PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM  MWF Olin 103
Plan for Lecture 34:

Chapter 11 in F & W:

Heat conduction
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[Men, 10/28/2013 |No class Take-heme exam |
[Wed, 10/30/2013 |No class Take-home exam |
[, 11/01/2013  |No class Take-home exam |
26 Mon, 11/04/2013 [Chap. 8 Oscillations in two-dimensional membranes
[27 [Wed, 11/06/2013 [Chap. 8 [Physics of fluids
28 Fri, 11/08/2013  [Chap. 9 Physics of fluids
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[31Fn, 1111512013 |Chap. 9 INon linear effects in Sound
32Mon, 11/18/2013 [Chap. 10 Surface waves
33 \Wed, 11/20/2013 [Chap. 10 [Surface waves preparation for
34/Fr 1112212013 [Chap. 11 Heat conduction r : =
-':5;MDH. 11/25/2013 [Chap. 12 Viscous fluids preSef;ItathnS =]
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(36 [Mon, 12/02/2013 Student presentations | |
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Conduction of heat

Jn

Enthalpy of a system at constant pressure p
non uniform temperature 7'(r,?)

mass density p heat capacity c,
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Conduction of heat -- continued
H :Ipcp(T(r,t)—To)d3r+H0
Vv
Time rate of change of enthapy :

A {pe, PO [ ane [ pid'r
Vv A Vv

e

heat flux heat source
aT(r,t) . .
Pot !
22/2013 PHY 711 Fall 2013 -- Lecture 34 ‘

11/22/2013

Conduction of heat -- continued

or(r,t)
P
Empirically: j, = —kthVT(r,t)

= or(e.r) _ wzr(r,t)+l
ot c,

= Vi, + pi
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Boundary value problems for heat conduction
To

b
a,
aT(l',t)fsz(r’t): q
ot c,
Without source term : %7 V2T (r,t)=0

Example with boundary v alues :T(O,y,z,t): T(O,y,z,t): T,
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Boundary value problems for heat conduction

To
aT(r’t)—K’VZT(r,t): 0 7
ot e—
b

7(0,3,2,0)=T(0,y,2,1)=T,

BT(x,O,Z,l) _ BT(x,b,z,l) -0 a
o oy

BT(x,y,O,t) _ 6T(x,y,c,l) -0
0z 0z

Separation of varables : T(x,,z,¢)=T, + X (x)Y (»)Z(z)e™*
2 2 2

Let%:fazX ‘cjiyf =-pY i{zf =—yZ

372,+K(a2+ﬂ2+}/2):0
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Boundary value problems for heat conduction

7"

T(x,y,2,t)=T, + X(x)Y(y)Z(z)e ™ b

X(0)= X(@)=0 = x(x)= sin(m:x a

dy(0) dr(p) _ (n
e 0 =1(y)= cos[Tﬂyj

dfji()) = diib) =0 = Z(z): cos[%j

Boundary value problems for heat conduction

To
e— 7
b

a

Full solution :

T(x,y,z,t)=T,+Y.C,, sin[ﬂ) cos[%} cos[ﬂ]e“'"‘“”
a

mp
2 2 2
)
a b c
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Initial value problem in an infinite domain; Fourier transform

%—Wzr(r,t)z 0
7(r.0)=f(r)

Let: T(q,f)= J-dzre’""rT(r,t)
Fla)=[d*re™ f(r)
=T(q.0)= f(a)

- Gf(q,t)

5= T(a)
f(q,t): T( ,O)e_"qz’
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Initial value problem in an infinite domain; Fourier transform

)= [dre v Tl = T(r,t):ﬁ [d*qe" T (a.1)

T(q.t)=T(q.0)e ™"

T(r,t)= ﬁije"q'rf(q’o)e—mﬁ
T(a.0)=f(a)=[dre ™ /(r)
I(r,t)= _[d3r'G(r —r', )1 (r',0)

with G(r—r',t)= 7(21 i Id3qe’q'(”")e”"’zt
7
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Initial value problem in an infinite domain; Fourier transform

T(r,t)= Ja”r'G(r —r',¢)7(r',0)

with G(l’—l",t)E (271[)3 Id3qe[q-(r—r')efxqzt
1 “r-r?
G(r—r',t):We\ P/ (4)




Heat equation in half-space

M—WZT(r,t): 0
ot
T(r,t):> T(z,t) with initial and boundary v alues :
T(z,t)=0 forz<O0
T(z,0)=0 forz>0

T0,t)=T, fort>0

z
Solution : T =T, erfc
0 [ZJEJ

where erfe(x)= iJ-e’”zdu
a x
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Heat equation in half-space -- continued
BT(Z,I) BZT(z,t)

P nk A i Sk Al A

ot o7 R
Solution : T =T erfc
! Z[2\/2 ]

where erfc(x)= %J.e’“zdu
3 x

'derfc(x)iiiTe,uzdu:iie

Note that =
dx dx \/;

x

0 z (a2
—erfc =—e¢ —_—
ot [2\/14 j V4 4/ ke’

o° z 2 ) z
—erfc| —— |=—F—e¢

0z* (2«/&1 j P drc/xt?
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