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PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM  MWF Olin 103

Plan for Lecture 29 --

Chap. 9: Wave equation for sound

1. Standing waves

2. Green'’s function for wave
equation; wave scattering
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WFU Physics Ph. D. Thesis Defense
TITLE: Measuring the Microscale Mechanical Properties of Fibrin
Fibers and Cancer Cells
SPEAKER: Justin Sigley,

Department of Physics
Wake Forest University

TIME: Monday November 11, 2013 at 11 AM
PLACE: Room 103 Qlin Physical Laboratory

All interested persons are cordially invited to attend.
ABSTRACT

The microscale material properties dictate the macroscale behavior of biclogical systems.
Fibrinogen, one of the most abundant proteins in the blood, is converted into fibrin fibers
that perform the essential mechanical task of stemming the flow of blood. Fibrinogen fibers
can be fat bya igue called el i We studied the |
properties of dry, electrospun fibrinogen fibers using a combined atomic force/flucrescence
microscopy technique. The mechanical properties of these electrospun fibers is important
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Detait

Comments about exam g

Note that this figure is misleading;
o>f for physical case

0=2a-2p
v sina =v,sin 5

L U do b |db 1 |db”
sin P it pron el

M2 Doy dQ  sin0|do| 2sin6|do
sin” S E 4

. o 06,
b asing - nasin(@/2) o= Q"2 = ;z[b(a)]z\&:0
acos(0/2)+1
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Comment about exam — continued

2 2
H= p7 +&+V(q)+nglns
2s'm  2¢

dp, d*s p* gkl
IR H i
dt dt= sm s
2
Note that:dp“ =0 for s=s, =L
dt mgkT

Suppose that : s(¢)=s, +s,(t)
. d’s, P’ gkT

- ~ r’ s
ar’ (so+sl)zm (s,+s,) sim |
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Comment about exam — continued
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Linearization of the fluid dynamics relations:
Newton - Euler equation of motion :

ov Vp
5 + (V : V)V = fapplied -
Continuity equation : % +V (pv): 0
Near equilibrium :
P =py+0p
P=po+dp
v=0+0ov
f =0

applied
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Equations to lowest order in perturbation :
v Vop

ot Po
0op
+p,V-ov=0
o Po

Velocity potential : 6v=-VO
Pressure in terms of the density :

o= (a—pj Sp=cop
ap $:P0-Po

R0}
ot*
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VD=0




Wave equation for air :
o'®

—— -V =0

ot

Here, cz—(ap] ~ P
op),  Po

v=-VO

Boundary values :
Impenetrab le surface with normal i moving at velocity V :
n-V=n-6v=—n-vd

Free surface :
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Time harmonic standing waves in a pipe

R0

o — VD=0

Boundary values :
At fixed surface : n-V® =0

At free surface : aa—(p =0
t
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1 0°d o
qu)_—z—2=0 Define: k=—
c” ot c
In cylindrical coordinates :
O(r,0,z,0) = R(r)F(@)Z(z)e ™ = R(r)F (@) Z(z)e ™
2 2
o120 10 0
ror or r 0p 0Oz
1o 0 1 8° 2

== +——+k” | D, p,2,t)=0
[r@rrar ¥’ 0p® 0z’ J (r,2.1)
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2 2
Lt K 0,2, =0
ror or r-O0p- Oz

O(r,p,z,1) = R(F(p)Z(z)e ™
F(p)=e"?; F(p)=F(p+27zN)=> m = integer
Z(z) = e'“; a =real plus other restrictions

d> 1d m P
—t—————a +k" |R(r)=0
(dr2 rdr 1’ “ (r)
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Cylinder surface boundary conditions : Z]—R =0
r r=a
= R(r)=J,(xr) wherefor M:O, mn:@
dx a
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Bessel functions :  J, (x)
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dJm (x)

Bessel function derviatives :

\"’-2
AN /7?

Zeros of derivatives: m=0: 0.00000, 3.83171, 7.01559
m=1: 1.84118, 5.33144, 8.53632
m=2: 3.05424, 6.70613, 9.96947
PHY 711 Fall 2013 -- Lecture 29
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Boundary condition for z=0, z=L:
For open - open pipe :
Z(0)=2(L)=0 = Z(z)= sin(—pf]
=a =% p=123.
Resonant frequencies :
w

g2 2 2
—Cz =k =K,, ta,
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Example

X' ’ ? ? LY/ x ’
(- )
a L L a mp

7zp =3.14,6.28,9.42....
=0.00,1.84,3.05

mn
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Alternate boundary condition for z=0, z=L:

For open -closed pipe :

92O _71)=0 = Z(z)=cos @p+1)=
dz 2L
Sa = Cp+1)r . p=0123..
’ 2L

PR X' 24_[”(2174'1)}2
" a 2L
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Other solutions to wave equation:
1 0°D
VO-———=0
c” ot

Plane wave solution :

2
O(r,t) = Ae™ ™ where k’= (gj
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Wave equation with source:

1 0°®
VO ———=—f(rt
¢t o LD
Solution in terms of Green's function :
O(r,1) =jd3r'jdz'G(r—r',z—z')f(r',z')
where

2
(Vz —%%JG(r—r',t—z') =-0(r-r")o(t—1"
C
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Wave equation with source -- continued:

We can show that :

o]

47z|r - r'|

Gr-r',t—t)=
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Derivation of Green’s function for wave equation

¢’ o
Recall that

[Vz _lazJG(l‘ —r',t—t")=-0(r-r")o(t—-t")

0

" _ 1 —io(t-t')
é'(t—t)—;__[oe dw
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Derivation of Green’s function for wave equation -- continued

Define: G(r,w)= IG(r,t)e’”’dt

G(r,7)= i Ié(r, w)e " do

é(r,a)) must satisfy :
2

(Vz +k2)5(r—r',a)):—5(r—r') where k° :w—z
c
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Derivation of Green’s function for wave equation -- continued

(Vz + kz)é(r -1, w)=-5(r-r")
Solution assuming isotropy in r —r':
i[k‘rfr"

é(r—r',a)):m

Check --Define R = ‘r - r" and for R>0:

(V2 +£2)G(R,0) = % CZQ (RG(R, o))+ k*G(R, @)= 0

2
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Derivation of Green’s function for wave equation -- continued

ForR>0:
(V2 + k2 )G(R, ) = % (Z; (RG(R. )+ K*G(R, @) =0
(Z; (RG(R, )+ k*(RG(R, ®))=0
(RG(R. )= 4 ™ + Be™®
ikR —ikR
= G(R,w)= 4>+ BE
R R
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Derivation of Green’s function for wave equation — continued
need to find A and B.

Note that: V?— 1 - ~8(r—r)
47r‘r - r"
= A=B= L
4
eii/{R
GR,w)=
( a)) 4R
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Derivation of Green’s function for wave equation — continued

Glr—r',zt- t') = 2L I@(r -r, a))e’i“’(”")da)
7 -0

1 © eiik\r—r'\

_ : e—iw(z—t')dw
2z 7 47r|r -r |
© +i2|r—r|
1 e ot
_ J‘ e io(t ’)da)
2z 7 47r|r -r |
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Derivation of Green’s function for wave equation — continued

1% +i2lr—r| A
Glr-r',t—1)=— P
2z 7, 47z|r - r'|

Noting that Lj e ™do = 6u)
2r 7,

r-r'
ol t—| t'F——
C

=Gr-r,t-1)= 47r|r—r'|
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For time harmonic forcing term we can use the
corresponding Green'’s function:

e
e £
4zjr —r]

iik‘rfr"

6Qr—r’

In fact, this Green'’s function is appropriate for boundary
conditions at infinity. For surface boundary conditions

where we know the boundary values or their gradients,

the Green’s function must be modified.
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Green's theorem
Consider two functions A4(r) and g(r)
Note that :J(hvzg —szh)d3r = §(th —gVh)-ad’r
v N
VD + kD =—f(r,w)
(V2 + )G v, 0) =—-5(r - 1)
ho o goG
I(&)(r, @)8(r—r')- GQr -r, o)f(r, a)))d3r =

v

§((T)(r, a))VéQr -r|, a))— éﬂr —r
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E)(r,a)) = Iéﬂr —r',a))f(r',a))d3r'+

j;(CT)(r', a))V@Qr —r

S

,w)— GQr - r',w)VEf)(r',a)))-ﬁer'
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Wave equation with source:

2
V@—iaQ—ﬁhﬁ

.

Example :
f(r,t)= time harmonic piston of radius a, amplitude £z

can be represented as boundary value of ®(r,?)

- /
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Treatment of boundary values for time-harmonic force:

R a))}(r', o)d*r'+

a)(r, W)= J.aqr —r
§((T)(r', a))V'GQr —r

Boundary values for our example :
od) | 0 for X’+y’>d’
0z ) liwsa for x*+y* <a’
z=0
Note: Need Green's function with vanishing gradientatz=0:

)= aale—r| dale—7]
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R a))— GQr —r, a))V'&D(r', a)))~ nd*r'

ik|r—r| ik|r—¥|
e e

GQr —r

wherez'=—z'; z>0

11/11/2013

- erk‘rfr“ erk‘rff"
Gle—rpo)e <
4rr—r| Axjr ¥

wherez'=—z'; z>0

ik|r—r'|
e

GQr —r

; z>0

,CU)Z,:O = m , 5
2'=0
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5(r,a)) =-— j; GQr—r'

S:z'=0

’ m)a@(r s @) 1 @'
0z

ik|r—r|
e

a 2z

= —ia)gaJ. r'dr' .[d¢' 3 -
r—r

O [

Integration domain: x'=r'cos¢'
y'=r'sing'

Forr>>a; |r—r|~r—Ff-r
Assume T isin the yzplane; ¢=2

F =sin6y +cosz

r—r|~r—fr'=r—r'sinfsing
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- ikr a
(D(r,w)z_lzlé‘ae J‘

27

_ikr'sin Osin '

rvdrv Id¢ye ikr'sin @sin ¢!
0

0
Note that : — jd;ﬁ e =J,(u)
27y,
ikr a

[ rdr'J,(r'sin )

0

~ . e
= dO(r,w)=—iwsa
”

w

juduJO (1) =wJ, (w)

0
e* J,(kasin 6)
r  kasin@

= ED(r,a)) = —iwea’
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Energy flux: j, =ovp
Taking time average : < j(,> = %SR(ﬁvp*)

=1 (- Vo )-iow))
Time averaged power per solid angle :

APV _(1.y-ir7 = L prorctaalbasind)f
aof 2" kasin@
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