PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWF Olin 103
Plan for Lecture 12:
Continue reading Chapter 3 & 6
1. Hamiltonian formalism
2. Phase space

3. Liouville’s theorem
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Course schedule

(Preliminary schedule - subject to frequent adjustment.) rrr>

Date F&W Reading |Topic A
1 |Wed, 8/27/2014 |Chap. 1 Review of basic principles #1
2 [Fri, 8/29/2014 Chap. 1 Scattering theory B2
3 [Mon, 9/01/2014 |Chap. 1 Scattering theory continued #3
4 |Wed, 9/03/2014 |Chap. 2 |Accelerated coordinate systems B4
5 [Fri, 9/05/2014  |Chap. 3 Calculus of variations #5
6 |Mon, 9/08/2014 |Chap. 3 Calculus of variations =6
7 |Wed, 9/10/2014 [Chap. 3 Hamilton's principle BT
8 [Fri, 9/12/2014 Chap. 3&6 |Hamilton's principle iz-]
9 |Meon, 9/15/2014 [Chap. 3 &6  |Lagrangians with constraints #9
10 |wed, 9/17/2014 [Chap. 3&6  |Lagrangians and constants of motion [#10
11|Fri, 9/19/2014  [Chap. 3&6  |Hamiltonian formalism #11
-12 Mon, 9/22/2014 [Chap. 3&6 |Hamiltonian formalism E#11
‘13 Wed, 9/24/2014 [Chap.3 &6  |Hamiltonian Jacobi transformations
[14Fri, 912612014
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Hamiltonian formalism

H=H({g,O}{p,O}h)

Canonical equations of motion

dq, _ OH
dt  dp,
dp, B OH
dt 0q,,
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Hamiltonian formalism and time evolution:

H=H(lq,0}{p,0)}t)

dq, _ OH
dt  op,
dp, __0H
dt oq.,,
dH oH . oH . OH OH
e D o T
dt T\ oq, p, ot ot

For an arbitrary function : F = F({g, ()},{p, (0)}.7)

dF oF . oF .\ oF OF 0H oF 0H) OF
D B 2 ey i e B el L
dt <\ oq, ~ o
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Hamiltonian formalism and time evolution:

Poisson brackets:

For an arbitrary function : F = F({g, ()}, {p,(6)},1)

dF OF . OF . oF OF OH OF 0H | oF
LB o AL ) LY ) L)
. S\ oq op, oo F\oq,p, Op,0q,) Ot
Define:

OoF 0G OF oG
[FrG]ps:Z[@a—a@]——[ﬁﬂm

dr oF
Sothat: —=|FH |, +—
0 a dt [ ]PB al
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Poisson brackets -- continued:

Y[ OF 0G _OF 6G)_
[EG]PB =Z( 6% Gpg 5}7,, 6‘],,J [G:F ]PB

o

Examples :
[x,x]PB =0 [x,px]PE =1 [x,py]m =0
L.z,],-L

z

Liouville theorem

Let D =density of particles in phase space :
dD oD
—=|DH |y +—=0

dt [ ]PE at
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Phase space

Phase space is defined at the set of all

coordinates and momenta of a system :

(f2, O} {p, )

For a d dimensional system with N particles,

the phase space corresponds to 2dN degrees of freedom.
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Phase space diagram for one-dimensional motion due to
constant force

H(x’p):gim—};;]x p:E) x=

p01t+l1;-‘]tz
m 2

pi(O)=py + Fyt %(2) = xy; +
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Phase space diagram for one-dimensional motion due to
spring force
-]
p
> .
1
3
[ T CE B I A I v B
Pl P
H(x,p)=—-f—fma)2x2 p=-mo’x i=&H
2m 2 m
p.(t) = p,; cos(wt +6,,) x,(1) =L sin (ot + &)
mao
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Liouville’s Theorem (1838)
The density of representative points in phase

space corresponding to the motion of a system of
particles remains constant during the motion.

Denote the density of particles in phase space: D = D({qa (t)}, {pa (t)},t)

dD oD . 0D . oD
w 2ag, )

dt oq, " Op,
. L dD
According to Liouville's theorem : o
t
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Liouville’s theorem

(x,p*+4p) I

(x+Ax,p+A4p)
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Liouville’s theorem -- continued I

(x,p+4p) (x+Ax,p+Ap)

(x+4x,p)

(x,p) pI

X

oD . . o
— = time rate of change of particles within volume
t

= time rate of particle entering minus particles leaving
oD . oD .
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Liouville’s theorem -- continued

(X,p+4 I (x+Ax,p+Ap)

oD oD . oD .
Zo i,
ot Ox ap
oD oD . oD . dD
—+—x+—p=0=

ot Ox op
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Review:
Liouville’s theorem:

Imagine a collection of particles obeying the
Canonical equations of motion in phase space.

Let D denote the "distribution" of particles in phase space :

D= D({‘L "'%N}’{lﬁ "'pLV}’t)
Liouville's theorm shows that :

dD . L
—=0 = Dis constant in time
dt
9/25/2013 PHY 711 Fall 2013 -- Lecture 13 14

Proof of Liouville’e theorem:

vp
Continuity equation :
oD

Z=_v.(vb
Y ¢ &, a "W
P
Note :in this case, the velocity is the 6N dimensional vector :
v =(f,Eyye Fy, PraPos e Py )
We also have a 6N dimensional gradient :
V=(V,.V, ...V, VY, .Y, .9, )
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oD
C_v.(w
> (vD)
2l 8 o
=- 1 D)+——(p D
3 200 2 ls0)
&l oD . oD . WN|0dg, Op,
=Y gy |-DY | S
=R p, =94, op;
@Q+QQ= 0*H +7<¥H _
oq; p; 04,0, op;04;
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D [0y, ] o3[
oq, "’ 6pj A% op,

{[eop, o
Flﬁm it @y
oD 3N[aD. (?D.}_dD

|-

=4 . -
s oq, " o, V|

J=1

=0
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dD

dt

Importance of Liouville’s theorem to statistical
mechanical analysis:

In statistical mechanics, we need to evaluate the
probability of various configurations of particles.
The fact that the density of particles in phase
space is constant in time, implies that each point
in phase space is equally probable and that the
time average of the evolution of a system can be
determined by an average of the system over
phase space volume.
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star dy ics simulations at constant pressure and/or
temperature®

Hans C. Andersen

Department of Chemisiry. Stonford University, Stanford, California 94305
(Received 10 July 1979, accepted 31 October 1979)

1a the moleculas dynamics simolation mechod for Muids, the equaticns of mation for @ eullestion of
panicies in 4 fixed volume are salved numericaily. The encrgy, volume, and number of particies are
comtant for & particular simulation, azd it fs assuined [hat time sverages of propesties ef the simulated
fuid are tqual 1o microcancaical crsemble averages of the same properss I some silvations. it &
desitable to perform sautations of & Naid for paruculas values of temperatare aad/or pressure of vader
conditions in which the energy and volime of the fusd can fluctuate. This paper proposes and discuse
three mechads for performing molecular dynamics. simulaticns under sondsiions of constant Lemperature
and/oe pressure, tather than constant energy and volume. For these thiee methods, it ® Shown thal time
averages of propertaes of (be wenolated fluid are equal 16 averages over the isoenikalpic-isoharic,
cenonical, and isochermal-isobaric emscmbies. Each method i & way of describing the dynamics of &
cettain number of particles i » volume chement of a flvid while wking into acoouni the inflveace of
swrmounding pariicles in changing the energy snd/or density of the simulated volume cloment. The
influence of the sarroundings is When iato aceount witbou! introducmg umwapied surface effects.
Examples of suations where [hese meihods may be uselul are discugsed.
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Virial theorem (Clausius ~ 1860)
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2(r)={3F, ¥,
Proof :
Define: 4= ng T,

dA
;:Z(bd'l‘d+p(,'l"(,):ZFd'r+2T
%‘f =(ZF,r)e2fr)

ad)_1 i), _A)- )

dt




