PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM  MWF Olin 103

Plan for Lecture 21:

Summary of mathematical methods —

continued:

1. Green’s function methods

2. Laplace transform methods

3. Motivation for contour integration
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Mon, 9/01/2014 Chap_ 1

Scattering theory continued

3 #3
4 |Wed, 9/03/2014 Chap. 2 Accelerated coordinate systems a4
5§ |Fri, 8/05/2014 Chap. 3 Calculus of variations #5
6 |Mon, 9/08/2014 Chap. 3 Calculus of variations #E
7 Wed, 9/10/2014 Chap. 3 Hamilton's principle a4
8 |Fri, 8/12/2014 Chap.3&6 Hamilton's principle #8
9 |Mon, 9/15/2014 Chap.3&6 Lagrangians with constraints #9
10|Wed, 9/17/2014 Chap.3 &6  Lagrangians and constants of motion [#10
11 |Fri, 5/19/2014 Chap.3&6  Hamiltonian formalism #11
12 |Mon, 9/22/2014 Chap.3&6  Hamiltonian formalism 11

13|Wed, 9/24/2014 Chap.3 &6
14/|Fri, 9/26/2014  Chap. 4
15 |Mon, 9/29/2014 Chap. 4

Hamiltonian Jacobi transformations
Small oscillations
Normal modes of mation

Begin Take-Home
Continue Take-Home

16 |Wed, 10/01/2014 Chap. 4

Normal modes of motion

Continue Take-Home

17 |Fri, 10/03/2014  Chap. 4

Normal modes of motion

Take-Home due

18|Mon, 10/06/2014 Chap. 7 Wave motion 12
18 \Wed, 10/08/2014 Chap. 7 Sturm-Liouville Equations #13
20Fri, 10/10/2014 Chap. 7 Sturm-Liowville Equations #13
‘ 21|Mon, 10/13/2014 Chap. 7 Sturm-Liouville Equations 14
22|Wed, 10/15/2014 Appendix A Contour integration methods #15

Fri, 10/17/2014

Fall break — no class
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Recap: Sturm-Liouville equation (assume all
functions and constants are real):

Homogenous problem : (7 4 r(x)i +v(x)— Aa(x))qgﬁo (x)=0
dx dx

Inhomogenous problem : [71 T(x)i +v(x)— Z.a(x)quﬁ(x) =F(x)
dx dx

Eigenfunctions :

(—ir(x)iw(x))f;(x): 2,001, (x)
dx dx

We proved several properties of the eigenfunctions f,(x) —
including orthogonality and completeness.

nm

Orthogonality statement: I ! o(x)f,(x)f,(x)dx=9,N,,

where N, = [ o(x)(/,(x)’dx.
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Completeness of eigenfunctions:

o(0) S LOLED 5

Suppose that we can find a Green's function defined as follows

d d N L
[—ar(x)$+v(x)—ﬂa(x)jGA(x,x)—5(x x)

In terms of eigenfunctions:
- - PACIVACS)
( T 7(x) = +v(x) ﬂcr(x)le(x,x ) cr(x)zn: Iy

BN ACTHE I
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Solution to inhomogeneous problem by using Green’s
functions

Inhomogenous problem:
(7% T(x)% +v(x)— ﬂa(x)) o(x)=F(x)
Green's function :
d d
— = 1(x)—+v(x) - Ao (x) |G, (x,x") = S(x - x)
dx dx "
Formal solution:

@,(x)= wAOQ)+IGﬂ(x,x’)F(x')dx’

Solution to homogeneous problem
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Example Sturm-Liouville problem:
Example: 7(x)=L o(x)=1; v(x)=0; a=0 and b=L
A=l F(x)=F, sin(%)

Inhomogenous equation :

(— a‘; —quﬁ(x) =F, sin(?)
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Eigenvalue equation :

( d an(x)dnfn(x)

Cdx
Eigenfunctions Eigenvalues :
2 . (nmx nr\
X)=,|—=sin| — A, =—
S0 L [ L ) ! [Lj

Completeness of eigenfunctions :

O'(x)z L) (x])\{” (') = 5(x - x')

In this example : %Z sin[%j sin[%) =0 (x - x')
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Green's function :
d d
— (%) — +v(x) = Ao (x) |G, (x,x") = 5(x - x')
dx dx

Green's function for the example :

. (n . (nm'
) L@LE)IN, 2 SIH(TJS‘“[ Lj
G(x,x)=z =—Z

. A=A L5 [n/r)z 1
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Using Green's function to solve inhomogenous equation :

(—;72 - 1]¢5(x) =F, sin[%)

P =h(0)+ [ G xIF, s = ]dx

2
f¢a(x>+L§ (MJZ_I
L

L 3
=g, (x)+ e lsm(L]
5)-
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Alternate Green's function method :

Gy = g e ()

T

wW=g, (x)dg:T(x) -g, (x)%(x) =sin(L —x)cos(x)+sin(x)cos(L - x)
= sin(L)

o(x) =@ (x)+——— s1n(L x) jsm(x VF, s1n[ jdx'

g, (x)=0 =g, (x)=sin(x):; g, (x)=sin(L-x);

sm(x)

sin(L)1
§)= 0+ 5 sm(’“j

L
LA
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jsm(L xX"F, sm( )dx'
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Laplace transforms

Laplace transforms can he used to solve initial value problems. The Laplace transtorm of
a function o(r) is defined as

x
Lolp) = e i, (24)
Ju

Assuming Uhat ¢z is well-hehaved in the inerval 0 < 2 < 0o, the ollowing properties
are usetul:

Lagyaalp) = 0(0) 1| pLoIP) (25)
and Lol
Lipgpaes(p) = 76}[ ). 7eo(0) + pLolp). (26)
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I'hese identities allow ns to tarn a differential equation for o{z) into an algebraic cqnation
for La(p). We then need (o perform an inverse Laplace Uransh

Lo find ().
For illustration, we will consider a simple example with r(2) =1, o{x) = 1, A = 0. The
differential equation then becomes

where we will take the initial conditions to be ¢(0) = 0 and do(0)/dz = 0. For owr
example, we will also take Fi(x) = Fpe™**. Multiplying, both sides of the equation by e P*
and integrating 0 < z < 2o, we find

L R .
Lalp) = — e (28)
SRR
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In general the inverse Laplace transform imvolves performing a contour integral, but we

can use the following simple relations

2 Il
£y = / e ™ ds = —.
Jo P

- ) ]

L= / re ¥y = o
o P
=

1

ptr

Lomre = / S e Py =

Noting that

Ko b ( 1 7
Ply+p~ Y \v+p »p PZJ:
we see that the inverse Laplace transform gives us

. F 5
olx) — ‘;g (1 o= 71') .

We can check that this a solution to the differential equation
d’¢
dx?
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=Fe™ for ¢(0)=0 and %(0) =0

(29)

(30)

(#)

(32)

(33)
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Using Laplace transforms to solve equation :

(— & 1j¢(x) =F, sin(%j with ¢(0)=0, 2V _

o’ dx
4 (p)= —(

£

/L 1 1
:_Fﬂ((ﬁ/L)z—lj p2+1_ , (=Y
ab

Note that : Isin(at)e”"dt =
0

a*+p’
I () owo
= X)=———7—| SIn| — [——SIn(x
#(x) (M)z_l[ (L] S sin( )j
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Inverse Laplace transform :

£,(p)= [ e (et

1 A+io
#()= Py [ere,(pip

—im

1 A+in . 1 A+in . o .
Check : EJ:F Bq,(p)it =oa je” dpje 7 (u )du

A—in 0
© i ® »
%I ¢(u )du I e”("“)dp = ZL-[ ¢(u)du I Mg (ugg
7Y 1io 7y et
= ﬁj ¢(u)du (e“"")Zm' 5(t - u))
0
_[#e) ifrz0
" 10 otherwise
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PHY 711 — Assignment #14
107132014

Finish reading Chapter 7 in Fetter and Walecka.

1. Use the Laplace trauslc

1w method (o solve (he following differential equation for
initial conditions ¢:{0) )

0 and dg() fde = 0

where £ is a given constant
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