PHY 711 Classical Mechanics and

Mathematical Methods

10-10:50 AM  MWF Olin 103

Plan for Lecture 9:

Continue reading Chapter 3 & 6

1. Summary & review

2. Lagrange’s equations with

constraints
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PHY 711 Classical Mechanics and Mathematical Methods

MWF 10 AM-10:50 PM [OPL 103 |http: dul~natalie/l13phy711/|
Instructor: Natalie Holzwarth [Phone:758-5510 (Office:300 OFL [e-malil: fuedu|
Course schedule
(Preliminary schedule -- subject to frequent adjustment.)
Date F&W Reading Topic |Assignment

[1[wed, 812812013 Chap. 1 [Review of basic principles;Scattering theory [#1

[2]Fri, 8/30/2013  [Chap. 1 [Scattering theory continued 7]

[3/Mon, 9/02/2013 [Chap. 1 [Scattering theory continued [#a

;’i Wed, 9/04/2013 |Chap. 2 |Accelerated Coordinate Systems }ﬂ

[5 Fri, 8/08/2013" |Chap. 3 |Calculus of variations iﬁ

{6 Mon, 9/09/2013 [Chap. 3 [Calcu\us of variations -- continued

\7 WaE‘Vsmjrzmg Chai 3 1Calcu\us of variations applied to Lagrangians{&g

18 Fri, 8/13/2013 [Chap. 3 \'Lagrang\an mechanics \ﬁ
‘39 Mon, 8/16/2013 [Chap. 3& 6  |Lagrangian mechanics {@
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Comment on problem set #6 )

x(0) = a(B —sin 9)
»(0) = a(l —cos 0)
s=—4acos(L9)
\ S /v
<2 T T ‘ : : :
0 1 2 3 4 5 6

Lagrangian for mass traveling alon s :

L(s(t),$(t)) =t ms* —mgy =L ms* - mg2z{l - (%J
a
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Lagrangian for mass traveling along s :

N

L(s(t),5(t) =t ms* —mgy =S ms* — nga[l—(—) ]
4a

doL oL _
dt s os
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Comments on generalized coordinates:

L=1({g, (0} 14, (O}1)

doL_a

dtog, oq,
Here we have assumed that the generalized coordinates
q, areindependent. Now consider the possibility that
the coordinates are related through constraint equations
of the form:

Lagrangian 2= (1,0}, 0} Lagrange.
Constraints: f; = f; ({% (1) }, t) =0 lp

0
Modified Euler - Lagrange equations : 4oL o + z A 7, =0

g, oq, G oq,
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Simple example:

L(u(t),1(t)) =L mi* + mgusin 6

L(x,y, 5, 9) = 4m(% + 57 )-mgy
f(x,y)=sin@x+cosf y=0
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Casel:

L(u(t),0(t)) =+ mii* + mgusin 6

ia—L_—a—L:O:mij—mgsinH:O
dt ou  ou
Case 2: =ii=gsin@

L(x,y.2.9) = tmli + 57 )~ mgy
f(x,y)=sin@x+cos@ y=0

i%,%+ﬂg=0=mk+ﬂsin9

dt ox Ox Ox
i@,@+gi=o=mj}+mg+icos9
dt oy oy oy

sin@ X¥+cos@ y=0
= A=mgcosé
(~cos@x+sin@3)=—gsin@
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Rational for Lagrange multipliers

Recall Hamilton's principle :

= [ llg. O, O}k

"t d oL oL
&S=0= —— . ldt
![;(dt oq, ﬁq,]&] ]

With constraints:  f; = f; (g, 0}0)=0

Variations g, are no longer independent.

P
J; :O:Zi&]g ateacht

- 04,
= AddO to Euler - Lagrange equations in the form :

9
Z{ﬂ/; oq, q"w‘« 711 Fall 2013 - Lecture 9

Euler-Lagrange equations with constraints:

Lagrangian : L = L({g, (0}, {4, ()},1)
Constraints: £, = f,({g, (®)},£)=0

Modified Euler - Lagrange equations : %— -—+ Z ;
45

Example:
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Example continued:

Lagrangian: L= %m(r'z +126% )+ mgrcos0
Constraints: f=r—(=0

%mr’—mréz—mgcos€+/1=0

imrzé +mgrsin@ =0

dt
F=0=i  r=t
= é=—§sin€

= A=ml6*+mgcosl
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Another example:

Constraints: f'=/¢,+(,-(=0

d .
Emlfl—mlg-#l:O

d .
Emzéz—ng-#lzo

Figure 19.1 a:m‘.muk1+kz=0=21+zz

2mm
==l o
m,+m,
- . om—m
(==l =—1—2

5=
ml+m2

Lagrangian : L=1m/} +Lm, 03 +mgl +m,gl,
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Another example:

A particle of mass m starts at rest on top of
a smooth fixed hemisphere of radius R.
Find the angle at which the particle leaves
the hemisphere.
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Example continued

Constraint Equation: f(r,6)=r—R

Lagrangian: L(r,0,7,6) = %m(r'2 +r26? )— mgr cos 6

Euler - Lagrangian equations :

aL_iaiL_'.ﬂg:

0

or dtor  or mré® —mg cos @ —mit+ A =0

O 4oL, ;9 .
060 dtod 00

0 mgrsin@—mr*d—-2mri=0
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Example continued
mré* —mgcos@—mi+A=0

mgrsin @ —mr*0 —2mrif =0

Using constraint :
mRO* —mgcosO+ =0
mgRsin @—mR* =0

G=5sing 292:—2—g(cos9—1)
R R

= A=mg(B3cosd—-2)
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