PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWF Olin 103
Plan for Lecture 13:
Finish reading Chapter 6
1. Canonical transformations
2. Hamilton-Jacobi formalism

3. Modern applications
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9/23/2014

Course schedule

(Preliminary schedule — subject to frequent adjustment.) rrr>

Date F&W Reading [Topic [Assignment
1 |Wed, 8/27/2014 Chap. 1 Review of basic principles 1
|2 |Fri, 8/29/2014  Chap. 1 Scattering theary iﬁ
3 [Mon, 9/01/2014 Chap. 1 Scattering theary cantinued 2
4 |wed, 9/03/2014 Chap. 2 lAccelerated coordinate systems 24
5 [Fri, 9/05/2014  Chap. 3 [Caleulus of variations [u5
|6 |Mon, 9/08/2014 Chap. 3 Calculus of variations #6
7 |Wed, 9/10/2014 Chap. 3 Hamilton's principle #T
|8 |Fri, 9/12/2014 Chap.3 &6 |Hamilten's principle #8
1@ Mon, 9/15/2014 Chap.3 &6 |Lagrangians with constraints Ho
10 Wed, 9/17/2014 Chap. 3 &6 |Lagrangians and constants of motion #10

11 |Fri, 9/19/2014 Chap.3&6  |Hamiltonian formalism
12 Mon, 9/22/2014 Chap.3 &6 |Hamiltonian formalism
‘ 3|Wed, 9/24/2014 Chap. 3& 6 |Hamiltonian Jacobi transformations
14 |Fri, 9/26/2014 Chap. 4 |Small oscillations Begin Take-Home

=

e

15 |Mon, 9/29/2014 Chap. 4 Normal modes of motion [Gontinue Take-Home

16 |Wed, 10/01/2014 Chap. 4 Normal modes of mation [Continue Take-Home

17 |Fri, 10/03/2014 Chap. 4 INormal modes of motion [Take-Home due
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Department of Physi

Wed. Sept. 24, 2014
Physics Colloquium:
Disordered carbons

Dr. Morris, ORNL

Olin 101 4:00 PM
Refreshments at 3:30 PM
Olin Lobby

Andrea Belanger Awarded
Poster Prize

Ryan Godwin Awarded
Pradoctoral Fellowship
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WFU Physics Colloquium
TITLE: From Crumpled Sheets to Quantum Fluids
SPEAKER: Dr. James R. Morris,

Qak Ridge National Laboratory.
Oak Ridge, Tennessee

TIME: Wednesday September 24, 2014 at 4:00 PM
PLACE: Room 101 Olin Physical Laboratery

Refreshments will be servec at 3:20 PM in the Olin Lounge. All
interested persons are corcially invited to attend.

ABSTRAGT

Carben meterials confinue to generate great interest, particu arly ir grephare-bascd
materals. A numoer of expar mental and thearetical developmants nave ad to a
Clerpen R siancing and presdiclivs Capabilies o =se ol s and e
relaticnship to confined fluics in porous cerbon. |ligh-resolution microse ooy studies at
ORKL 3n0W tnat “HUSDrGered C2rbon Matenals are actualy much more order

traf cnange the:
tarec cimensional strclure of graphenc, anc that provde rcletvey strona
physsorpiion Sites for gas MolecLies. \e Naya SINNectsc JeveopTents In densty
farchional caculations o continuim remodynaric mode ing o Asorption fo Mke
materal-specfic predictons of as densifizeton. Sall angie nutron eettering
provices a key test of Inese preaiclions, Dy proting n2 sifong ennancement cf

A0 IO i1 1T U <85 07 PO A1 W IENgerlnes Tl moecies sus 5 =

and D, adsorbad In trese materials bezome quantum fuids. eading to novel effects.

Quasi-nlastic ncutron scattering has been used to dcmenstrate strong “guanium
€leuing,” with U cifuging ~70 imes T€ter han
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Hamiltonian formalism

H=H(lg,O}{p,(O}1)
Canonical equations of motion
dg, OH

o,

dp, _ OH

dt aq,

Notion of “Canonical” distributions
4,=4,(10 -0, }{B--P}t) foreacho
Pa=PJ({QI"'Q,,},{R'“P,,},Z) for each o

2. Pod, ~Hlg, 1 p, h1)=
20, - (0 P bo)+ 4 Flla,h0.b)

dt

Apply Hamilton's principle :
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Note that it is conceivable that if we were extraordinarily
clever, we could find all of the constants of the motion!

R RUSIANE

;PUQ} -H(1Q, 1P, 1.0)+—F(lg, .10, 1)

9/23/2014
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Note that it is conceivable that if we were extraordinarily
clever, we could find all of the constants of the motion!

. OH OH
0,=2 =
OF, a0,
Suppose: O, =6—H=O and P, =—ai=0
o, a0,

= Q,,P,  areconstants of the motion

Possible solution — Hamilton-Jacobi theory:

Suppose: Fllg, 110, }1)= -2 0, +S(lg. 1 £, }1)

912412014 PHY 711 Fall 2014 — Lecture 13




2. pods ~Hlg, i, )=
IRV RUANIEAS FRERITAN)

S CRUSOS Y LR T

+
oq OP, ot
Solution :
oS oS
a YT
~ oS
(0.} 2, h0)= Hlla. b fp.hi)+ &
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When the dust clears :
Assume {Q[r }, {PU }, H  are constants; choose H =0
Need to find S({g, },{P, }.¢)
_ oS oS

&, YT

oS oS
H 3 3 —=0
- [{%}{%} ] s

Note: Sisthe"action":

> p.q,-Hg, L ip, )=
S Sl N 0
S0, - (0.4 4 - T 0, sl ke b))
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Ps

2.4, ~Hg, L ip, )=
a -0 70 d 0
;PJQ(, _H(/{/Q/‘;}’ P, },t)+—(_ ;P;Qg wsllg L (P, }J)J

J( =10 ko o= A5t

t,




Differential equation for S:

o)

2
Example: H({g}, {p},t):f—mnhlma)zqz

9/23/2014

2
Hamilton - Jacobi Eq: H| {q}, s ,t +6—S:
oq ot

1 6S +lma)2qz+§:0

2m\ Oq 2 ot

Assume: S(q,t) W(q) Et (E constant)
Continued:
L[as +lmw2q2+§=0
2m 6q 2 ot
Assume:  S(q,t)=W(q)—Et (E constant)

2
(YL e g
dg 2

aw_

e 2mE —(mao) ¢

W(q)=[\2mE -(mo) ¢*dq
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Continued:
W(q)= J. 2mE—(ma))2q2dq

1 > E . quj
=—q+/2mE — +—sin +C
zqv (mo) g’ += (T -

m
S(q,E,t)=—q+2mE - +—sm
(4.E.0) q VamE - (mo) ¢ [ szj

87S:Q:lsin,l( maq j,

OE w 2mE

=q()= 2mE sin(w(t + Q))
mao
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Recap --

Lagrangian picture
For independent generalized coordinates ¢, (f):
L=1(g,O}{4, k1)
aa o,
dt 64, 0q,

= Second order differential equations for g (¢)

Hamiltonian picture
H=H(lg,0}k{p,(}1)
dq, _OH  dp, __OH

dt  op, dt 0q
= Coupled first order differential equations for
4,() and  p, (1)
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Modern usage of Lagrangian and Hamiltonian formalisms

J. Chem. Physics 72 2384-2393 (1980)

Aolecular dynamics si ions at constant pressure and/or
temperature®
Hans C. Andersen

Depariment of Chemsictry, Sienford Unioersisy, Stanjomd, Colifirnin 94203
{Reccivea 10 July 197%9; accepted 31 Guteber 1979)

In the malscular dynumics smulation method fix fids, the eguscions of metion for 3 collection of
parucies in 2 fixed volome are sabval numerivells. The en<ey, volume, and number of particles are
aonstant for s particular simulation, and t |s sssumed ibat Eme averages of preperties of the simulausd
fuis sre equal 1o mcrocanonical ensemble avereges o the same properties. In soms situations. 1t ¥
aesirable £ perform simutations of & fluid for particalar volues of temperaiure aad or pressure o wnder
comditicws 4n which the caetgy a8 volume of the Buid ean fluzzuate. This paper propmes and discusss
three mecheds for performing molecular dynamics simulations under snditiuns. of constant temperaiurc
and/or pressure, rather than consiant encrgy sad velume For these chree melhudk it i shown chat time
averages of properties of the smolated i are equal w averages aver the fsornlhalpic-isoharic,
chsonicsl, and isochermal-isobaric ensembies Each method is o way of deseribing the dynamiss of &
ceriain number f particles 4 & voluma element of 4 fluid whike LXing into account the influcase of
swrounding paricles in changing the energy amow density of the simulaled volume efement. The
Jofluence of the sumoundings i tken Lt aceount witboul infceducmg unwanted surface effects
Examples of vitmtions where these methods may be asful ase discsssed
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“Molecular dynamics” is a subfield of computational
physics focused on analyzing the motions of atoms in
fluids and solids with the goal of relating the atomistic
and macroscopic properties of materials. Ideally
molecular dynamics calculations can numerically
realize the statistical mechanics viewpoint.

Imagine that the generalized coordinates ¢, () represent
N atoms, each with 3 spacial coordinates :
L=1(g,0Mg, (0}0)=T-U

For simplicity, it is assumed that the potential interaction

is a sum of pairwise interactions :

Uie)= ; ulr,;} . (2.1)
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S5
r

Y

L=L{Ir0}L 0] =2 4m,

i

|
=>From this Lagrangian, can find the 3N coupled
2nd order differential equations of motion and/or
find the corresponding Hamiltonian, representing
the system at constant energy, volume, and
particle number N (N,V,E ensemble).
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Lagrangian and Hamiltonian forms

=Y ulr-r))

L= L0} 0f) =2 mi
7 i<
p; =mf,
p 2
H= mel+;uﬂq —r,‘)
Canonical equations :
dr, _p; dp, __ Q L]
dt  m, dt ;u " r")rlfr,‘
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H. C. Andersen wanted to adapt the formalism for
modeling an (N,V,E) ensemble to one which could
model a system at constant pressure (P).

V constant
P constant,
V variable
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PV contribution to
Andersen's clever transformation : potential energy

Letp, =r,/Q"
= Ll O} & 0= am e - X ulr -r))
Yl

L=1(lp, )b 15,(04.0.0)= 07" S tmp,

.2
r.

il

1/3

p|)+ MO a0

kinetic energy of
“palloon”
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1/3

L=1llp 0} 19 0}0.0)=0" T im p )+ MO ~a0

_Z"(

1P
i<j
oL 23
T = =mQ""
= o, o7y,
H:a—L;MQ'
ey
1'[2
H= Lt 3 +—+
Sange 5010
dp, ___m, 40 _11
dt 2mQ*" dt M

ddtl =0 zzu.(Ql 3

7p/‘)p;:p';
p—p,|

77722mQ“ 3Q232 ( up;_PJ‘_a
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Relationship between system representations

Scaled Original
o = )
0" = )
/0" = p

Equations of motion in “original” coordinates:
d, _p, 1 dhV

I,
dt  m;, 3 dt

i

dp, :_Z Y-, u'Qr, —r]‘)—lp‘ dInV

dt P r‘—r,‘ 3 dt
v _ o 1f2gpep 1 -
M= a+V(SZ m 3%" el r/‘)]
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Physical interpretation:

a < Imposed (target) pressure

1(25pop 1
1[2zrbts

j<i

-, ‘u'Qr{ - ‘)j <> Internal pressure of system

Time dependence
dv 1(2<p,p, 1

M =—a+—| =) -t -—=
dr’ V[3Z m, 32

j<i

r, -,

o, *f,\)]
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Digression on numerical evaluation of differential equations
Example differential equation (one dimension);
dZ

L Let t=nh (n=123..)

ar’
x,=x(nh) 1, =f(nh)
Euler's method :

Vou =V, +hf,
Velocity Verlet algorithm :

1,
Xy =%, 4B

1
Vit =V +Eh(fn +fu+1)
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