations - continued
[7 [Wed, 9/11/2013 [Chep 3 Calculus of variations applied to Lagrangians [#6
[8 [Fr, 911372013 [Chap 3 Lagrangian mechanics !

[9 [Mon, 9/16/2013 [Chap 386 [Lagrangian mechanis
10[Wed, /1872013 (Chap 346 |Lagrangian mechanics
[11[Fr, 8202013 [Chap 3&6 |Lagrangian & Hamiltonian mecharics
[12[Mon, 9/23/2013 [Chap. 3&6  Hamiltonian formalism
43 (Wed, /2572013 [Chap 3&6 [Hamiltonian formaiism
14[Fn, 92772013 [Chap 3&6 |Hamiltonian formalism

[16Mon, 913012013 [Chap. 4 Small Oscillations

16 [VWed, 10/02/2013 [Chap 4 [Small Oscillations

47 [Fri, 1010412013 [Chap 4 Small Oscillations [#15

[18[Mon, 10/07/2013 [Chap 4 &7  [Small Oscilations and waves [&18

[19|wed, 100872013 [Chap. 7 fave equation

| [Fri, f0/112013 [Mo class (Fall Break)

[20[Mon, 101472013 [Chap 7 [Wave equation (Presentation topic due) 17

[21|wed, 101162013 [Chap. 7 Mathematical methods 18

[22[Fn, 101812013 [Chap 7 Mathematical methads. 210

[23]Mon, 1012172013 [Chap 5 Rigid rotations 520

[24[wed, 10232013 [Chap 5 Rigid rotations 21

[28[Fri, 1072572013 [Chap. 5 Rigid rotations

| [Mon, 10/28/2013 [No ciass Take-home exam

[ Wed, 10:30/2013 [No class. [fake-home exam [

[ [Fri, 111012013 [Nociass [Take-home exam [

[26[Mon, 11/04/2013 [Chap 8 [Oscillations in two-dimensional membranes [Take-home exam due
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Review of wave equation in one-dimension — here x(x,t) can
describe either a longitudinal or transverse wave.

Traveling wave solutions --

2 2
Note that for any function f{g)or g(q):
)= f(x—ct)+g(x+ch)
satisfies the wave equation.
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Initial value problem : x(x,0)=¢(x) and %@,0) =y(x)
0
then:  x(x0)=¢(x) = f(x)+g(x)
% 0)- 0 - 7{ de) dg(x))

dx dx
= S g0 == [y

For each x, find f(x)and g(x):

f(x):%[ﬂx)—%jw(x')dx']
=2 g0+ L [y corae
2 c

= ) =3 (e + el [
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Standing wave solutions of wave equation:

2 2
OH _ 20K _y
or’ ox?
with u(0,2) = pu(L,t)=0.
Assume:  pu(x,t)= iR(e”"’ p(x))

d’p(x 0]
where Pk hn)—0 k=2
2
dx c
. VX
p,(x)=Asin| —
L
v
kv = T a)v = Ck
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damental, or first harm Se d b Thivd b
i N N A N A N N A N A N
/i I’
Lm=da . w3 "
(b] L]
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Extension of ideas to wave motion on a two-dimensional
surface — elastic membrane (transverse wave; linear regime).

u(x,y,t)
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,5,5,5

L=fﬁ u,al,al,al;x,y,t dy
ox Oy ot

Hamilton's principle:

Lagrangian density : B(u u u au;x,y,tj

o[ Ldi=0
oL o oL o ok 2 o
ou ot o(oular) ox o(oulax) dy o(ou/ay)
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Lagrangian density for elastic membrane with constant o and 7 :

2
L] u,a—u,a—u,a—u;x,y,t :lo{a—uj —1r(Vu)Z
ox Oy ot 2 ot 2

oL 0 oL & oL 2 o
ou ot doulot) ox dou/ox) ay oouldy)
ou 5o,

T

—-—cVu=0 where ¢* = —

ot o
Two - dimensional wave equation :
o’u T
—-cVu=0 wherec? = —
ot o

Standing wave solutions :
u(x,y,0) = Re™ p(x, )

(V2+kz)p(x,y):0 where k =<

c
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Consider a rectangular boundary:

b
Clamped boundary conditions :
p(0,) = pla,y) = p(x,0) = p(x,b) =0
=P, (x,y)=4 sin[ﬂ)sin[ﬂ]
a b
2 2
= (’ﬂ {22) ek

'mn mn
a b
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More general boundary conditions:
2% u‘ b = Ku‘ R represents boundard side constrained with spring

N”‘b =0 represents " free" side

Mixed boundary conditions :

9p0,y) _opla.y) _
ox ox

= P (x,y)=4 COS[M) sin[%)
a

2
{2
a

P(x,0)= p(x,b) =

11/04/2013 PHY 711 Fall 2013 — Lecture 26




Consider a circular boundary:

Clamped boundary conditions for p(r,):

P(R,0)=0
(V2+kz)p(r,(p):0 where k =<
c
In cylindrical coordinate system
2 2
o0 1o e
o’ ror r*og’
Assume:  p(r,9) = f(r)®(p)
Let: D(p)=e"?
Note : D(p)=D(p+27)
= m = integer
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Consider circular boundary -- continued

Differential equation for radial function :

> 1d m* ),
+————+k" |f(r)=0
(drz rdr ]f( )

= Bessel equation of integer order with transcendential solutions
Cylindrical Bessel function J, (z)

n(2)

Cylindrical Neumann functio

11/04/2013 PHY 711 Fall 2013 - Lecture 26 14

Some properties of Bessel functions

Asendingseries: J,(z)= [i)mi&( z) '

2) S G+mN2
i i 2m
Recursionrelations: J,_(2)+J,,,,(2) =—J,(2)
z
dJ,(z
Jm—l(z)_J,ml(z)zz m( )
dz

Asymptotic form: J, (2) —— i cos[z _mr_ ﬁ)
i = 2 4

Zeros of Bessel functions J,(z,,)=0
m=0:  z,, =2406, 5520, 8.654,...
m=1: z,=3.832,7.016,10.173,...
m=2: z, =5.136, 8.417, 11.620,...
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Some properties of Bessel functions -- continued

Note: It is possible to prove the following

identity for the functions J,, (2"7’” r} :

R 2
| J(— er", [— rjrdr SNV T
1\ R R 2

Returning to differential equation for radial function :

d> 1d
4k |f(r) =0
(drz rdr jf( )
z z
= faM)=A4J,| "1 k,, ="
Sul®) ( F j =
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Pl @)= fulr) = AJU[% r) Polrs @) = fioft) = AJ{% r)
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p“(r,(p):f“(r)cos((p) plz(ra(p):flz(r)cos((ﬂ)
= AJI(%rjcos((p) :AJI(Z—I‘;rjcos((p)

7.016
klz :T
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Maple server evaluation project
» Request from Rick Matthews, Associate Provost
for Technology and Information Systems
» The University is exploring the possibility of
making Maple available on a server rather than
on individual computers
+ Need students to exercise the software
< Need students to assess the performanc
“ Need students to identify issues
» Entirely voluntary

Possible pizza party or ??? rewards
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Introduction to algebraic manipulation software

Maple 17

Available from the webpage:
http://help.wfu.edu/public/vcl

If you have any trouble with this installation and setup,
please contact Ching-Wan Yip at yipcw@wfu.edu

Note: This is a remote server that the university is
testing.  If you are off campus you will need to use
VPN to gain access.
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Systems Knowiedge Base

Publc >
Get The Help YouNeed:  |nstalling and Connecting to Virtual Computing
Labs

Search This Site
For 24/7 Solutions

Instructions
Access

Learning Resources

Visit Us At The Bridge

Call 336-758-4357 (HELP) Downloads

&
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